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Abstract. The aim of this work is to present the results of the implementation of a robust control technique - sliding
control - to stabilize the angular velocity of a slim and flexible rotary system, subject to dry friction. The system is
considered full observable. As a result of the simulations, a phase diagram with the usual state variables is achieved
indicating the system trajectory from rest to reaching a desired state. This study contributes to a better understanding
of a real problem involving drilling systems for oil and gas wells.
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1. INTRODUCTION

In oil well drilling systems, an extremely slim cylindrical column is used to transfer rotational energy to a drill bit
near oil and gas extraction field. A column like that can reach 5km length. Both, column and drill are subject to a
friction regime in the interaction with the walls of the hole, which leads to the generation of undesired phenomena.
From the other side, drilling rate is the main parameter to characterize process efficiency. Understanding the reasons for
an eventual instability is, than, mandatory.

There are some works in the literature with sliding modes applications to stabilize rotary drilling systems. Ldpez
and Castro (2009) use a dynamical model based in concentrated parameters, and a function that defines the induced
sliding regime for the system. Abdulgalil and Siguedidjane (2005) utilize a concentrated parameter model for rotary
system subject to stick-slip oscillations where the controller is a PID based on sliding mode control. Lépez and Cortés
(2007) use sliding mode to accomplish the control goal of driving the rotary velocities system to prespecified values
despite variations in the weight on the bit. Zhang, et al., 2010 implement a robust hybrid controller based on feedback
linearization, sliding mode and PID controller.

Inspired by the real drilling system, the aim of this work is to present the results of the implementation of a robust
control technique - sliding control - to stabilize the angular velocity of a slim and flexible rotary system, subject to dry
friction.

2. MATHEMATIC MODEL
2.1 Dynamic model

The test bench is built as illustrated in Fig. 1. It is composed by a DC motor and a metallic rotor coupled by a
slender and flexible metallic axis. Recent work (Andrade, 2011) shows a similar test bench.

ﬂ |

|

Figure 1. The test bench. A DC motor and a metallic rotor coupled by a slender and flexible metallic axis.

System is physically a double rotor model, since it considers the internal rotor of the motor and the external rotor,
coupled by the slender axis. Chosen input of the plant is the input voltage in the motor; and the output variable to be
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controlled is the angular velocity of the external rotor. A dry friction torque is applied on the external rotor, as a
function of the angular velocity, according to Eg. (1). Christoforou (2005) use a similar model.

F(6,6) =1 (6)N(6)Rs @)

8 is the angular position of the external rotor, and Rq is the distance between external rotor center and point of

friction application on the external rotor.

The function u(é) =pe®(v), v= i, is the dry friction coefficient as a function of angular velocity 6 , and wq IS
o

nominal angular velocity.

— %Y jsadimensionless function with parameters a; and a.

1+ayv

N(8) =Ny (1+Bysen()) is the normal force as a function of angular position.

®(v) =tanh(v)+

Table 1 shows some data about the test bench.

Table 1. Bench data.

Properties Measurements
Axis length (mm) 2500
Axis diameter (mm) 6.0
Rotor diameter (mm) 190
Rotor thickness (mm) 20

Table (2) shows the meanings of some symbols in the potential and kinetical energy expressions.

Table 2. Symbols in the potential and Kinetical energy expressions.

Symbol Description
L Length slender axis
p Metal density
J Inertial polar moment of slender axis cross
section
J; Inertial moment of external rotor
Iu Inertial moment of internal rotor
J3 Inertial moment of rotor coupled to the motor
output
Nm Motor reduction
Ling Motor inductance
Cwm Motor internal damping
kg Velocity constant of the motor
kt Torque constant of the motor
c Motor current
G Shear modulus of the slender axis
N Average frictional normal force
Rs Normal force application radius

Equations of motion are obtained using dimensionless parameters for simplicity. Table (3) lists the dimensionless

parameters used to describe the motion.
Equations (2) and (3) present potential and generalized kinetical energy expressions as functions of dimensionless

parameters. Functions 6;(x*),j=12,...,N, are the eigenfunctions for torsional system, analytically calculated, and

X* = E L is the axis length.
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Table 3. Dimensionless parameters in potential and Kinetical energy expressions.

Parameter Symbol Dimensionless parameter Scale constants
Position along X *
the axis X X —E,ng <1 L
t
Time t t*r=— Ta:E;c: <
Ta c p
Motor input x_ v
V= — V. =2nk
voltage v Ve c = TE
_ V,
. _ ., C l. ==%; R, isthe
Electrical current c Cr=1 CTR, A
¢ electrical resistance
Electrical charge q q* = 4 Qc =IcTa
Qc
Inertial moment Ji
J =— JL
of external rotor 1 17000 P
Total inertial ~ n2 3 4+
moment in Jg =n3dy +J3 g = MM +J3 oL
Xx=0 pJL
L L GJ
Kinetical ener T, T *=—T —
qy c c Tgyc L
. L
Potential energy U Ur=—Uu &J
GJ L

@

©)

Generalized forces is expressed as dimensionless formulation, with w(x*,t*)=@(x*,t*)=ﬂ(x*,t*) and time
at T,ot*

scale T, , according Eq. (4), (5) and (6).

L
T]J *(X* = O,I*) = anj (X* =

L

L
n, *(x* = lt*) = =T (x* = lt*) = GJ[“ONHD(

i T GJ

L L
"D, (t*)= 3™ (t*)

“Gib

1 20
D *\ Y *,t*
(%)= ()

0,t*) = é(nMTM ~MYCu(x* =0,t%))8; (x* = 0)

w(X* =0, t*)]]ej (x*=1)

Wo

6]- (x*)dx*

(4)

®)

(6)

An approach is made, as usual, for variable separation, that is expanding for modes and time functions, as shown in

Eq. (7).

B(xxt*) = ij (t*)8;(x*)

U]
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As previously stated, eigenfunctions and natural frequencies are analytically calculated. They are obtained from
torsional wave equation and boundary conditions for the system illustrated in Fig. 2, according Eq. (8) and (9), already
in dimensionless form.

2 2
2% _ 2% (8)
a2 ox?
o0 a%0
o —ys LY
OX*| x_ *2
x*=0 at x*=0 (9)
o0 y %0
D = Y1 =
OX *| G W

Figure 2. Torsional system. From left to right, rotor with inertial moment Js = n,%AJM + J3, slender axis, and rotor with
inertial moment Jj.

Analytical solutions for these equations include one rigid body frequency, A; =0, and an enumerable series of
vibration frequencies 2,, A5, A4, ..., solutions of Eq. (10), and eigenfunctions described in Eq. (11).

[i—Azygjsen()\)+(y—3+1]7\cos(?\)—O (10)
Y1 Y1
@1 (x*)=1 (11)

@j(x*) = cos(Ax*) - Ajygsen(Ax*), [=2.3,4, ...
Table (4) lists the first five analytical frequencies of the torsional system.

Table 4. Analytical natural frequencies of the torsional system.

! A w; = %(rad/s) f = % (Hz)
1 0 0 0

2 0,0198 26,0 41

3 3,1417 4099,0 652,4

4 6,2832 8198,0 1304,7

5 9,4248 12.296,0 19570

Normalized eigenfunctions éj (x*),j=123,4,... isdefined as in Eq. (12):

8 (x*) = i=123,4,... (12)

The norm is defined as in Eq. (13) and (14). The operator M((p]-,(pi) is obtained from inertial matrix of the system

dynamic weak formulation.

H‘PiH = <‘Pi"pj> (13)
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(01:05) =M(0}:) = [[ 0 (x)01 (<)% + y10; (D1 (1) + Y301 (0) 4 (0) (14)

Considering w;* = Ej*, i=12,...,N, the final dynamic equations for the electromechanical system are achieved, as
Eq. (15). The parameters a, and o are dimensionless constants; z is the state variable vector of the system; and

F=F(6,6) is defined in Eq. (1).

Z=AZ-F(Z)+Bv* (15)
where
* ~ % T
Z=[% N wy* ¢*,

e 0 1 0 0
0 - 0 0 1 0
A=[-2 . 0 ~dyy - —dy nyB8(0)]
O e _}\.%\l _dyl .. _dNN nMBéN (0)
| 0 0 —nM(Xel(O) —nM(XeN (O) —0 J

IE(Z):éF(e(x*:lt*),é(x*=lt*))[0 0 B(1) - & o]

2.2 Normal form of dynamic model

In order to implement sliding control, it is necessary to start from the dynamical equation in normal form. The
system output, which is also the parameter to be controlled, is the angular velocity of external rotor, as in Eq. (16).

y= at* =1t*) = Z‘” N=a*(t*)"[8(1)] (16)
where &*(t*) =[w* w,* - wy*]" and [8(x*)]=[Bu(x*) 8(x*) - By (x*)]T.

Calculating the time derivatives y and y :

y = (—ETKT ~&"D" ~F(2)[8(1)]" +nwB[8(0)] Ej[@(l)] = -

=y =-§K'[8(1)]-&'D"[8(1)]-F(Z)011 +nyBooiC
§ = aZ +a,F(Z) - g VF(Z)(AZ-F(2)) +bv * (18)
with the following terms in Eq. (17) and Eq. (18):

0p1 = [é(O)JT [é(lﬂ
011 = [é(l)f [6(1)]
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A = —”Mﬁ[é(l)f D[@(O)] —NyBoogy
U = [é(l)JT [6(1” =011
ay, =[6(1)] D[B(1)]

b =nyBoag,

In fact, relative degree of the system is r = 2, and it can be rewritten in terms of normal variables, as in Eq. (19).

y=a(X)+bv*

where a(X) = aZ +ap,F(Z) - oy VF(Z)(AZ - F(2)) and x{lﬂ:[ul Wy W1 o Wana]

Vectors X and Z are related by a diffeomorphism @ as in Eq. (20).

X = ®git (Z2) = 064Z ~ 04nF(Z)

where
— _ T A

O3N-1 [9(1)] 0
T T

R —[6(1)} K —[9(1)] D NwBoo1 ’

X IN-1 (UNEW] On-1 On-p1 Oneza
On-1 UNEW] IN-1 On-21  On-za
O3.N-1 1 On-1 0 0 |

and

oy =[0 o014 O - 0]

The variables y; are chosen so that @ is a diffeomorphism and VyB =

oy
ZON+1
j=12,...,2N—-1 (Slotine, 1991). Then, internal dynamics of the system is obtained so that:

(19)

(20)

W 0 is satisfied for
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j = V2 = vy [Az—f:(z)+Bv *] =V [Az—ﬁ(z)}rszv*: =V, [Az—ﬁ(z)] (21)

As a result, Eq. (19) and Eq. (21) are rewritten in a more explicit form, as in Eq. (22).

_ " i}
o a(X)+bv
M1
i (N
2
: Wns1
by
P
? Won-2
. = N B (22)
N Az - dijzn, -F(2)8 (D)
(UIN =1
bon-2 N -
" 2
Yong | | M2 D dyzn. —F(Z) 81 (Y)
L i =
L 2N i
3. CONTROL LAW
For purposes of simulation, it is assumed an uncertainty in friction normal force so that:
Ng ~ Ng + AN (23)

Ng is the real value of the normal force, and NO is the estimated one.

3.1 Desired trajectory

The desired trajectory for system is to maintain the external rotor at a predefined constant angular velocity
wyes (rad/s), which means that, in terms of state variable, Ej =0 and wj* =0 for j=2,...,N, and:

N (24)

_—t*

£(t%) = Tgl“(’ff)f (25)

Zld:

To calculate desired value for zyp,q1 =C* (t *) in steady state, first it is necessary to consider y =0 in Eq. (19), so
that:

v*:—%a(xd) (26)
On the other hand, motor electrical circuit is modeled as Eq. (27).

N
é*+nMaij *(t*)8;(1)+oC* =ov* @7)
i1

Considering steady state of the system in the desired trajectory, ¢* = 0. In fact that, from Eq. (26) and Eq. (27) we
conclude that:
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1.
nM(X(To(L)ref ) + O-ZZN‘Fld + O'Ba.(q)dlf (Zd )) = O (28)

The desired state in steady regime Zd:[z:‘d 0« 0 zyy, 0 = 0 22N+]d:|T contains the parameter zpy,q,,
that is calculate from Eq. (28) from Newton-Raphson method.

3.2 Control law by sliding modes

Let S(t*) be a time-varying surface in R" space, defined as Eq. (29), considering ¥ =y —yy.

d O\

s(X;t*):(—JrAj y=0 (29)
System has relative degree r = 2, and from Eq. (29), we conclude that;

S=Y*+AY =y *—yq *+A(Y-Yq) (30)
SEART A AR PRI AR (31)
Substituting Eq. (19) into Eq. (31), result in Eq. (32):

§* =a(Pyi (Z))+bv*—y4 *+2y * (32)
Let 4(X) be an approximated function of a(X) for average value NO of friction normal force:

4(2) = Z - anitotn VO(Z)AZ + gty Vo(2)P(2) (33)

with the terms: %NozéﬁoRs, q;(z):q;{é](l_,_ﬁNsen(e)) and &)(z):d?(z)[o 0 B(Y) - By(Y 0:|T.
o

The variation Aa(Z)=4a-a is estimated as in Eq. (34):

ra(z)= -2

oy Aty = [ampO(D(Z) —aneVP(Z)AZ + 20‘nIU%TNO VdD(Z)(i)(Z)} Ay, (34)
b

Let F(Z) be so that:

F(2) = |AtN0|

o ®(Z) - gV (Z) AZ + 20, Ty VP (2)B(2)| = [Aa(Z)] =2 -]
The control law is defined considering $* =0 in Eq. (32). Then:
(2)= %(_é(z)wd -%) (35)

Assuming a variable saturation band &4, the sliding condition to be satisfied by control law is:

s ‘S‘ > ‘bbd (36)

S

2
8 < (dpa )

Thus, the final control law is:
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. k(z) s
Z)=v(Z)-——Lsat| — 37
v(Z)=V(2) b sa[q)bd] (37)
with the terms: k(2)=k(Z) - dpq and k(Z) =F(Z) +n.

According Slotine (1991), for |s| < dy,q, it is possible to demonstrate that:

§=—k(Z2)—— - Aa(Z) = -k (Zg)—— - Aa(Z4)+O() (38)
Dpq Dpq
Equation (38) model a low pass filter with input -Aa(z4)+O(e). In order to filter frequencies above 2, it is
necessary that:

k(zq)
Dpyq

=2 (39)

However, considering k(Zy) =k(Zy) - dpq, and substituting this condition in Eq. (39), we conclude:

D + APpg =k(Zg)

K(24(0)) (40)

Ppg(0) =
The condition dy,4(0)=k(Z4(0))A ™" guarantees by (0)=0.
4. SIMULATIONS

Equations (15), (37) and (40) are integrated by Runge-Kutta method, order 4, with constant step size At* = 1075,
Input parameters are:
1.  N=3, number of system modes;

se=0)
—r]*

2. n*=1.48 %1078, sliding mode parameter. The reach time is so that treach™ <

Considering the project parameter t,o,q, =5.0s, SO:

2
-4
yaT, 2x624xT2 2x6.24x(7.8856 x10
treach * treach 5.0 5.0

e ‘s(t* = O)‘

~1.55%x107°

3. A= 2<%UN+1- Uns1 = Uy = 6,28 is the minor non modeled dimensionless frequency of the system (Slotine,

1991).
4. Ny =1N, friction normal force, and By = 0.1, normal force intensity oscillation coefficient, as in Eq. (01).
5. wf =60rpm, desired angular velocity.
Figure 3 shows the external rotor reaching the desired speed about 5.0s after the rest initial state.

Angular Velocity - Motor Rotor and External Rotor
7

Tetap (rad/s)
IS o S
e

w

~

time (s)

Figure 3. Angular velocities of the rotors.



Adriano Domeny dos Santos and Agenor de Toledo Fleury
Sliding Mode Control of a Flexible Rotating System Subject to Concentrated Dry Friction

The external rotor starts from the rest state with a relative delay, respect to the motor rotor. At the beginning, the
motor rotor reaches a velocity peak of 0.8 rad/s, as shown in fig. 4a.

On the other hand, fig. 4b illustrates an abrupt reduction of the motor rotor angular velocity in approximately
0.6 rad/s, some milliseconds before external rotor reaches the desired angular velocity, which ensures external rotor
deceleration.

Figure 5 shows the moment when the sliding variable s reaches the boundary layer, t,o,c, =5.3s, which is the

same instant when the external rotor reaches the desired angular velocity. The simulation value of  t,cn IS

approximately equal to the nominal one.

Fie s(u.i.)

A common problem in implementing the sliding mode technique is the high frequency switching at the actuator
input. This phenomenon is known in the literature as chattering. Therefore, the sliding mode technique is implemented

Angular Velocity - Motor Rotor and External Rotor

Angular Velocity - Motor Rotor and External Rotor
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Figure 4. Angular velocities of the rotors (zoom).

«10-3 Boundary Layer and Sliding Variable

6
time (s)

Fie s(u.i.)

«10°° Boundary Layer and Sliding Variable

5265 5.27 5275 528 5285 529 5295
time (s)

Figure 5. Boundary Layer and Sliding Variable over time.

with a saturation band at this work, as in Eq. (36). This allows smoothing the input voltage on the motor.
Figure 6 illustrates the input voltage over time. As we can see, chattering phenomenon does not occur.

V (volts)

257

<104

Input Voltage

3.93

3.92

391

V (volts)

Input Voltage

53

\
1 \ / /
\ / \ hY
S NS \ \/ \/
39
0.5
3.89
0
3.88
05 3.87
[} 2 4 6 8 10 12 6 7 8 9 10 "
time (s) time (s)

Figure 6. Input voltage over time. No chattering.
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On the other hand, Figure 7 shows oscillations in the steady state, both in the angular velocity of the motor rotor and

in the input voltage. This occurs to ensure a constant angular velocity of the external rotor, in spite of the frictional
normal force oscillation.

Input Voltage Angular Velocity - Motor Rotor and External Rotor
6.3
3.92
6.295
3.915 -
/ N £ X
/ 6.29 - T
— 391 / - : g / \
> \ / \ / % L
S 3.905 5\ / A / \ § ) i ’;’ .
\ L 628 1
S, [ \ F 4 ‘ .
39 Ko of B N
6275F N/ AL N
_____ Tetap,,
3.895 6.27 e P

Telap,, .,

8 85 9 95 10 8 85 9 95 10
time (s) time (s)
(@) (b)

Figure 7. Oscillations (a) in input voltage curve, (b) in rotors angular velocity.

Other important facts in fig. 8 are the peaks of electrical current and input voltage. They indicate that the desired
trajectory should possibly be smoother by taking the system out of rest.

%104 Input Voltage Electrical Current
80
)
) — Desired current
2 70 I — — — Real current
[
60 It
I
h
15 0 1
& i}
£ z4 I
2 °13 I
> 1 30 :‘
I
20 5]
05 I
10 It
11
0 . e
0
0 1 2 3 4 0 5 10 15 20
time (s) <1074 time (s) <1072

Figure 8. Peaks (a) in input voltage curve, and (b) in electrical current curve.
Finally, Fig. 9 shows the system trajectory by means of the observed variable phase diagram. The system remains

within the saturation band after reaching it. The system then assumes the desired angular velocity condition of 60rpm
(6.28rad/s), and null angular acceleration.

Phase Diagram

O Trajectory
18 —%— Boundary layer
Slinding surface

YPormar (Fa4/52)

5 % ;
0 ,\%
0 1 2 3 4 5 6
y (rad/s)

normal

Figure 9. Phase Diagram
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5. CONCLUSIONS

This work aims to present a robust control strategy to stabilize the angular velocity of a flexible and slender rotary
system, subject to dry friction.

The adopted technique presents good results. The desired state for the system is reached after a small time interval.
The use of a variable saturation band has avoided the chattering problem in the input voltage, which was evident by the
soft curve presented by the input voltage in time.

On the other hand, the high peaks observed in the voltage and current graphs at the time of starting the system were
an inconvenience, and indicated the degree of dependence that exists between the control performance and the
appropriate adjustment of the parameters. This result suggests a redefinition of the desired trajectory for the system, in
order to smooth the transition from rest to the desired final state.
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