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Abstract. We apply a Large Eddy Simulation with subgrid stress computed by means of an additional transport equation
for subgrid kinetic energy and an approach to solving turbulence flow based on Non-Linear Disturbance Equation to
solve fully developed turbulent channel flow at Reτ = 395. The open source code, called OpenFOAM, is used in the
present effort. From the numerical results, firstly, the backscatter, which is the energy transfer in inverse direction of
a Richardson cascade of energy (the energy is transfer from big scale to the small scale), is quantified. Secondly, the
mesh refinement effect on the backscatter and on the accuracy of the solution is analyzed for Large Eddy Simulation and
Non-Linear Disturbance Equation. Finally, we correlate the solution accuracy with the lack or excess of backscatter and
forward-scatter. The solutions obtained with the most refined mesh and Non-Linear Disturbance Equation show that the
maximum effect of backscatter takes place in buffer-layer of channel boundary layer. In addition, the solutions computed
with Non-Linear Disturbance Equation present more turbulent fluid dynamics, which can be measured by turbulent energy
dissipation associated with backscatter and forward-scatter, than those obtained with Large Eddies Simulations.
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1. INTRODUCTION

The flow over a aircraft in its land configuration (high-lift surfaces deployed) is a complex simulation, not only due
to a complex geometry but also because of the complexity of flow its, which consist in interactions between vortex,
a confluence of boundaries layers and wakes, flow separations due to adverse pressure gradients, etc.... The Brazilian
aircraft industry usually uses a Reynold Averaged Turbulence model (RANS) approach to simulate such a complex flows.
However, this approach could be out of its range of applicability, since the physical phenomena present in such flow,
mostly for flow at configurations near the aircraft stall (maximum lift), is not accurately resolved by Reynold Averaged
Navier-Stokes Turbulence model. In order to deal with flow features present in such flow, more physical features of
turbulence must be resolved instead of modeling. This task is done by turbulence model in which part of turbulence
scales are solved and the rest of turbulence scales is modeled (Large Eddy Simulations - LES), or even solve the whole
turbulence scales (Direct Navier-Stokes - DNS). For Reynolds Averaged Navier-Stokes Turbulence models, the whole
turbulence scales are modeled.

The Large Eddy Simulation models are time-consuming and also need a high computational power, since the simula-
tion is time accurate and require a fine mesh. In other words, it means that these methodologies are much more expensive
than Reynolds Averaged Navier-Stokes and use this kind of simulation in the design process of high-lift devices, for
instance, is thus prohibitive nowadays. Moreover, all subgrid model based Smagorinsky subgrid model (Smagorinsky,
1963) introduce a dissipation, which means a drainage of turbulent energy transported from large scale to small scale
(Richardson energy cascade, forward-scatter). However, Piomelli et al. (1990) observed that the transfer of energy from
small scale to big scale (backscatter; energy transfer in inverse direction of Richardson cascade) affects the instabilities
growth in the laminar to the turbulent transition process. In addition, Piomelli et al. (1991) pointed out that in a Directed
Numeric Simulation of channel flows the fifth percent of mesh cell present backscatter. The presence of backscatter does
not contradict Richardson’s concepts of energy cascade, once in the average, the turbulence energy transfer is still from
bigger scales to small scales (Mason and Thomson, 1992) and the dissipation should only decrease. In addition, it effects
is still draining the energy. Another drawback of Large Eddy Simulation is excessive mesh refinement needed to be able
to predict the near-wall effects. The dynamic model proposed by Germano et al. (1991) and Lilly (1992) tend to generate
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a negative eddy viscosity (related to subgrid stress tensor), which is the related to the backscatter. However, it is normally
avoided since it leads to numerical instability. The requirements need to one be able to use Direct Numerical Simulation
(DNS) is tighter than for Large Eddy Simulation, and it is used just for simple problems, such as channel flow at low
Reynolds number. Therefore, those approaches are not common in an industrial process.

This article reports part of the process to achieve a bigger objective, which is developing a numerical methodology
that is able to the predict a turbulence flow with the same resolution capability of turbulent structures due to Large Eddy
Simulation models, and also be able to deal with flow regions in the proximity of solid walls. This last requirement is a
severe requirement for Large Eddy Simulation (LES) models since it has a dependency on the mesh refinement in these
regions. Both requirements of this new methodology should be achieved with less mesh refinement than a Large Eddy
Simulation requires. The new turbulence methodology approach is based on Non-Linear Disturbance Equation (NLDE),
that is normally used to acoustics simulation and it was first proposed by Morris et al. (1997) and extended by Batten
et al. (2004) in conjugation with a Synthesized Turbulence Method developed by (Billson, 2004) in order to introduce
the backscatter that comes from the subgrid flow structures, structures that the mesh has not enough resolution to deal
with. In the present effort, we use only the NLDE, in other words, it is not considered the backscatter that comes from the
subgrid flow structures. Since our main go is to predict the backscatter and relate that with flow simulation results.

The test case to be used in this article is the full turbulent channel flow at Reτ = 395. This case was simulated by
Moser et al. (1999) and Kim et al. (1987) by means of a Direct Numerical Simulation (DNS). All the numerical results
obtained in this effort will be compared to the Moser et al. (1999) and Kim et al. (1987) results, which are considered as a
reference in our comparisons. The backscatter and forward-scatter will be quantified for each combination of turbulence
model and mesh refinement levels. The lack or even the excess of these transfer energy phenomenon will be related to the
accuracy of numerical results.

2. THEORETICAL AND NUMERICAL FORMULATION

In this section, at first, the equation that governs the flow is shown (subsection 2.1). After that, we will present a
description of the turbulence models used in the present effort. These turbulence model consist of two model which
were already available in OpenFOAM (subsection 2.2and 2.3) and a new proposal will be presented in the subsection 2.4
. A methodology to quantify the backscatter and the forward scatter will be exhibited in subsection 2.5. Finally, a brief
description of numerical formulation used by OpenFOAM to solve flow will be given in subsection 2.6.

2.1 Navier-Stokes Equations

Considering an incompressible flow, the conservation of mass and momentum equation takes the form:

∇ · u = 0 (1)

∂u

∂t
+∇ · (uu) = −1

ρ
∇p+∇ ·

[
ν
(
∇u+∇uT

)]
(2)

in which u is the velocity field, p is the static pressure, ρ is the density and ν is the kinematic viscosity.

2.2 Reynold Averaged Navier-Stokes - RANS

The Reynolds Averaged Navier-Stokes equations is derived by means of an averaging process of the Navier-Stokes
equations (Eq. 1 and Eq. 2). The mean flow field is defined by the ensemble average, which is given for a generic variable
as:

V =
1

N

N∑
i=1

Vk (3)

With this averaging operator, it is possible to split the flow fields between a mean value plus a fluctuation, which
orbits around the mean value and also have its mean value equal to zero. This decomposition is known as Reynolds
decomposition. Thus the flow field takes the following form:

V = V + V ′ (4)

In order to obtain the Reynolds-averaged Navier-Stokes, first, we replace the variable of Navier-Stokes equation for
its decomposition (defined by Eq. 4) into the Navier-Stokes equations and then we apply the mean operator defined by



24th ABCM International Congress of Mechanical Engineering (COBEM 2017)
December 3-8, 2017, Curitiba, PR, Brazil

Eq. 3 to this new equation. These steps are known as Reynolds averaging process. For an incompressible flow, the
Navier-Stokes equations in its mean form or Reynolds Averaged form are:

∇ · u = 0 (5)

∂ρu

∂t
+∇ ·

(
ρuu+ ρu′u′

)
= −∇p+∇ ·

[
µ
(
∇u+∇uT

)]
(6)

As a consequence of Reynolds averaging process, a new tensor appears in Eq. 7, that is known as Reynolds stress
tensor and it must be modeled in order to close equation system given by Eqs. 5 and 7 and also overcome the turbulence
closure problem. In 1877, Boussinesq introduced the eddy-viscosity concept (Wilcox, 1993), in which the Reynolds stress
tensor is treated like the viscous stress tensor. The eddy-viscosity concept has been used for several turbulence models
available in the literature. The Reynolds stress tensor obtained by means of Boussinesq eddy-viscosity hypothesis for
incompressible flow takes the form of:

−ρu′u′ = µt
(
∇u+∇uT

)
− 2

3
kI (7)

The term ∇u + ∇uT can be rewriten as ∇u + ∇uT = S, in which S is the mean strain tensor. The term k is
kinetic turbulent energy and it is equal to k = 1

2

∑3
i=1 u

′
iu
′
i. The last left hand term of equation is introduced to make

the Reynolds stress tensor trace equal to twice of the kinetic turbulent energy. It is worth to mention that this last term
is omitted for the Spalart-Allmaras turbulence model proposed by Spalart and Allmaras (1992) and Spalart and Allmaras
(1994). We choose this turbulence model to be used in this article. The Spalart-Allmaras turbulence model is one equation
model, in which a transport equation is derived for modified eddy viscosity (ν̃t). The transport equation for modified eddy
viscosity is:

∂ν̃t
∂t

+∇ · (uν̃t) = Cb1 (1− ft2)Sν̃t −
[
Cw1 −

Cb1
κ2

ft2

](
ν̃t
d

)2

+
1

σ
[∇ · ((ν + ν̃t)∇ν̃t) + Cb2∇ν̃t · ∇ν̃t] (8)

The turbulent eddy viscosity is computed from:

µt = ρν̃tfv1 (9)

χ =
ν̃t
ν

(10)

the term ν = µ
ρ is the molecular kinematic viscosity.

2.3 Large Eddy Simulation - LES

The Large Eddy Simulations turbulence model was first proposed by Smagorinsky (1963), in which was assumed that
small eddy movement was uniform and its main function was to carry the turbulence energy through the energy cascade
process. These ideas created the expectation that it is possible to determine the effects of these small eddies on the flow.
Furthermore, they make a flow division in a large and small eddy, those eddies are always associated with length scales.
Usually, in a Large Eddy Simulations the large eddies, which contain most part of the turbulent energy, are solved during
the simulation, once the boundary conditions affect those eddies. While, the small eddies, which by assumption exhibit a
universal behavior, are modulated using semi-empiric models. In other words, the large eddies behavior are affected by
flow characteristics and extract energy from the mean flow, whereas the small eddies behavior are independent of flow
characteristics and transfer energy to smaller eddies.

The Large Eddy Simulation provides a means to compute the large eddies (specific eddy scales range) by a statical
filtering process (spatial averaging). The filtering process is done by a convolution between a Navier-Stokes equation
and the filter function (Gaussian filter, top-hat filter, Fourier filter, etc.). As result of this process, the spatial averaged
Navier-Stokes equation is obtained.

Any flow variable, V , can be rewritten as a sum of its large scale contributions,Ṽ and its small-scale contributions,
V

′′
. Formally, it is given by:
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V = Ṽ + V
′′

(11)

After applying the filtering process to Navier-Stokes equations (Eq. 1 and Eq. 2) and considering the definitions given
by Eq. 11, it is possible to obtain the spatial averaged Navier-Stokes equations. For an incompressible flow, they are given
by:

∇ · ũ = 0 (12)

∂ũ

∂t
+∇ · (ũũ) = −1

ρ
∇p̃+∇ ·

[
ν
(
∇ũ+∇ũT

)]
−∇ · τsgs (13)

The term p̃ is the filtered pressure and the term τsgs = ũu− ũũ is the stress tensor that appears as result of the filtering
process (similar to Reynolds stress tensor in the Reynolds Averaged Navier-Stokes equations Eqs. 5 and 7). This term is
known as subgrid stress tensor and tends to zero as the ∆ also tends to zero. By the away, ∆ is the filter width, which is
proportional to the smallest scale wavelength kept by the filtering process.

The subgrid stress model should drain the energy from eddies scales bigger than the filter width (∆). This behavior
can be accomplished with an eddy-viscosity model. Therefore, the subgrid tensor is given by:

τsgs = −νsgsS̃ +
2

3
k

′′
I (14)

in which the term νsgs is subgrid scale eddy-viscosity, the term S̃ =
(∇ũ+∇ũT )

2 is the filtered strain rate, and the term k
′′

is the subgrid scale turbulent kinetic energy.
In addition to the eddy-viscosity concept, a transport equation for subgrid-scale turbulent kinetic energy is used in

order to solve subgrid viscosity. This equation can be found by first subtracting the filtered momentum equation (Eq.
13) from its unfiltered version to obtain an equation for the subgrid-scale velocity field, u

′′
. This result is multiplied

by subgrid scale velocity field and finally contracting this new equation gives as the transport equation for subgrid-scale
turbulent kinetic energy, which is given by Yoshizawa (1985) apud Villiers (2006) as:

∂ũ

∂t
+∇ ·

(
k

′′
ũ
)

= ∇ ·
[
(ν + νsgs)∇k

′′
]
− ε− τsgs : S̃ (15)

the eddy-viscosity, νsgs, and the dissipation, ε, are defined as:

νsgs = Ck

(
k

′′
)1/2

∆ (16)

ε =
Cε

(
k

′′
)3/2

∆
(17)

2.4 Non-linear Disturbance Equation - NLDE

The velocity field is decomposed into a summation of a mean flow (ū), resolved fluctuation (ŭ) and a subgrid-scale
fluctuation (û). The term ū is obtained by means of a Reynolds averaging process. The term ŭ is the velocity field that
the set of numerical method and mesh resolution is able to support, resolved part of velocity fluctuation. Finally, the term
û is the part of the velocity field that set of numerical method and mesh resolution is not able to support, unresolved part
or subgrid part of velocity fluctuation. The velocity decomposition takes the form of:

u = u+ ŭ+ û (18)

If the decomposition of velocity field given by Eq. 18 is substituted into the Navier-Stokes equations (Eq. 1 and Eq.
2). Thus, this process gives us the following equation:

∇ · (u+ ŭ+ û) = 0 (19)
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∂u
∂t +∇ · (ūū) + ∂ŭ

∂t +∇ · (ŭŭ) + ∂û
∂t +∇ · (ûû)

+∇ · (ūŭ) +∇ · (ūû) +∇ · (ŭū) +∇ · (ŭû) +∇ · (ûū) +∇ · (ûŭ)

= 1
ρ

[
−∇p+ µ∇2 (ū+ ŭ+ û)

] (20)

Finally, we use the Reynolds Averaged Navier-stokes equations to simplify the Eq. 5 and 7. These simplifications
drive as to find the Non-Linear Disturbance Equations, which are given by:

∇ · (ŭ+ û) = 0 (21)

∂ŭ
∂t +∇ · (ŭŭ) + ∂û

∂t +∇ · (ûû)

+∇ · (ūŭ) +∇ · (ūû) +∇ · (ŭū) +∇ · (ŭû) +∇ · (ûū) +∇ · (ûŭ)

= 1
ρ

[
−∇p̀+ µ∇2 (ŭ+ û)

]
+∇ · τt

(22)

in which, p̀ = p − p̄ is the difference between the instantaneous pressure field and averaged pressure field, and τt is the
Reynolds stress tensor. The averaged velocity field (ū) and the Reynolds stress tensor (τt) came from a priori numerical
simulation which uses, for instance, a Reynolds-averaged Navier-Stokes turbulence model. Thus, ū and τt are both known
Before we begin the resolution of the system given by Eq. 21 and Eq. 22. In our case, for the simulations that will be
presented in section 3., these fields will came from DNS solution obtained by Kim et al. (1987) and Moser et al. (1999)
and from a numerical solution using the Spalart-Allmaras (sub-section 2.2gives the model description) turbulence model,
which have been done by the authors.

Equation 21 and Eq. 22 also depend on which we call a subgrid velocity fluctuations field (û). This unsteady fluc-
tuation could be calculated using a methodology proposed by Billson (2004) to generate a synthesized turbulence field.
However, for the present effort, this formulation will be left out and the (û) will be considered to be equal to zero. Since,
ū and τt are known from a priori numerical simulation. The disturbance (fluctuation) will be determined as result of a
numerical system given by Eqs. 21 and 22.

2.5 Backscatter

In order to quantify the energy transfer from resolved scales to unresolved scales (subgrid scales) and also the energy
transfer from unresolved scale to resolved scale, which is related to forward-scatter events and backscatter events in the
turbulent cascade process of energy transfer. A transport equation for filtered kinetic energy (kinetic energy based on the
resolved velocity field),k̃ = ũ · ũ, takes the form:

∂k̃/2

∂t
+∇ ·

(
ũk̃/2

)
= −1

ρ
∇ · ũp̃−∇ · (ũ · τsgs) + ν∇ · ∇k̃/2− ν∇ũ : ∇ũ− τsgs : S̃ (23)

The last term of Eq. 23 right-hand side (εsgs = −τsgs : S̃ ) is the subgrid-scale dissipation. It is obtained from a
contraction of subgrid-scale stress tensor (τsgs) and filtered strain rate tensor (S̃; strain rate calculated from the resolved
or filtered velocity field). This dissipation term represents the energy transfer between resolved and unresolved scales
(Piomelli et al., 1991). In addition, it is a summation of several terms. When one of these terms is positive, the energy
transfer occurs from large-scales to small-scale (forward-scatter - ε+). On the other hand, when it is negative, the energy
transfer takes place from small-scale to large-scale (backscatter - ε−). Thus, subgrid-scale dissipation is the summation of
terms that represent energy transfer in the direction of original energy cascade direction (forward-scatter) and terms that
represent energy transfer in the opposite direction of original energy cascade direction. In the average, the dissipation term
should represent a process in which the energy is transfer from large-scale eddies to small-scale eddies. In other words,
the presence of the backscatter in the energy transfer process does not disagree with the Richardson’s energy cascade
concept. Since, the net balance of ε+ and ε− is a positive value, which is consistent with concept mentioned.

The backscatter contribution for the energy transfer process will account by means of summation of all negative
terms, and the forward contribution by means of summation of positive terms. The terms of εsgs will be calculated by
a filtering process similar to the process used to obtain the equations of Large Eddy Simulation model (sub-section 2.3).
The subgrid-scale dissipation is given by:
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εsgs = εNET = −τsgs : S̃ = − (ũu− ũũ) :

(
∇ũ+∇ũT

)
2

=
∑(

ε+ + ε−
)

(24)

The εNET , ε+, ε− are related to the filter length used on the equation filtering processes for a given flow field and also
grid resolution. Those measure a local dissipation associated with the filter length, thus those bring information from the
energy transfer processes of eddies with length scale bigger than the cell mesh characteristic length and smaller than filter
length. In other words, it is an image of the forward-scatter and backscatter processes for eddy with scales that ranging
from cell mesh characteristic length (local small-scale) to filter length (local large-scale).

2.6 Numerical Methodology

The numerical methodology used in OpenFOAM is the finite volume method (Villiers, 2006). The computational
space is divided into control volumes, and the properties are calculated at their centroids. The flow proprieties are stored
in a co-located way, which means that the speed and pressure are stored at the same point. In order to avoid problems
due to co-location, for instance, field oscillation and problems for the evaluation of the pressure gradient in the volume
faces, the Rhie-Chow interpolation proposed by Rhie and Chow (1983) apud Mangani (2008) are used. The coupling
between the field of velocities and pressure is performed through the procedure PISO (Pressure-Implicit with Splitting
of Operators) proposed by Issa et al. (1986). The process of time integration is performed through the Second Order
Backward Differencing method. The algebraic system resulting from the application of temporal and spatial discretization
is solved through an iterative Gauss-Seidel method. The gradients of flow properties are computed by means of the Green-
Gauss theorem. The numerical methodology that has been summarized in a simplified way is applied for all turbulence
models previously described. For further details on the discretization process, can be found in Villiers (2006).

3. RESULTS

The test case, as mentioned earlier, is the full turbulent channel flow at Reτ = 395. The simulation conducted by
Moser et al. (1999) and Kim et al. (1987) by means of a Direct Numerical Simulation (DNS) will be used as reference
values. In our case, the time step used in the unsteady simulation is equal to 0.01 s and the total time simulated to computed
the averaged results are equal to 30 times the time that a fluid particle takes to go through the entire channel length, in
which the assembled averaged is computed with 600 realizations of flow, the time step between each realization is equal
to 3 seconds. The channel dimensions used in present effort is 2mx2mx4m. In addition, the boundaries conditions are
periodic at inflow, outflow and the at sides of the channel and nonslip wall at channel walls.

The results shown in this section were obtained with turbulence methodologies described in section 2.3and 2.4in
combination with two types of mesh refinement. The mesh type M1 is a mesh usually used in Reynolds Averaged
Turbulence Model approach, in which the refinement is bigger near the wall and the element size is stretched to its
maximum size at the canal center. On the other hand, the mesh type M2 is a regular mesh with cell size equal in the whole
space. The numerical solutions present in this section is identified by three names separated by the underline symbol. The
first one refers to the mesh type, as mentioned. The second one, for M1 mesh type, represents the distance from the first
cell face to the solid wall, moreover, this cell face is located in opposite side of the wall. In addition, for M2 mesh type
represents the Y+ based on characteristic length of mesh cells, which is constant for that type of mesh. The last one is
related to the turbulence model used in the numerical solution (LES, NLDE and NLDE/RANS).

Figures 1(a) and 1(b) show the non-dimensional velocity profile and non-dimensional turbulent kinetic energy as a
function of Y + for numerical simulations. The worse result for non-dimensional velocity profile is given by Large Eddy
Simulation with mesh type M2. From Fig. 1(a) it is possible to The discrepancy between LES results and DNS results
decreases when the near wall mesh refinement is increased. The results from mesh M1_10-2_LES presents the smaller
discrepancy from DNS solution at the log-law layer region of the boundary layer when its discrepancy is compared with
the discrepancy obtained from mesh M2_16_LES and from M1_10-4_LES. On the other hand, the result at the buffer-
layer region is the worst of all three meshes. The results from M1_10-4_LES has smaller discrepancy at viscous sublayer
(Y + > 5) and buffer-layer (5 < Y + < 60) of boundary layer. However, the result at log-law layer (Y + > 60) is worst
than the result for a mesh with less refinement. The behavior is odd, it was expected that M1_10-4_LES result was better
than M1_10-2_LES since the mesh refinement should improve the physical resolutions of numerical simulation and as a
consequence, the discrepancy should decrease.

From 1(b) it is possible to observe that the position obtained with all Large Eddy Simulation simulation of maximum
k+ is found to be displaced in comparison to the position indicated by DNS simulation of Moser et al. (1999). The
maximum value of k+ improves with mesh refinement, from M1_10-4_LES to M1_10-2_LES. Moreover, the maximum
value is overpredicted by the simulation with M2_16_LES. Not only could be all the discrepancies found in LES simula-
tions a result of mesh refinement effect, but also an effect of the subgrid model (described in section 2.3)chosen for those
simulations.
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(a) Non-Dimensional Boundary layer velocity profile, in which U+ = U
Uτ

and Y + = ρhUτ
ν

.

(b) Non-Dimensional Turbulent Kinetic Energy k+ =
1
2

∑3
i=1 u

′
iu

′
i

U2
τ

.

Figure 1. Non-dimensional profile of k+ (kinetic turbulent energy) and U+ (velocity) for simulations using LES
turbulence model, NLDE turbulence model (the averaged properties needs in such model (Eq. 21 and Eq. 22) is
obtained by means of interpolating the DNS results (Moser et al., 1999) on each mesh) and NLDE/RANS turbulence
model (the averaged properties need to solve Eq. 21 and Eq. 22 comes from a stead simulations with SA turbulence

model). The best results is the one obtained with NLDE/RANS turbulence model for both profile k+ and U+.
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The results of U+ improve for the all NLDE (M2_16_NLDE, M1_10-2_NLDE and M1_10-4_NLDE) simulation
when it is compared to LES results. Also, the k+ maximum position is better predicted with methodologies that use a
Non-Linear Disturbance Equation (NLDE). However, the value of maximum k+ is overpredicted by all results obtained
with this turbulence model. It is worth to mention that, all the averaged values needed to solve the system of equations
formed by Eqs. 21 and 22 are interpolated from the averages obtained from DNS results (Moser et al., 1999).

The NLDE\RANS turbulence model improves not only the prediction of the velocity profile but also the result of
turbulent kinetic energy, k. Those results are presented in Fig. 1(a) and Fig. 1(b) with the name M2_16_NLDE\RANS.
The results became better than the other simulation in all regions of the boundary layer and the same is observed for
turbulent kinetic energy, k, values.In the beginning, it was expected that the NLDE (with DNS) results would be similar
or even better than those obtained with RANS. Since the average values are obtained with DNS results. The justification
for the discrepancies found [and attributed to the interpolation process used to transfer the DNS results to our mesh.

Figures 2(c), 2(a) and 2(b) show the dissipation terms calculated with the methodology explained in section 2.5, in
which it uses the filtering process of resolved field obtained by Large Eddy Simulation with three meshes. Those mesh has
a different global refinement and also near wall refinement. The curves in those figures should not be directed compared,
once these are related to the effects of different scales (size of the characteristic length of the filter are different for each
mesh). Anyway, all simulations exhibit the presence energy transfer in both directions, forward-scatter (Fig. 2(a)) and
backscatter (Fig. 2(b)). The net balance between these energy transfer direction is positive for all boundary layer regions
(log-law layer, the buffer layer, and viscous sublayer) for simulation with M1 mesh type (mesh with a near wall refinement;
the cell that a close to the wall has with a large aspect ratio). On the other hand, the net balance results obtained with M2
mesh type oscillate between positive and negative value. It is worth to mention that the effect related to the Large Eddy
Simulation subgrid model was not included in the results presented in Fig. 2. This contribution should be positive, once it
takes into account only the forward-scatter. Because of that, the forward-scatter should increase if we include the subgrid
effect.

A comparison between results obtained with Large Eddy Simulation and Non-Linear Disturbance equation results are
presented in Fig. 3. The net balance, forward-scatter, and backscatter are shown in Figs. 3(c), 3(a) and 3(b) respectively.
The forward-scatter and backscatter increase significantly for all meshes used in these simulations. The levels of dissipa-
tion introduced by the forward and backward process of energy transfer are similar. However, the net balance goes from
positive (forward-scatter) to negative (backscatter) due to a mesh refinement effect. It becomes negative in all regions of
the channel boundary layer for results obtained with M2 mesh type, which is an indication that backscatter dominates in
all domain. This result seems odd since on the average we should obtain positive balance result, as the consequence the
average of turbulence energy transfer process was given in the direction of the larger scales to the smaller scales. For
the M2_16_NLDE and M2_16_NLDE\RANS type, the Richardson’s energy cascade concept is not valid, at the list for
spatial filter width equal to double of the cubic root of the cell volume. On the other hand, the results of M1_10-4_NLDE
agree with the Richardson’s concept. In addition, the results of M1_10-2_NLDE agree with this concept for cells with
Y + greater than 10 and is not respected for Y + smaller than 10. The peak of forward-scatter and backscatter take places
on the buffer-layer region for all results obtained with NLDE.

From the comparisons shown in Figs. 3(a), 3(b) and 3(c), it possible to observe that the numerical simulations done
with LES turbulence model present a lack of turbulent fluid dynamics in the scale range from cell mesh size and the
filter length. This could be associated with an excess of dissipation introduced by subgrid model. This conclusion
was found by means of the comparisons done between LES and NLDE results. In addition, the NLDE solutions and
NLDE/RANS solution present a more turbulent fluid dynamics, at least, in the considered scale range. The turbulent fluid
dynamics of each turbulence model was measured by considering the amount of dissipation generated by forward-scatter
and backscatter. Since these are a measure of the interaction between fluctuations of the turbulent velocity field, which
are directly associated with the turbulent fluid dynamics of the flow. It is worth to mention that the comparison of the
forward-scatter and backscatter should be made just for groups of the solution obtained with the same mesh. Comparison
between different mesh is not appropriated because forward-scatter and backscatter are computed considering different
ranges of length scale.
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(a) Forward-scatter.

(b) Backscatter.

(c) Net balance between forward-scatter and backscatter.

Figure 2. Dissipation terms (forward-scatter and backscatter) of kinetic energy equation (Eq. 23). They are calculated
through a spatial filtering process of the resolved velocity field and its gradient.The characteristic length used in
filtering process and it means that the characteristic length is equal to twice the cubic root of local mesh cell volume

(F2).
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(a) Forward-scatter.

(b) Backscatter.

(c) Net balance between forward-scatter and backscatter.

Figure 3. Dissipation terms (forward-scatter and backscatter) of kinetic energy equation (Eq. 23). They are calculated
through a spatial filtering process of velocity field (u = u + ŭ + û) and its gradient.The characteristic length used in
filtering process and it means that the characteristic length is equal to twice the cubic root of local mesh cell volume

(F2).
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4. CONCLUDING REMARKS

The solutions obtained with all mesh NLDE turbulence model in the present effort show that the maximum turbulent
kinetic energy transfer by means of backscatter process take place in buffer-layer of channel boundary layer. The same
behavior is observed for the forward-scatter process. Furthermore, the pick of turbulent kinetic energy, k, occurs also
inside the buffer layer, the results obtained with NLDE/RANS turbulence model present the best matching with DNS
results. All other NLDE results overpredict the maximum k. On the hand, the position of the k pick is shifted for all
results obtained with LES turbulence model when those are compared to DNS.

The solutions obtained with LES turbulence model seems to have an excess of dissipation, probably introduces by their
subgrid models. As consequence, the turbulent fluid dynamics is decreased, which is directed linked to the interaction
between vortex from different scales. These declining on interactions affect directly the forward-scatter and backscatter.
From the observation that has been made so far, this possible lack of forward-scatter and backscatter are the cause of
discrepancies observed between solutions obtained with LES turbulence model and NLDE turbulence model.

We would like to emphasize that all results obtained with NLDE turbulence model, even in meshes without special
refinement in the near wall region, presents better match with DNS results than those obtained with LES turbulence
models. The NLDE for all meshes, with DNS and RANS, present a backward and forward-scatter much greater than
those computed for solutions obtained with LES turbulence model. This observation is an evidence that solutions obtained
with NLDE present more turbulent fluid dynamics when they are compared with the LES turbulence model results. In
other words, it is an evidence that NLDE turbulence model is less dissipative than LES turbulence model, at least, for the
subgrid model used in the present effort. Finally, the backscatter becomes dominant, which means a negative net balance
between turbulent energy transfer related with backscatter and forward-scatter, when the mesh refinement is decreased.
For the coarsest mesh, the backscatter is dominant in all regions of the boundary layer.
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