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Abstract. Exhaust gas from internal combustion engines in automobiles usually contains a large amount of available
energy that is simply lost to the atmosphere. A thermoacoustic engine could recover part of this energy by converting it
into acoustic waves, which in turn would be converted into electric power to supply the automobile’s battery. This process
enables the removal of some of the load on the engine crankshaft, which results in energy regeneration. The acoustic
field inside the device is commonly described by the Nikolaus Rott’s linear thermoacoustics wave equation. We propose
in this paper a step toward the generalization of this model under the regard of fractional order calculus, aiming to fit it
with experimental acoustic data. The purpose of the resulting model is to be later on applied to investigate the energy
regeneration.
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1. INTRODUCTION

The gases expelled by internal combustion engines contain available thermal energy that is lost once released to the
atmosphere (Al-Najem and Diab, 1992). This free energy could be harnessed by a coupled device and utilized to supply
an automobile battery, replacing at least part of the electric power currently provided by the engine crankshaft via the
alternator. The resulting energy regeneration may increase the engine performance depending on how efficiently it is
converted (Bradfield, 2008). However, even though the amount of wasted energy is important, the usual low thermal
potential in these gases limits its availability (Blok, 2010). Furthermore, the device coupled to the exhaust system would
have to be capable of operating not constrained by phase shifting in working fluid (Blok, 2010). One suitable device
for this job is a thermoacoustic (TA) engine, which is interesting mainly for three reasons: it is more reliable due to the
absence of moving parts, its working fluid remains gaseous, and it can operate under low-temperature differences. Despite
the fact that TA engines perform up to now less efficiently than normal thermal engines, with regard to this application
all energy produced by the device originates from a potential that would be unconditionally lost (Blok, 2010). Although
this application for TA engine has already been investigated (Gardner and Howard, 2009), as far as we know, a fractional
calculus (FC) approach has never been employed for this purpose.

The TA engine is essentially composed by a core with a porous material, where the thermoacoustic effect takes place,
a resonator, and a linear alternator - responsible for converting the generated acoustic power into electric energy. The
thermoacoustic effect consists in an interaction between fluid and solid surface where a conversion between thermal
and acoustic energy occurs; depending on its direction, the conversion can result in either refrigeration or acoustic field
generation (Bannwart and Arruda, 2009). In the case of interest, the conversion toward acoustic energy is triggered
when a sufficiently high gradient of temperature is imposed along the solid surface (Swift, 1997). The amount of energy
conversion is proportional to the available surface for interaction, favored in porous materials due to its vast internal
walls network. Depending on the waveguide configuration of the resonator, the acoustic field can result in stationary or
progressive waves, which lead the acoustic particle behavior to approach to the Brayton or Stirling cycle, respectively. In
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this study, the gradient of temperature is expected to be supplied by the exhaust gas from the internal combustion engine,
with the waste heat being rejected to the atmosphere by means of proper heat transfer systems. Preliminary simulations
indicate the suitability of the TA engine as a possible energy regenerator in an automobile. We evaluated, for instance, a
simplified system where a thermoacoustic engine equivalent to the one proposed by Blok (2010) utilizes the exhaust gas
from a 243 kW turbo-diesel combustion engine as a heat source. The results obtained with the same parameter conditions
as the ones used by Al-Najem and Diab (1992) showed that the energy harnessed by the TA engine could improve the
efficiency of the system up to 39.4%, therefore justifying this investigation.

The main concern of this investigation is on using the concepts of FC to generalize the linear thermoacoustics wave
equation aiming to build a better model for TA engines. FC is the generalization of the traditional calculus to a broader
scope in which derivatives and integrals can assume non-integer and even complex orders (Oldham and Spanier, 1974).
Several mathematicians and physicists contributed to distinct definitions and approaches on the subject (Machado et al.,
2011). Those distinct perspectives allow researchers to choose the definition that best fits the physical phenomenon
under study (David et al., 2011). In this work, we chose to apply and evaluate the Caputo fractional derivative, based
on the Riemann-Liouville definition, because its convergence requirements allow the differentiation of several functions
(Herrmann, 2011), what comprises our problem.

Recently, studies regarding fractional calculus have significantly increased in areas such as signal processing, modeling
and control, wave and diffusion problems, and others (Machado et al., 2011). Among these studies, some indicate that,
at least for certain applications, fractional models can be more versatile than traditional integer order ones (David et al.,
2016a, 2017). They can for instance achieve a better fit to experimental results and cover a wider range of visco-elastic
behaviors (David and Katayama, 2013; Di Paola ez al., 2011), function as an alternative approach of analysis of continuous
variables (Royston et al., 1999), and help design PID controllers with better performance (David et al., 2016b). These
results obtained throughout several areas encouraged us to start this work.

At last, seeing the TA engine as a viable energy regenerator, we propose an application of FC as an additional resource
to improve the linear TA modeling. Under this regard, the Nikolaus Rott’s wave equation (Rott, 1969) will be generalized
and used to model optimized TA engines, which will be simulated and confronted with their traditional counterparts. In
subsequent works, the fractional orders of the generalized model will be adjusted according to experimental data from
previous experiments (Bannwart, 2014; Bannwart et al., 2013), having its accuracy evaluated. Finally, the final and most
accurate generalized equation will be used to model a TA engine regenerating energy into an automobile system.

2. PROBLEM MODELING

The Rott’s linear equation for the propagation of acoustic pressure p(z) is the basic model for the acoustic field in TA
systems. It is usually expressed as:
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In Eq. (1), p,, and p,, are the static pressure and density of the working gaseous fluid, f, and f, are functions of
viscous and thermal losses due to the interaction between gas and solid surface, 75, is the average transversal temperature,
o is the Prandtl Number, w is the first mode resonance frequency, a is the sound velocity, and - is the polytropic coefficient.

One way of representing Eq. (1) in a generalized form is using operators of fractional or arbitrary order a:
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The operator p DS represents a Caputo fractional derivative of order ov and may be written in the derivative or integral
form for z > R, as shown in Eq. (3). Euler’s Gamma Function is represented by I' and £ is an auxiliary variable.
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Even though this operator is commonly known as a fractional derivative operator, it may be more accurately called
as an operator of a derivative of arbitrary order (as some authors do), since if & = 1 the generalized Eq. (2) returns its
traditional form equivalent to Eq. (1).

Before applying any method to directly try deriving fractional solutions of Eq. (1), simpler models are investigated
for verification of the generalization proceedings. Three cases are put forward, all departing from linear integer order
homogeneous differential equations. In the first case, as an initial approach, the lossless diffusion-wave equation is an-
alyzed in its simplest form. In the second case, we model the lossy wave propagation in the Helmholtz form with zero
average temperature gradient, or uniform temperature along the solid surface. In the third case, the only difference with
the previous one is the addition of a dissipative term of first order (the simplest possible) disregarding physical meaning.
Analysis comparing integer order and fractional models are made for all cases.
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2.1 Case 1: The lossless diffusion-wave equation

The first case consists in a generalization of the well known partial differential equation that describes the lossless
wave propagation in space and time. The order of the derivative regarding space is kept integer while the derivative of
pressure in time assumes an arbitrary fractional order between 1 (fully dissipative) and 2 (fully oscillatory):
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Similarly to the approach in (Al-Khaled and Momani, 2005), the Adomian’s decomposition method (Adomian, 1988)
and the Caputo operator are used to obtain the generalized solutions to Eq. (4) forc = 1 and 1 < a < 2. The solution
obtained through recurrence equations is expressed in a series form by:
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Simulations of Eq. (5) are performed for arbitrary orders of « . The behavior of p(z,t) exhibits characteristics more
related to diffusion and oscillation for values of «v around 1 and 2, respectively (see the results in section 3.1).

2.2 Case 2: The lossy wave equation with uniform temperature

From Eq. (1), if temperature gradient with position is set to zero:
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After rearranging and considering the working fluid as an ideal gas, Eq. (6) is written as an 1-D Helmholtz traditional
equation:
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where k is the wave number considering thermal and viscous losses and kg is simply w/a.

The arbitrary boundary conditions
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and

d

ﬁh:o = lo (10)

are used, and the well known solution of Eq. (7) is:

p(z) = PyCos(kz) + %Sin(lm). (11)
In the works of Trujillo ez al. (1999), the solution for the arbitrary order form of

rDZ%p(x) + kp(x) = 0 (12)
can be represented as a power series

p(z) = Z Cpz™®. (13)

n=0

We used the Caputo approach in order to obtain the recurrence equation to find the values of the coefficients
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Using this formulation, the acoustic pressure p(z) can be expressed as
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Finally, Eq. (15) is simulated with up to 100 terms using the values presented in Tab. 1.
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Table 1. Parameters used for the simulation of cases 2 and 3.
Working fluid: air at 295.15 K and 101900 Pa.

Description Parameter Value
Polytropic coefficient ol 1.402
Sound velocity a 344.6 m/s
Thermal conductivity K 0.0263 W/(m K)
Density Pm 1.203 kg/m?
Specific heat at constant pressure Cp 1.003 kJ/(kg K)
Viscosity 1 1.84 x 10~° Pa
Frequency f 100 Hz
Wave number (lossless) ko 1.8233 m™!
Pore radius(") R 200 pm
Thermal losses(!) e 0.7284 + 0.36149 i
Viscous losses(!) fv 0.6038 4+ 0.3772 1
Wave number (with losses)(l) k 2.5482 +1.1885im™*
First boundary condition (normalized initial pressure) Py 1
Second boundary condition 1o Pyki

(1) Considering a cylindric pore.

2.3 Case 3: The lossy wave equation with uniform temperature and an extra dissipative term

An additional dissipative term is added in Eq. (7) for a comparative analysis, providing
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whose arbitrary order form is
rDZ*p(x) + rDgp(x) + k*p(z) = 0.
The analytical solution for Eq. (16) is

(Cﬂ) _ (_PO B 2/~LO + Pom)e(féfém) + (2/10 + PO + Pom)e(féJr%m)
nee N '

Having in mind the arbitrary order in Eq. (17), the recurrence formula can be obtained such as
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The solution p(x) for Eq. (17) is approximated by:
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This solution is tested using the values in Tab. 1.
3. SIMULATION RESULTS AND DISCUSSION

3.1 Case 1: The diffusion-wave equation

(16)

a7

(18)
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The solution represented in Eq. (5) is simulated for different values of . The simulation results shown in Fig. 1
indicate how the fractional order can lead to an additional degree of freedom, as models with lower values of « tend
to behave as described by the diffusion equation (o = 1), while higher values of o make models approach to the wave
equation (o = 2). The effect observed in these models is commonly referred to as "Memory function", where a purely
diffusive system indicates the absence of memory and an oscillatory one represents full memory (Agrawal, 2002). These
results help to validate the view that generalized models as the one proposed in this work may be more adequate to fit

with experimental data since they have one more adjustable variable (the arbitrary order «).
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Figure 1. Surface of the approximate solution of the wave p(z,t) using 15 terms for (a) & = 1.5; (b) a = 1.75; (c)
a=1.9;{d)a=2.

3.2 Case 2: The linear acoustic equation with uniform temperature

The generalized solution for case 2 is simulated both for the fully conservative and lossy cases (using the parameters
ko and k, respectively). Firstly, Fig. 2 presents the solutions of Eq. (11) and Eq. (15) (when @ = 1) for both situations.
Once again, it is possible to see how generalized forms can return traditional solutions, as both curves of Fig. 2 are
overlapping to their traditional solution curves. Another important visual information is that, for the parameters adopted
in this simulation, namely working fluid conditions and pore geometry (see Tab. 1), the thermal and viscous losses rapidly
change the behavior of the curve within the first centimeters of propagation. The predicted attenuation can be steeper or
flatter depending on the thermal and viscous losses, which are function of the pore geometrical parameters and the gas
thermophysical properties.

P
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2 4 8 10
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Figure 2. Comparison of lossy and conservative versions of integer order models for p(z) with constant temperature.

Figure 3 shows the curves for p(z) with k& = k. Only the solution with & = 1 maintains the conservative aspect of
the lossless acoustic wave. All solutions for & < 1 have lossy behaviors even though the wave number is purely real,
which implies that fractional models can simulate dissipations even when other coefficients indicate that a solution is
unattenuated. This characteristic signals that generalized forms may help build more powerful models and, at the very
least represent equivalent solutions in different manners. For instance, the wave curve with o = 0.8 in Fig. 3 is very close
to the behavior of the lossy propagation wave in Fig. 2, which suggests that there is a specific « value capable of turning
a generalized solution of a lossless wave into its lossy counterpart (for a specified pore configuration) without changing
any parameter.



C. A. Valentim Jr., F. de C. Bannwart and S. A. David
Fractional order calc. applied to generalize the Rott’s linear thermoacoustics: an investigation toward energy regeneration in automobiles

Finally, Fig. 4 displays the behavior of fractional solutions of propagative waves already lossy in its traditional form.
The attenuation is even higher, confirming the additional damping present fractional in terms of fractional order.
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Figure 3. Comparison of fractional models for the con- Figure 4. Comparison of fractional models for the lossy

servative version of p(z) with a = 1 (traditional model), version of p(z) with & = 1 (traditional model), o = 0.95,
a=0.95 a=09and a = 0.8. a=09and o = 0.8.

3.3 Case 3: The linear acoustic equation with uniform temperature and an extra dissipative term

The generalized solution for case 3 represented by the series in Eq. (20) is only an approximation of the traditional
solution represented by Eq. (18). The accuracy and time for simulation heavily depend on the number of terms of this
series, as shown in Fig. 5. The traditional solution is compared to the generalized solution with « = 1 for distinct
numbers of terms. For the purpose of this work, the number of terms in the solution series does not need to be large, as
the comparisons between models will be drawn for the first segments of propagation. We have found good compromise
for 30 terms.

Figure 6 shows the behavior of the solutions represented in Eq. (20) for orders of aw < 1 compared with the analytical
solution (equivalent to o = 1). Even though all approximations start to diverge for z > 5 due to the limited number of
terms, the curves for 0 < z < 4 should not have any significant errors. In this interval, we can see that regardless of the
wave number not taking into account any losses (k¢ instead of k is used for this case), there is a dissipative term in the
model that attenuates the solution curve for every case, including o = 1. However, the simulation results show that, as the
fractional orders o get smaller, the attenuation effect of the curve is increased, confirming the fact that fractional orders
contain a complementary description of the attenuation.

05

05 —
— Analytical solution .
Solution with 5 terms a=0.
X a=09

R Solution with 10 terms P 4 —— 5 8 10 08
2 4 8 10 Solution with 20 terms a=0.
— Solution with 30 terms

-1.0r

-10

Figure 5. Comparison between analytic and power series Figure 6. Comparison of fractional models for the solution
integer order solutions for Eq. (16) with k = k. of Eq. (17) for k = ko with a = 1 (traditional model),
a=0.95a=0.9and o =0.38.

4. FINAL CONSIDERATIONS

This study addresses a new modeling and numerical simulations for the linear Rott’s thermoacoustics wave equation
by applying fractional order calculus. The preliminary results are verified correct and pave the sequence of this work,
which will be the application of this modeling to investigate energy regeneration of a internal combustion engine by
means of a thermoacoustic engine. Experimental acoustic data from the works of Bannwart (2014) and Bannwart et al.
(2013) will be used to adjust the fractional orders so that it simulates a new TA engine, which will be confronted later on
with the predicted performance for the same data for the original integer order consideration. If successful in obtaining
a more accurate approximation, which is usually expected for fractional calculus modeling, we will use it to model a TA
engine applied to the energy regeneration application.



24th ABCM International Congress of Mechanical Engineering (COBEM 2017)
December 3-8, 2017, Curitiba, PR, Brazil

5. ACKNOWLEDGEMENTS

This work was conducted during a scholarship supported and financed by CAPES - Brazilian Federal Agency for
Support and Evaluation of Graduate Education within the Ministry of Education of Brazil.

6. REFERENCES

Adomian, G., 1988. “A review of the decomposition method in applied mathematics”. Journal of Mathematical Anal-
ysis and Applications, Vol. 135, No. 2, pp. 501-544. ISSN 0022247X. doi:10.1016/0022-247X(88)90170-9. URL
http://linkinghub.elsevier.com/retrieve/pii/0022247X88901709.

Agrawal, O.P., 2002. “Solution for a fractional diffusion-wave equation defined in a bounded domain”. Nonlinear
Dynamics, Vol. 29, No. 1-4, pp. 145-155. ISSN 0924090X. doi:10.1023/A:1016539022492.

Al-Khaled, K. and Momani, S., 2005. “An approximate solution for a fractional diffusion-wave equation using the
decomposition method”. Applied Mathematics and Computation, Vol. 165, No. 2, pp. 473—483. ISSN 00963003.
doi:10.1016/j.amc.2004.06.026.

Al-Najem, N. and Diab, J., 1992. “Energy-exergy analysis of a Diesel engine”. Heat Recovery Systems & CHP, Vol. 12,
No. 6, pp. 525-529.

Bannwart, F.C., 2014. Methods for the transfer matrix evaluation of thermoacoustic cores with application to the design
of thermoacoustic engines. Ph.D. thesis, Université du Maine.

Bannwart, F.C., Penelet, G., Lotton, P. and Dalmont, J.P,, 2013. “Measurements of the impedance matrix of
a thermoacoustic core: applications to the design of thermoacoustic engines.” The Journal of the Acousti-
cal Society of America, Vol. 133, No. 5, pp. 2650-60. ISSN 1520-8524. doi:10.1121/1.4796131. URL
http://www.ncbi.nlm.nih.gov/pubmed/23654373.

Bannwart, F.d.C. and Arruda, J.R.d.F., 2009. “Construction of a Demonstrative Apparatus for the Thermoacoustic Refrig-
eration Effect Construction of a Demonstrative Apparatus for the Thermoacoustic”. In C.A. Almeida, ed., Proceedings
of the X111 International Symposium on Dynamic Problems of Mechanics. ABMC, Angra dos Reis, RJ, Brazil, Septem-
ber 2016.

Blok, K.D., 2010. “Novel 4-Stage Traveling Wave Thermoacoustic Power Generator”. In ASME 2010 3rd Joint US-
European Fluids Engineering Summer Meeting collocated with Sth International Conference on Nanochannels, Mi-
crochannels, and Minichannels. American Society of Mechanical Engineers, Montreal, Canada, pp. 73-79.

Bradfield, M., 2008. “Improving Alternator Efficiency Measurably Reduces Fuel Costs”. Technical report.

David, S.A. and Katayama, A., 2013. “Fractional Order for Food Gums: Modeling and Simulation”. Ap-
plied Mathematics, Vol. 04, No. 02, pp. 305-309. ISSN 2152-7385. do0i:10.4236/am.2013.42046.
URL http://www.scirp.org/journal/PaperInformation.aspx?PaperID=28194&#abstract
http://www.scirp.org/journal/PaperDownload.aspx?D0I=10.4236/am.2013.42046.

David, S.A., Linares, J.L. and Pallone, E., 2011. “Fractional order calculus: historical apolo-
gia, basic concepts and some applications”. Revista Brasileira de Ensino de Fisica, Vol. 33,
No. 4, pp. 4302-4302. ISSN  1806-1117. doi:10.1590/S1806-11172011000400002. URL
http://www.scopus.com/inward/record.url?eid=2-s2.0-84864773129&partnerID=tZ0tx3y1.

David, S.A., Machado, J.A.T., Quintino, D.D. and Balthazar, J.M., 2016a. “Partial chaos suppression in a fractional
order macroeconomic model”. Mathematics and Computers in Simulation, Vol. 122, pp. 55-68. ISSN 03784754.
doi:10.1016/j.matcom.2015.11.004. URL http://dx.doi.org/10.1016/j .matcom.2015.11.004.

David, S.A., Machado, J.A., Trevisan, L.R., Indcio, C.M. and Lopes, A.M., 2017. “Dynamics of commodities prices:
Integer and fractional models”. Fundamenta Informaticae, Vol. 151, No. 1-4, pp. 389-408. ISSN 01692968. doi:
10.3233/F1-2017-1499.

David, S.A., de Sousa, R.V., Valentim, C.A., Tabile, R.A. and Machado, J.A.T., 2016b. “Fractional PID con-
troller in an active image stabilization system for mitigating vibration effects in agricultural tractors”. Comput-
ers and Electronics in Agriculture, Vol. 131, pp. 1-9. ISSN 01681699. doi:10.1016/j.compag.2016.11.001. URL
http://dx.doi.org/10.1016/j.compag.2016.11.001.

Di Paola, M., Pirrotta, A. and Valenza, A., 2011. “Visco-elastic behavior through fractional calculus: An easier method
for best fitting experimental results”. Mechanics of Materials, Vol. 43, No. 12, pp. 799-806. ISSN 01676636. doi:
10.1016/j.mechmat.2011.08.016. URL http://dx.doi.org/10.1016/j.mechmat.2011.08.0186.

Gardner, D.L. and Howard, C.Q., 2009. “Waste-Heat-Driven Thermoacoustic Engine and Refrigerator”. In Acoustics.
Adelaide, Australia, November, pp. 23-26. ISBN 9780975785577.

Herrmann, R., 2011. Fractional calculus: An introduction for physicists. World Scientific. ISBN 978-981-4551-09-0.

Machado, J.T., Kiryakova, V. and Mainardi, F., 2011. “Recent history of fractional cal-
culus”. Communications in  Nonlinear  Science and  Numerical  Simulation, Vol. 16,
No. 3, pp. 1140-1153. ISSN  10075704. doi:10.1016/j.cnsns.2010.05.027. URL

http://www.sciencedirect.com/science/article/pii/S1007570410003205.



C. A. Valentim Jr., F. de C. Bannwart and S. A. David
Fractional order calc. applied to generalize the Rott’s linear thermoacoustics: an investigation toward energy regeneration in automobiles

Oldham, K.B. and Spanier, J., 1974. The fractional calculus - theory and applications of differentiation and integration
to arbitrary order. Academic Press, New York.

Rott, N., 1969. “Damped and Thermally Driven Acoustic Oscillations in Wide and Narrow Tubes”. Journal of Applied
Mathematics and Physics (ZAMP), Vol. 20, No. 1, pp. 230-243.

Royston, P., Ambler, G. and Sauerbrei, W., 1999. “The use of fractional polynomials to model continuous risk variables
in epidemiology”. International Journal of Epidemiology, Vol. 28, No. 5, pp. 964-974. ISSN 03005771. doi:
10.1093/ije/28.5.964.

Swift, G.W., 1997. “Thermoacoustic engines and refrigerators”. Encyclopedia of Applied physics, Vol. 21, pp. 245-264.

Trujillo, J.J., Ribero, M. and Bonilla, B., 1999. “On a Riemann - Liouville Generalized Taylor’s Formula”. Journal of
Mathematical Analysis and Applications, Vol. 231, pp. 255-265.

7. RESPONSIBILITY NOTICE

The authors are the only responsible for the printed material included in this paper.



