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Abstract. In this paper, the problem of finding the optimal solution floe optimization problem of placement of non-
collocated sensors and actuators in a mechanical systetudéesl. To solve this problem, an algorithm based on Genetic
Algorithms, named here as GAP Method, is used. In this methed/ariables are adopted as binary and the crossover of
one point and punctual mutation is applied. The differenevieen GAP Method and the traditional Genetic Algorithm
is the verification of the generation of valid chromosomée doal is to evaluate the behavior of the, and > norms

as objective functions in the positioning problem of aatusiand sensors, i.e., the goal is to obtain the positionsef t
active elements from the analysis of these two norms. Fumihre, the aim is to verify the computational processingetim

Keywords: active elements, Genetic Algorithri$,, norm andH, norm
1. INTRODUCTION

One of the challenges to solve the positioning problem ofsenand actuators in vibration control is to define
an optimization method that achieves the optimal solutiohi® not expensive in computational terms. For discrete
positioning, the purely combinatorial method ensures fhtéral solution of the problem, but the processing time can b
high in cases the problem has many possible positions todlgzad in order to allocate the active elements.

Genetic Algorithm (GA) can be an alternative to solve thiadkiof optimization problem (Bruant et al. (2010);
Chakraborty et al. (2012)). GA is an optimization technigieeseloped based on biology. In this technique, the opti-
mization variables are named chromosomes, which can alsallegl individuals. GA is implemented using techniques
inspired by evolutionary biology such as crossover (exgkearf genetic information between two individuals) and muta
tion (changes in the genetic material of the chromosome).

The positioning problem of active elements was studied byyreuthors as shown in Gupta et al. (2010). In the
referred paper, the authors present many optimizatioerwit used for researchers to solve the allocation problem.
According to Guo et al. (2004), the problem of optimal alloma of the active elements involves two important decision
that are the definitions of the objective functions and thadrietions that need to be adopted, and the choice of the
optimization method to be used to obtain the solution.

Some objective functions already used to solve the pogitipproblem are based on gramiams of observability and
controllability. Another possibility is to use as objedifunction the# ., and . norms of the systems (Gawronski,
2004).

The problem of finding the placement of active elements omémmoous structure is presented in Arabyan and Chem-
ishkian (1998). In their paper, the goal was to minimized#hg norm to reduce the vibrations of the flexible structure.
The authors Ambrosio et al. (2012) used tHe norm to solve the allocation problem. And Liu et al. (2006¢dishe
spatial{2 norm as objective function and GA to solve the allocatiorbpem.

The problem of finding the optimal solution of the discretéimzation problem for the positioning of sensors and
actuators is studied in this paper. The interest is to oltteénpositions of the active elements from the analysis of
the closed-loop system, i.e., the simultaneous deterinimaf the positioning of active elements, from an optimizat
problem, and the controller design.

In this paper, the positioning problem is solved using awligm based on GA (Soubhia and Serpa, 2017), and the
H~ andH, norms are used as objective functions. The goal is to obl@ratiocation of the active elements and to
compare the results using these two norms.
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2. PROBLEM DEFINITION

The sensors and actuators positioning optimization proldensists of defining the best place to allocate the active
elements, with the goal of achieve the best system behaorever, depending on the optimization problem, the
possible places to allocate the actuators and sensors dangkeand a combinatorial technique can be prohibitive due
to the number of possible combinations. The number of piiigb is calculated using the equation of the combination
without repetition as follow

n Ng ! ng!
C a,s — . 1
o~ dy Wi —dy )1 dy, (e —dy) 1 (1)

wheren, andn, are the total numbers of possible positions of actuatorssangdors, respectively,, is the desired
number of actuators and,, is the desired number of sensors. If the number of combinsiigq. (1)) that needs to be
evaluated is huge, the computational time can be very high.

The goal of this paper is to obtain the placement of the adlements in discrete positions using an optimization
technique. In this paper, a technique based on Genetic itigus (GA) is presented in order to reduce the number
of combinations. Thé&{., norm and?, are used as objective functions. The goal is to compare thétseand the
computational processing time using these norms.

3. CONTROL SYSTEMS

In this section, the control systems studied in this papepaesented. After, th& ., norm andH ., control andH-
norm and#- control will be treated.

Figure 1 shows the usual block diagram to representihe and #, control. In this figurew(t) represents the
external disturbance vectar(t) represents the vector of the system performandg$represents the control input vector
(actuators inputs) angl(t) represents the output vector (sensors outputs) that adefarsdynamic output feedback. It is
possible to write the system state-space model as

#(t) = Ax(t) + Biw(t) + Boul(t); @)
y(t) = Cax(t) + Daaw(t) + Dagul(t); 4)

where all the matrices have compatible dimensiohis the dynamic matrix of the system and matriéds and D», are
null in this work, reflecting that disturbances are not diseelated to the performance and control signal does rfetaf
directly the measured signal.

w(t) 2(t)

—> —>
plant

controller |«

Figure 1. Output feedback control scheme

The system described by equations (2), (3) and (4) can btewurising transfer functions as

Z(s) = Pon(s)W(s) + P..(s)U(s);
Y (s) = Pyw(s)W(s) + Pyu(s)U(s);
U(s) = K(s)Y(s).

In the case of multiple-inputs and multiple-outputs (MIM§stem,P.,(s) is the transfer matrix between the output
Z(s) and the inpulW/(s); P, (s) is the transfer matrix between the out(ts) and the input(s); P,w(s) is the transfer
matrix between the outpif(s) and the input//(s); and P, (s) is the transfer matrix between the outpits) and the
inputU (s).
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The relation betweell/(s) andZ(s) of the closed-loop system can be written as
Z(s) = Ton(s)W(s);
where
Ton(s) = Pawl(s) + Peu(5)K (5)(I = Pyu(s) (K)(5)) ™ Pyul(s)- (%)

The functionT?(s) is called inferior fractional linear transformation andm@sponds to the transfer matrix between the
disturbance inputV(s) and the performance outpd4ts).

3.1 Ho Norm and H, Control

In the case of MIMO systems, thE., norm corresponds to the maximum system singular value ofrtresfer
matrix between the disturbance input and the performantmburhe idea of thé{., control is to reduce the effects of
external disturbances keeping the system performances. comtrol technique minimizes thé.. norm of the system,
that corresponds to the peak of the amplitude of the frequessponse in the case of the single-input and single-output
(SISO) systems, or in the case of MIMO systems, to reduceeh& pf the maximum singular value (Zhou and Doyle,
1996).

One possibility to express the relation between the inpdttha output of the system is using transfer functions. The
‘H~ norm of the transfer matri.,(s) (Eq. (5)), in the case of a MIMO stable system, is defined as

[ Tew(8)]|oo = Slul)p Omaz (Tew(jw)); (6)

whereo (-) is the maximum singular value of the matrix. In this case fifag norm corresponds to the maximum system
singular value.
TheH, controller goal is to determine the controllEl(s) that minimizes thé{., norm from the disturbance to the
performance, i.e.,
1T : 7

?(lgll w(8)]] oo ()
which corresponds to the closed-loop system frequencyorssppeak minimization. The controlléf(s) can be a
dynamic linear model that hagt) as input and.(¢) as output (Figure 1), according to the state-space model

To(t) = Ao (t) + Bey(t); (8)
u(t) = Cex(t) + Doy(t); (9)

where all the matrices have compatible dimensiohsis the dynamic matrix of the controller and(¢) is the state-space
vector of the controller.

3.2 H, Norm and #, Control

The?- norm is the energy of the output of the system with relatiothéodisturbance input. Figure 1 shows the block
diagram and Eq. (2), (3) and (4) represent the state-spadelrofi{, control.
TheHs norm in the frequency domain is given by (Doyle et. al, 1989)

1
T[> s ) 2
(o)l = (55 [ tracelloadiu) Tontiui] ) (10)
whereT,(s) is the inferior fractional linear transformation and cepends to the transfer matrix between the disturbance
input W(s) and the performance outpé{s), shown in Eq. (5).
The H, controller goal is to determine the controll&T(s) that minimizes thé4, norm from the disturbance to the
performance, i.e.,
in ||T% : 11
min 1 T=w(s)ll2 (11)
where controlled (s) can be a dynamic linear model, according to the state-spadelrgiven in Eq. (8) and (9).
The minimization problems shown in (7) and (11) can be solvgidg techniques based on the Riccati algebraic
equations (Gawronski, 2004) or using techniques basedrmeatMatrix Inequalities (LMI) (Boyd et al., 1994).
According to Doyle et. al (1989), for computing th&, norm is necessary just to solve a linear equation, and for
computing theH ., norm is necessary to solve a optimization problem. Becauies) computing théH ., norm can be
more expensive in computational terms. Moreover, to olitegrcontroller?, is necessary to solve two Riccati equations
and to obtain the controlléi ., is necessary to solve the Riccati equations subject to aéaech process.
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3.3 Sensor and Actuator Placement Optimization Problem

The goal of this paper is to find the optimal positions of theuators and sensors using discrete techniques. The
objective functions that are used in this paper arefihe norm of the system (Eqg. (6)) and thé, norm (Eq. (10)).
Therefore, two optimization problems are investigatedhia paper, that is,

min ||Tow||oo and min ||Towl|2; (12)
Pa:Ps PasPs

wherep,, is the position of the actuator apd is the position of the sensor.

In this paper, the goal is to obtain the discrete positionthefactive elements and the same time to obtain the con-
trollers using the theory ok, control and the theory df» control. The discrete optimization technique applied liere
obtain the positions of the actuators and sensors is baségoetic Algorithms.

4. GENETIC ALGORITMS

GA was developed by Holland (1975). According to Haupt andpi82004), GA has some advantages, for example:
it optimizes problems with continuous and discrete vagapit does not require informations about gradients of the
objective function and of the constraints, and it works fartgems that have a large number of variables.

Before starting the iterations of the GA, it is necessarydbing a representation for the variables of the optimiza-
tion problem. In the case of GA, the optimization variables teated as chromosomes. After the definition of the
chromosomes, the initial population that needs to be etedighould be chosen. This choice can be done randomly.

Then, for all chromosomes of this population, the objechivection of the problem is evaluated. In this way, fittest
individuals are referred to the step of the genetic opematioThese individuals can be chosen using elitist technique
(Haupt and Haupt, 2004).

After selecting the most suitable individuals, pairs canfdrened randomly, so that the genetic operators can be
applied. The genetic operators used by GA are the crossokethe mutation. Usually, crossover of one point and
mutation of one point are used (Haupt and Haupt, 2004).

As in other algorithms, for Genetic Algorithms it is necagda determine stopping criteria. One of the usual criteria
is the setting of a maximum number of generations or a praugsisne limit. Another criterion may be related to the
number of repetitions of the best solution obtained.

4.1 GA Positioning Method (GAP)

The method used here was applied in Soubhia and Serpa (201fAis case, the authors adopted the optimization
variables as the possible positions to allocate the act®raents, thus these variables are discrete.

The difference between GAP Method and the traditional GAésverification of the generation of valid chromosomes
after the mutation. In the case of not valid genes appednedetare replaced by valid representations chosen randomly
(Soubhia and Serpa, 2017).

This algorithm is described in the following (Algorithm 1@runs until stop conditions are reached.

Algorithm 1 GAP Method
1. Generate randomly the initial population wit¥,,,, individuals.

2. Design the controller¥{ ., or H2) and evaluate the nornH(,, or H5) for each individual of population.
3. Select from the elitist technique thé,,,,, fittest individuals.

4. Generate new parents randomly.

5. Perform the crossover of one point in the chromosome.

6. Perform the punctual mutation in the chromosome.

7. Feasibility test: if there is infeasible individuals, gogiep9. Otherwise, go to step.

8. Replace the non feasible individuals for feasible indialdiand go to step.

9. If predefined conditions are achieved, END. Otherwise, gk ba step2.
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In this section, a system with2 degrees of freedom is investigated. In this case, two probleere studied: the
positioning problem of three actuators and three sensakthemallocating problem of two actuators and three sengors.

both cases, thel., and?{» norms were used as objective functions (Eq. (12)).

Then, a system withh0 degrees of freedom was investigated. In this case, jusHthaorm was used as objective

function.

5.1 System with 12 degrees of freedom

The GAP Method was tested and evaluated in a mass-springidgrsystem withl 2 degrees of freedom (DOF) as
the system presented in Figure 2, with= 12. The values used for mass, damping coefficient and spriiffress were
defined asn; =ms =...=mio =1 kg,Cl =c=...=c3=0.10 Ns/m, andkl =ky=...= klg = 104 N/m.

Considering the states as displacements and velocitiesstétie-space model hag states. In this example, the
disturbance was considered in all degrees of freedom ofytbier, i.e., in masses, mo,...,m12. The performance

outputs was considered as displacements of the masgess andmyg.

k1 ko k3 kg kn—1 kN kN4t
mi ma2 Vo m3 VY my—1 Wy my
iy i I —— — i —
N oNONENNONONENNONO N S O N O NI O N O MaE
Figure 2. Mass-spring-damping system withdegrees of freedom
According to equations (2), (3) and (4), the matrices of thesspace model of this system are:
O12x12  T12x12
A= { -1 -1 ] ; (13)
M=K M c 24x24
B, — [ 0O12x12 (14)
! | M~ 'T1ox10 T
[ O1x2  Tix1 Oixan
O1x5 Tix1  Oixis
C, = 15
! O1xg  Tix1  Oixis (15)
L = Osx2a 6x24
03><nu
D12 = Inuxnu (16)
0(37nu)><nu 6X 1
wheren,, is the number of control inputs, and
Doy = [0]n, x12; 17)

where M, C and K are, respectively, the mass, damping and stiffness matricis the identity matrix andh,, is the

number of sensors that is used.

With these coefficients and matrices, tHe, norm and thé{,; norm of the open-loop system are, respectively;94
and0.2268. The functionnormof Matlab was used to obtain th¢., norm andH, norm of the system.
The matrixBs is obtained from the positioning of actuators and the matsixs related to the positioning of sensors.
These matrices vary with the changes of the positioning efattive elements, i.e., these matrices can vary in each

iteration of the algorithm, since they reflect the decisianiables of the problem. In this case, the possible position
allocate the actuators and sensors are all the degreedbfreof the system.
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In this paper, Matlab was used to implement the algorithnsgmeed. The functionsinfsynandh2synwere used to
design the controller${., andH>. The method adopted to solve the,, and?#, optimization problems was based on
the solution of Riccati equations. The computer used toiolie results was an Intel Coig — 4790 @3.60 GHz with
32 GB RAM memory.

GAP Method was applied for two different examples. Firs, plositioning problem of actuators and sensors was
analyzed. Then, the allocation problenRadctuators and sensors was studied. In both cases, the complete combalator
method (method in that all the possible positions are et@tljacalled here as CO Method) was applied to compare the
optimal solution with the results obtained from GAP Method.

Here, the amount of individuals in the population was theesdaring all the iterations of the algorithms. The adopted
stopping criterion was the amount of repetitions of the lbesponse obtained during the optimization process. For the
tests presented her#) repetitions were considered. The mutation rate used20&s These initial parameters were
defined after some trials of the algorithm.

5.1.1 Threeactuatorsand three sensors

Using the CO Method48400 combinations need to be evaluated to allocate three actuatal three sensors. For
GAP Method, the value adopted for the initial population W43, = 60 and the amount of individuals selected to go to
parents generation wag,;,, = 60.

The results obtained, usirig.. norm as objective function, from the CO Method and GAP Methdshown in Tab.
1. Itis possible to verify that the positioning obtaineayr both methods, corresponds to actuators in the BGFand
8, and sensors in the DOR), 11 and12. With this configuration, the optim&} ., norm of the closed-loop system is
1.4165. But, in the case of the CO Method, the computational praegdsne wasi7.14 hours. When the GAP Method
was applied, the computational processing time &% hours and 020 combinations were analyzed.

Table 1. Resulté{., norm -3 actuators and sensors

Method Actuator  Sensor  Time Combinations$|7.w(s)|| s
(DOF) (DOF) (h)
CcO 6,7,8 10,11,12  47.14 48400 1.4165
GAP 6,7,8 10,11,12  0.97 1020 1.4165

The results obtained using> norm as objective function are shown in Tab. 2. It is possibleerify that the
positioning obtained, from both methods, correspondstigedars in the DO, 6 and7, and sensors in the DO 6 and
9. With this configuration, the optim&l, norm of the closed-loop system(sL683. In the case of the CO Method, the
computational processing time was3 hours. When the GAP Method was applied, the computatiormalgssing time
was0.01 hours and 500 combinations were analyzed.

Table 2. Result{> norm -3 actuators and sensors

Method Actuator Sensor Time Combinations|T,u(s)|2
(DOF) (DOF) (h)
CO 5,6,7 3,6,9 0.33 48400 0.1683
GAP 56,7 3,6,9 0.01 1500 0.1683

The GAP Method reached the exact solution of the problenmgusieH ., and?, norms, with a smaller computa-
tional processing time compared with to CO Method. Howaween the#{, norm is used as objective function, the exact
solution is obtained in a significantly lower computatiotiiale.

5.1.2 Two actuatorsand three sensors

Using the CO Method}4520 combinations need to be evaluated for positioning of thoteadors and three sensors.
For GAP Method, the value adopted for the initial populatias N,,, = 30 and the amount of individuals selected to
go to parents generation wag,;;,,, = 30.

The results obtained, usirld., andHs, from the CO Method and GAP Method are shown in Tab. 3 and Tab. 4
respectively.

In the case of thé&{., norm, from both methods, the optimal position correspoondzctuators in the DOB and?7,
and sensors in the DOF, 2 and3. With this configuration, the optim&l.., norm of the closed-loop systemis577. In
the case of the CO Method, the computational processingviasd 4.34 hours. When the GAP Method was applied, the
computational processing time wa§'5 hours and’80 combinations were analyzed.
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Table 3. Resulté{., norm -2 actuators and sensors

Method Actuator Sensor Time Combinations$|T,u(s)||
(DOF) (DOF)  (h)
CcoO 6,7 1,2,3 14.34 14520 1.6577
GAP 6,7 1,2,3 075 780 1.6577

When theH, norm was evaluated, the optimal position obtained was theasars allocated in the DOgand7, and
sensors in the DOR, 7 and10. With the CO Method, the computational processing time a8 hours and with the
GAP Method the computational processing time Wa$)5 hours.

Table 4. Resultg{> norm -2 actuators and sensors

Method Actuator Sensor Time Combinations$|T.w(s)||2
(DOF)  (DOF)  (h)
CcO 6,7 4,7,10 0.10 14520 0.1770
GAP 6,7 4,7,10 0.005 660 0.1770

As in the allocation problem of three actuators and thres@msnin the positioning problem of two actuators and three
sensors with GAP Method was possible to achieve the optiohatisn of the problem in a computational processing time
lower than when the CO Method is applied. Furthermore, wi##t; norm as objective function, the computational time
is smaller compared with the case whentg norm is used as the objective function.

As seen in the previous examples, when Hgnorm was used as objective function, the computational tirag
smaller compared with th&/., norm as objective function. These differences may occuatse for obtaining th&{,
controller is necessary just to solve two algebraic Ricegtiations and to obtain thé., controller is necessary to solve
an optimization problem (Doyle et. al, 1989).

Therefore, thé{> norm was used to solve the positioning problem in a systeimMjidegrees of freedom, whose the
goal is to allocate two actuators and two sensors. This el@isipresented in the next section.

5.2 System with 50 degrees of freedom

The GAP Method was also tested and evaluated in a mass-gfaimging system witi50 degrees of freedom as
presented in Figure 2\ = 50). The values used for mass, damping coefficient and spriif§sess were defined as
mi :mQZ...:m50:1kg,Cl =Cy=...=C5s] :0.10NS/m,and€1 =ko=...= ks = 10* N/m.

Here the goal is to allocate two actuators and two sensokspéiformance outputs was considered as displacements
of the massesiyg, m15, mag, mas, msg, mss andmyy. The disturbance was considered in all degrees of freeddheof
system. According to equations (13), (14), (15), (16) an®),(the matrices of the state-space model of the system with
50 DOF are

A { 050><150 ]50><150 ] )
M=K M7C [ 0,100
[ 0s0x50
B = _ ;
' | M H50x50 100x50

O1x9  Tix1  O1x40
O1x14  Tix1  O1xss
O1x19  Tix1  Oixso
O1x24  Tix1  Oixos
Cy
O1x29  Tix1  Oix20
O1x3¢  Tix1 Oix1s
O1x39  Tix1  Oix1o

L 07x50 — J1ax100

07x2
Dis = | I3x2 ;

0452 14%2
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Dy1 = [0]2x50-

With these matrices, thHs norm of the open-loop system2s6646.

Using the CO Method] 500625 combinations were evaluated to allocate two actuators andsensors. For GAP
Method, the value adopted for the initial population wés,, = 500 and the amount of individuals to go to parents
generation waV,;;,, = 500.

The results obtained usings norm as objective function are shown in Tab. 5. It is possibleerify that the
positioning obtained, from both methods, correspondstigadars in the DOA6 and21, and sensors in the DO and
28. With this configuration, the optimal, norm of the closed-loop system(s5997. In the case of the CO Method, the
computational processing time wa®.70 hours. When the GAP Method was applied, the computationagssing time
was0.87 hours and 6000 combinations were analyzed.

Table 5. Resultg{> norm -2 actuators and sensors

Method Actuator Sensor Time Combinations|T.u(s)|2
(DOF) (DOF) (h)
CcO 16, 21 15,28 80.70 1500625 0.6997
GAP 16,21 15,28 0.87 16000 0.6997

6. CONCLUSIONS

In this paper, the behavior 6i., and#, norms as objective functions in the positioning problemative elements
applied in a mechanical system is analyzed.

First, a mechanical system wifl2 degrees of freedom was studied. In this case, the combiakteethod and the
GAP method was applied in the problem to allocate three mtsiand three sensors. Then, the problem to allocate two
actuators and three sensors was solved. In both cases, md#n horm was used as objective function the computational
time was smaller compared with ti&,, norm as objective function. This may occur because to dekefH ., controller
is necessary to solve an optimization problem. This optitidn problem can turns the algorithm more expensive in
computational terms compared with the desigfHgfcontrol, that depends on the solution of two Riccati equmstio

In the allocation problems for the systeml@fdegrees of freedom, when thé&,, norm was used as objective function
the computational time was higher than wheniyenorm was used as objective function. Due thisthenorm was used
as objective function in the problem to allocate two actusm#md two sensors in a mechanical system Witlkdegrees of
freedom. In this case, the CO Method and GAP Method were egbplind it was possible to see that the GAP Method
found the optimal solution in smallest computational pesieg time.
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