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Abstract. This work presents an analysis of a regular network of piezoelectric sensors and actuators on a rectangular plate
and its application to a non-collocated active vibration control using a feedback of a signal obtained from a weighted-
sum of the signals from the sensors in the network. Two methodologies are considered to combine the sensors signals.
The first is based on the concept of spatial modal filters in which the combined signal is built to approximate a mono-
modal response. This leads to the evaluation of the weighting of each sensor signal using the inversion of the Frequency
Response Function matrix through a LSQ method. The second technique consists on the search for the weighting of the
sensors signals that minimizes a closed-loop cost function, considering a direct derivative feedback, through a genetic
algorithm optimization method. For that, an electromechanically coupled finite element model of the plate with bonded
piezoceramic patches is considered. Results have shown that it is possible to obtain a very good closed-loop performance,
although within a limited frequency band, by using these techniques. As expected, the optimization based on the closed-
loop response provided better results.
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1. INTRODUCTION

The study of techniques for vibration control has attracted great interest, from civil engineering to aerospace engi-
neering problems. This is due to the fact that in many cases structures are subject to excitations that induce undesired
vibration and noise that can lead to structural damage, user comfort decrease, among other factors. Therefore, a system of
compensation of perturbations, which is nothing more than the search to maintain a system in a given state responding to
the external disturbances that try to move it of the desired state, is required. Thus, the approach of a compensation control
system through a simple structure will enable a study of the efficiency of the use of active control through a network of
sensors and piezoelectric actuators.

For cases where the focus lies on the attenuation of specific low-frequency vibration or sound radiation modes, the
control performance can be substantially improved whenever it is possible to focus the control effort on these specific
modes (Meirovitch and Baruh, 1982; Baz and Poh, 1990; Shelley, 1991; Preumont et al., 2003). One such strategy put-
forward in some works is based on the development of spatial modal filters, such that the signals of the sensors in a
network are combined to approximate the response of a selected mode-equivalent system, in which the contribution of
undesired modes is excluded. By doing this, a feedback of such combined (or filtered) signal could lead to a focus of the
control effort on the modes of interest and also would not affect the undesired modes. Actually, there are two main ways
to achieve spatial modal filters: (i) discrete sensor arrays and (ii) continuous distributed sensors. Discrete sensor arrays
may include accelerometers, strain gauges, piezoelectric patches etc, whereas continuous distributed sensors may consist
of piezoelectric films or optical fibers (Lee and Moon, 1990; Fripp and Atalla, 2001; Preumont et al., 2003). Discrete
sensor arrays or networks may be built using piezoelectric patches that are distributed in a host structure and whose
measured signals may be combined through a specific weighted-sum in order to approximate the response of a desired
vibration mode. Several methodologies have been used for the evaluation of the weighting coefficients for the output
signals measured by an array of sensors. They can be divided in three groups: target modes output match, optimization
techniques and frequency response function (FRF) matrix inversion (Fripp and Atalla, 2001; Pagani et al., 2011). For
the method based on the inversion of the FRF matrix, the latter may be either predicted by a numerical model (Chen and
Shen, 1997) or experimentally measured (Shelley, 1991), in order to shape the target filtered response (Preumont et al.,
2003; Pagani and Trindade, 2009; Trindade et al., 2015).

The use of any of the three methodologies for calculating the weighting coefficients can generate high performance
modal filters, but generally this will be for a given frequency range. However, (Preumont et al., 2003) stated that the
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number of sensors required in the network should be at least the number of modes present in the frequency band of
interest. Then, (Pagani and Trindade, 2009), have shown that is possible to decrease the number of required sensors by
optimizing their locations. In any case, however, for practical applications in which the modal filter is not perfect, some
further digital filtering could be required (Trindade ez al., 2015). Another strategy is to search for sensors signal weights
that optimize the closed-loop response according to a given cost function (Shigueoka, 2015). Using this approach, the
corresponding combined signal may not be related to that of a modal filter but its response is such that when fed back
through the control actuators, the closed-loop response is improved.

In this work, the abovementioned two strategies to evaluate the weights of the sensors signals in a network are applied
to the problem of active vibration control of a plate with a network of piezoceramic patches, some acting as sensors and
others as actuators. The main objetive is to compare the performance of the strategies and to assess their frequency range
limitations.

2. PROBLEM DESCRIPTION

o O o O

Figure 1. Configuration of piezoelectric patches 24x25mm — regular network four by four sensors and four actuators in
the center — on aluminum plate with dimensions 545x400x3mm.

The network configuration of sensors and actuators that would be bonded to the plate (aluminum plate with dimensions
545x400x3mm, density of 2700 kg/m3, Young module of 69 GPa, Poisson’s ratio 0.33, and clamped at all edges) was
the first step to be defined. Since we had 20 piezoelectric patches PZT5H, 24x25mm, a regular network four by four of
sensors and four more actuators was the most practical configuration for the use of all the patches (the configuration of the
patches on the plate with the appropriate dimensions can be seen in Fig. 1). There is also a point located at (235, 158 ) mm,
where an external normal force excitation will be applied. Measurement of displacement velocity will also be taken there.
In later sections, such point will be identified as point P. For illustration, the already built plate with bonded piezoceramic
patches used as base for the developed model is shown in Fig. 2.

3. METHODOLOGY
3.1 Optimization framework

When the piezoelectric patches are previously defined and positioned, the design of a discrete modal sensor is reduced
to the problem of finding the o; gains that will best serve its purpose. Multiple methods may be used (Friswell, 2001),
all of which will ultimately give a a vector of real parameters. Then, the performance of a system that uses the modal
filter defined by o may be evaluated by an objective function irrespectively of the nature of the optimization method that
was employed. This way, it is possible to stablish a common criteria to compare numerous alternatives to compute . In
this work, in particular, two different methods were used to compute c: pseudo-inverse and genetic algorithm. Once a set
of values for « is found, the performance of the closed-loop system is checked by computing the performance index as
explained in the following section.
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Figure 2. Set plate plus piezoelectric patches fixed on an inertial table.

3.2 Measuring the closed-loop performance

Starting from a finite element model for the structure with piezoelectric patches, detailed in (Santos, 2012), with
mechanical displacements and electric charges at patches as degrees of freedom, the electromechanical coupled equations
of motion read

M 00 ’LL Ku _Kuqs _Kuqa u f(t)
0O 0 O qS + _K;qu —Kys 0 g | = |Vi(t)]| . (1
0 0 0| |d. -Kl, 0 Ky | | Va(t)

where, M is the inertia matrix; K, is the mechanical stiffness matrix; Ky, and K, are dielectric stiffness matrices of
sensors and actuators; K, and K, are piezoelectric stiffness matrices; u is a vector containing mechanical degrees of
freedom; g, and g, are vectors containing electrical charges degrees of freedom; f () is an external force being applied
on point P; Vi (t) is a vector of electrical voltages induced in the sensors; V,(t) is the prescribed voltage applied to the
actuating patches.

It is customary practice to work in modal coordinates and perform modal projection in order to simplify the matrices
in the dynamic equation and also reduce the order of the model, thus greatly reducing computational costs with no
significant impact on accuracy (Meirovitch, 1980). Assuming that those transformations and static condensation for the
sensors’ voltages have already been applied, the equations of motion for the first m vibration modes are rewritten as

i+ AN+ Q0 =3Tf(t) + T KypaVa )
V. =-K,, ®n, 3)

where A is a matrix of modal damping; Q2 is a diagonal matrix whose elements are the square of the natural frequen-
cies; @ is a matrix whose columns are the eigenvectors associated to the m first vibration modes normalized such that
®T M ® = I, where I is the identity matrix. The vector 7 is obtained from the transformation u = ®7. By defining the

state vector as z = [1 7]7T, it is possible to rewrite the system equations as
z=Az+ Bsf(t)+ B.V,(t) 4)
u, = [C,® 0]z (3)
y=1u,=[0 C,®|z=Cyz (6)
Ve=[Ki,® 0]z ()
Vi=[0 K[ ®]z=Cuusz, ®)

with subindex P indicating measurements taken at point P. The output of the modal filter is, according to its definition,

Vi(t) ="V, )
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The control law of the form

Vo(t) = —KV; = -KaTV,. (10)
By using Egs. (4), (8), (9) and (10), it is possible to arrive at the state-space formulation of the closed-loop system

2=(A-KB,a"Cys)z + Bsf(1). (11)
By taking the Laplace Transform of Eq. (11) and isolating z, one gets

2(s) = (Is— A+ KB,a"Cy,) ' Bsf(s). (12)

The closed-loop displacement velocity measured at point P and the control effort may then be calculated by combining
Egs. (12), (6), (8) and (10), resulting in

y(s) = Cy(Is — A+ KB, Cuys) ' By f(s) = Hys(s) f(s) (13)
Va(s) = —Ka' Cyps(Is — A+ KB,a” Cyys) ' B f(s) = Hyas(s)f(5). (14)

Thus the FRF with force input f(w) and displacement velocity output y(w), hereinafter denominated H,, ;, may be found
by evaluating Eq. (13) after applying the transformation s = iw over the desired frequency range. Likewise, the FRF
of the force input f(s) and control effort output V,(s), henceforth denominated H,, s, may be found after following the
same procedure with Eq. (14).

It would be desirable to keep at minimun the maximum amplitude of both y(w) and V,(w), but these quantities
are inversely related, that is, one increases whenever the other decreases. The designer consequently has to choose
a compromise between performance and control effort. In order to quantify vibration attenuation in each mode, the
following metric Jg was stablished:

Jo = Wj|Hys(w;)l, (15)

Jj=1

where W is a m-vector of weighting coefficients and w,. ; is the resonance frequency (damped natural frequency) of
the j-th mode. Thus Jg is a weighted sum of all the peaks of the FRF H, ;. This study will use Jg as a measure of
performance, where lower values of Jg mean better vibration attenuation.

3.3 Design of the optimal feedback control gain K

The previous section defined a way to measure the closed-loop performance, but did not specify c nor K. This section
describes the procedure for finding K, while the next sections will describe two methods used to find o.

The open-loop system, that is, with null feedback gain K = 0, will have the structure’s natural damping and the
control effort will be null, as no control feedback is being used. Thus, when K = 0 the system is always feasible. One
can then increase K until either the damping or the control effort (or both) is violated. At this point, the search halts and
the greatest feasible gain is taken as the optimal feedback gain for the DVF control law. The procedure used here is then
as follows: if the closed-loop system has acceptable damping and control effort not above the stipulated limit, then make
the performance index J defined to be equal to Jg, as defined in Eq. (15). Otherwise, it is defined to be an extremely high
value, which in this study was set to 1 x 106. In this study,

Va
Jo if; >0.25% and max —(27r) < 200V /N
J= 100 Hz<r<2100Hz f (16)

1 x 10% otherwise

Note that a linear search is considerably costly, specially if K is to be computed within a low tolerance, since the number
of iterations grows at order O(10™), where n is the number of significant digits. In this work, dichotomy search (Rao,
2009) was used as the computational complexity grows linearly with the number of significant digits, at order O(n).

3.4 Design of the weighting coefficients o using least-squares (LSQ)

The first method for determining the weighting coefficients is based on the knowledge of the FRF of each sensor in
the network and the natural frequencies of the target vibration modes. For that, the finite element model was used to
perform a modal analysis and to evaluate the FRF measured by each piezoelectric sensor. Then, a target FRF is defined
by considering an equivalent system of one degree of freedom with natural frequency €2; and damping factor £; such that

9i(w) = 2
! w? — w? 4 2ijwiw

a7)
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Equation (17) represents a realistic objective for the filtered FRF signal if the resonance peaks are well defined. And for a
frequency domain [w1, . . .,w,] using a matrix Y that represent the FRF of the n selected sensors in the array in the same
domain and using the vector of coefficients c; which equates the filtered output (weighted sum of sensors outputs).

Yi(wi) Ya(wi) -+ Ya(w1)| [ g5 (w1)
Yi(wz) Ya(wz) -+ Yi(we)| |aj2 g5 (w2)

: : . : N : (18)
Yi(wm) Ya(wm) -+ Yo(wm) Qjn 9;j (Wm)

According to (Pagani et al., 2011), the linear system defined by Eq. (18) in general admits only approximate solutions,
which will be denoted a*. The vector of weighting coefficients a* represents the best solution, in the least-squares
sense, for the design of a modal filter which isolates the j-th vibration mode response. If several vibration modes are
to be considered simultaneously as target modes for the filter design, it is necessary to define GG as the matrix of target
FRFs with dimension m xp, where p denotes the number of target modes. Consequently, the approximate solution o*
of Eq. (18) is a matrix of dimension nxp, that is, one column vector of weighting coefficients for each one of the target
modes. This may be written in a compact form as

Yo' =G (19)

However, Y a* is an approximation of G, since its elements are the result of an orthogonal projection of the columns of
G for the space covered by the columns of Y. The solution of Eq. (19) can be obtained by traditional Moore-Penrose
pseudo-inverse solution multiplying it by Y,

Yy a* =YHG, (20)
such that
o= (YY) 'Yia @1

Still according to (Pagani et al., 2011), the inversion of Y 7Y is unnecessary and computationally inefficient (for a full
column rank matrix), since Y may be decomposed through QR decomposition, where @ is an orthonormal matrix and R
is upper triangular, such that Y = QR and Eq. (21) can be rewritten, after an expansion and accounting for Q7 Q = I,
as

a"=R'QFG (22)

The QR decomposition method was one of the methods employed in this work being convenient for the cases in which
the FRF matrix has had full column rank.

3.5 Design of the weighting coefficients o using Genetic Algorithm (GA)

The second method for determining the weighting coeffcients is based on a direct search using genetic algorithm,
which is an evolutive computation method based on a population that undergoes successive applications of mainly two
operations, crossover and mutation, that will search the best individual. Each individual in a population is an instance of
the design parameters. In the present case, one individual is a set of weighting coefficients a, whose probability of survival
in the population depends on how well it scores with the objective function. For such set c, K is calculated according to
the procedure described in sub-section 3.3. The fitness of the individual is then set to be equal to the performance index
J used to find the optimal K.

4. RESULTS

The numerical analysis was divided into three parts: (i) modal analysis of the plate to determine vibration modes that
could contribute the most to acoustic radiation, their natural frequencies and electric potential induced in the patches; (ii)
assessment of the closed-loop performance when considering the two methods (LSQ and GA) and for different frequency
ranges; (iii) comparison between closed-loop performances of the two methods for selected frequency ranges.

Figure 3 shows the vibration modes and natural frequencies. For each mode, the electric potentials induced in the 16
sensor patches and 4 actuator patches are also shown, from which it is possible to assess the modal contribution of the
each patch. Based on the represented induced electric potential in the patches, the mode shapes also indicate that, from
the first ten modes, the first, fourth and eighth could contribute the most for acoustic radiation and, therefore, are selected
as target for the active vibration control.
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Mode 2 @ 229.11 Hz

Mode 8 @ 615.36 Hz

Mode 14 @ 1002.06 Hz

Mode 20 @ 1319.69 Hz

Mode 26 @ 1631.32 Hz

Mode 3 @ 331.20 Hz

Mode 9 @ 690.02 Hz

Mode 15 @ 1007.37 Hz

Mode 21 @ 1374.73 Hz

Mode 27 @ 1694.81 Hz

Mode 4 @ 371.36 Hz

Mode 10 @ 733.00 Hz

Mode 16 @ 1076.29 Hz

Mode 22 @ 1550.07 Hz

Mode 28 @ 1750.40 Hz

Mode 5 @ 406.84 Hz

Mode 11 @ 817.88 Hz

Mode 17 @ 1170.78 Hz

Mode 23 @ 1558.84 Hz

Mode 29 @ 1924.10 Hz

Mode 6 @ 544.23 Hz

Mode 12 @ 844.94 Hz

Mode 18 @ 1200.83 Hz

Mode 24 @ 1571.06 Hz

Mode 30 @ 1930.25 Hz

Figure 3. Vibration modes of a clamped rectangular plate with 20 piezoelectric patches.

4.1 Comparison between the optimum from LSQ and from GA

After having fixed the target functions g;, the correspoding modal sensors were designed at first using the Moore-
Penrose pseudo-inverse. Since such method actually solves the associated least-squares problem, it will henceforth be
denominated LSQ in the following graphs. Afterwards, another design was also made, only that this time the a;; gains
were found by the genetic algorithm (GA) optimization as described above. Several first attempts on this optimization
study indicated that increasing number of modes in the model generally has a detrimental effect on the success of both
LSQ and GA in returning a design that can be used in vibration control. Therefore, the Pareto Front was computed for
both methods in order to better appreciate the relationship between the number of modes in the model and the objective
function J(a). Even though different optimization methods were employed, both LSQ and GA ultimately return the
same type of result: the vector & used in the modal sensor. Given that the objective function J (), which measures the
closed-loop performance of the derivative control, depends only on c, then it is possible evaluate the performance of each
design using the same criteria and even compare the two Pareto Fronts in the same graph.

The fitness was then computed for each optimal found and plotted against the number of modes taken into account
during optimization, (Figure 4). It is evident that, according to the objective function used in this formulation, GA always
returned a design that in closed-loop scored better than the one obtained from LSQ. Besides, a closer inspection of Fig. 4
on the cases with 19, 20 or 21 modes reveals that the GA was able to keep the value of the objective function almost at
the same level as the ones obtained with 16, 17 or 18 modes.
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Figure 4. Pareto front of both LSQ and GA optimization methods, with fitness function on the vertical axes and number
of modes taken into account during design on the horizontal axes.

The Pareto Fronts allowed for a general overview of the results, inasmuch specific as the information they provide.
However, a better understanding of the phenomena underlying these results requires a more detailed investigation, so
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Table 1. Comparison betwen the closed-loop performance of the modal sensors designed from LSQ or GA when used for
vibration control in conjunction with DVF. The first 18 modes were considered.

Peak atten. (dB) Closed-loop & (%)

Mode  w, (Hz) LSQ GA LSQ GA
1 136 19.5 29.0 4.71 13.32
2 228 0.3 —0.2 0.52 0.49
3 328 0.0 1.4 0.50 0.51
4 370 18.9 25.0 4.74 5.15
5 405 —0.8 -1.0 0.50 0.51
6 542 0.0 0.1 0.50 0.50
7 572 0.0 1.8 0.50 0.51
8 611 7.3 9.3 4.70  100.00
9 687 -2.1 —-1.2 0.50 0.50

10 731 0.0 17.8 0.50 2.93
11 815 0.9 —10.8 0.50 0.48
12 843 0.3 21.7 0.50 0.42
13 998 0.2 0.2 0.51 0.40
14 999 0.2 0.8 0.48 0.49
15 1001 0.2 1.2 0.51 0.66
16 1070 —-0.2 10.6 0.50 0.51
17 1167 0.0 2.0 0.50 0.55
18 1195 0.0 3.7 0.50 0.56

Table 2. Comparison betwen the closed-loop performance of the modal sensors designed from LSQ or GA when used for
vibration control in conjunction with DVF. The first 21 modes were considered.

Peak atten. (dB)  Closed-loop & %

Mode w, (Hz)  LSQ GA  LSQ GA
1 136 4.0 29.6 0.79  14.89
2 228 0.1  —0.1 051  0.50
3 328 0.0 1.3 0.50  0.52
4 370 3.8 18.8 0.79  4.38
5 405 -30  —0.7 0.49  0.50
6 542 00 —04 0.50  0.50
7 572 0.0 15 050  0.51
8 611 0.5 8.9 0.79  55.88
9 687 0.6 1.1 051  0.50

10 731 0.1 —04 0.50  0.50
11 815 -1.6 22.1 0.50  1.89
12 843 -1.8 3.2 0.50  0.28
13 998 ~0.3 1.9 0.47  0.49
14 999 —0.1 2.4 0.48  0.47
15 1001 0.1 2.8 055  0.65
16 1070 0.1 4.5 0.50  0.52
17 1167 0.0 1.9 0.50  0.59
18 1195 0.0 1.6 0.50  0.53
19 1258 46  —0.7 050  0.53
20 1315 -3.3 0.6 0.50  0.50
21 1370 0.2 1.4 0.50  0.51

filtered frequency response obtained from LSQ and GA optimizations were compared against each other when considering
18 and 21 vibration modes in the optimization (Figure 5). Since only the relative values of the «; coefficients are relevant,
the graph considered o normalized to 1. Notice that the LSQ-based modal filter shows only modes 1, 4 and 8, all in-phase,
up to the frequency range considered (that includes only the first 18 natural frequencies). On the other hand, GA-based
modal filter also shows modes 11, in-phase, and 12, out-of-phase. Is is also possible to observe that LSQ-based modal
filter equalizes the peak amplitudes, while the GA-based one lead to peak amplitudes increasing with frequency.
Whether such difference is effective or not can be inferred from Fig. 6, where the FRF of force excitation and velocity
measurement is taken at point P. While the LSQ modal filter leads to an attenuation of 20 dB in the 1st mode relative to
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the open-loop FREF, the GA modal filter yields 30 dB. Mode 11, which was not as penalized as modes 1, 4 and 8, also got
attenuated as a collateral effect. In all other modes, the GA modal sensor is not significantly worse than the LSQ modal
sensor. These results may be explained considering the control effort FRF shown in Fig. 7. It shows that the GA modal
filter is able to better make use of the stipulated control voltage limit of 200 V /N, which equals 46 dB (ref. V/N) in the
graph. The LSQ modal filter, on the other hand, saturates the control effort at the 2nd mode and, considering derivative
control, prevents a higher gain, which would be beneficial to the 1st mode.
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Figure 5. Frequency response of the modal filters optimized using LSQ and GA for the full 32-modes model, when
considering only 18 modes in the filter optimization.
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Figure 7. Comparison between control effort frequency response using LSQ-based and GA-based modal filters designed
considering only the first 18 modes.

While in the previous case both LSQ-based and GA-based modal filters present satisfactory performance, when 21
modes are considered to design the filters, the difference between the two techniques becomes much more remarkable.
The filtered frequency response of LSQ-based and GA-based modal filters are not so different (Fig. 8), with few other
peaks appearing in the response. However, the comparison of the closed-loop FRF with force excitation and velocity
measurement shows that the LSQ modal filter is ineffective in attenuating resonance peaks, while the performance of the
GA-based modal filter is not seriously affected. The reason for this limitation is again explained by the control effort
response shown in Fig. 10, where the control effort at mode 12 prevents the LSQ modal filter from effectively controlling

target modes 1, 4 and 8.
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Figure 8. Frequency response of the modal filters optimized using LSQ and GA for the full 32-modes model, when
considering only 21 modes in the filter optimization.
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Figure 10. Comparison between the control effort frequency response using LSQ-based and GA-based modal filters
designed considering only the first 21 modes.

4.2 Discussion on the optimality of LSQ

It is possible to deduce from the numerical results that the design of modal filters based on the Moore-Penrose pseudo-
inverse as done in (Preumont et al., 2003), while optimal in the least-squares sense for approximating a target function
g(w), may not yield a modal filter that is also optimal for vibration control. As seen from the results, the almost minimal-
phase FRF obtained from the GA modal filter has more in-phase modes than expected, a trait which only increment
the system dampening when using derivative control. Besides, the magnitude of the peaks are corrected so as to level
the maximum control effort. According to the available literature, it is customary to only choose a target function g(w)
composed of modes of interest with unitary peaks. Any deviation, even a beneficial one, is penalized. Consequently,
in the LSQ approach the designer would have to know a priori the modes which can be made in-phase and their peak
magnitude. Finding those parameters is not a trivial task, which means that the LSQ method will not, in general, yield the
optimal solution.

There is, though, one characteristic that both the optimal designs obtained from LSQ and from GA share: the minimal-
phase FRF for the modal sensor. It may be profitable to investigate a non-GA method that will try to give the best minimal-
phase approximation irrespective of a target funtion g(w). This way, one could obtain a design which is almost as effective
as the one obtained from GA with a lower computational cost.
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5. CONCLUSIONS

This work presented two methodologies to design spatial modal filters aiming at satisfactory closed-loop performance
when derivative feedback of the filtered response is considered. Results have shown that, for a limited frequency-range,
LSQ-based modal filter, which can be designed in open-loop and, thus, is less expensive, may lead to satisfactory per-
formance. In order to increase the frequency-range, though, the GA-based modal filter, which is designed in closed-loop
and, thus, is more expensive, is required to guarantee satisfactory closed-loop performance. The latter allowed satisfac-
tory performance up to 1500 Hz, which is a frequency range that contains the first 21 natural frequencies, using only 16
sensors. Experimental verification of these results are in progress.
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