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Abstract. High-order methods are interesting to the CFD community due to their increased solution accuracy at compa-
rable costs. One of the major concerns in the application of these numerical schemes is the degradation of the numerical
solution by flow discontinuities, such as shock waves. Thus, for simulating high speed compressible flows, it is necessary
to introduce a mechanism to handle these numerical instabilities. In the present paper, the authors evaluate a new limiting
technique, recently proposed for the CPR method, adapting it to the Spectral Difference method. The proposed limiter
is studied through its applications to both standard high-order CFD validation test cases and traditional aeronautical
flows. It is expected that new limiter can provide improved convergence properties while preserving the smoothness of the
solution.
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1. INTRODUCTION

High-order methods, defined as at least third-order accurate methods, could provide more accurate results with lower
cost than low order methods (Wang et al., 2013). For this reason high-order CFD methods are attracting the attention of
many CFD laboratories. The main goal of the present study is develop and test a limiter for a higher-order scheme. A
problem concerned to these methods are the discontinuities, such as the shock waves typically present in aerospace-type
flows. There are two approaches typically used in order the handle the numerical difficulties created by such discontinu-
ities, namely, the use of artificial viscosity or the implementation of a limiter function. The artificial viscosity approach
introduces additional dissipation term in the governing equations near the discontinuities to smooth out the oscillations
caused by these discontinuities. The perceived problem with this approach is that, usually, it needs parameters which
could not be used by all problems and the stability for explicit time stepping methods is not good.

The limiter approach, in the present case, is an extension to high-order methods of the ideas developed by van Leer
(1979) for the MUSCL scheme. As in the original concept, the main idea is the use of the limiter in regions near the
discontinuities, avoiding the degradation of the smooth solution. Clearly, however, the limiter must be formulated such
that it does not immediately reverts to 1st-order accuracy every time an extremum is found, as this behavior would lead
to too much limiting (Breviglieri et al., 2010). Another concern with limiters is the convergence to steady state problems,
as the highly nonlinear scheme, with the presence of the limiter, tends to suffer from convergence stall. The limiter
used in the present study is an adaptation of the approach recently proposed by Li and Wang (2017) for the Correction
Procedure via Reconstruction (CPR) method. In the present work, such approach is reinterpreted in the spectral difference
method context. Moreover, Li and Wang’s limiter, on the other hand, was developed based on the work of Michalak and
Ollivier-Gooch (2009), who developed a limiter for high-order finite volume schemes.

2. SPECTRAL DIFFERENCE METHOD

The flows of interest in the present work are assumed to be adequately modeled by the 2-D Euler equations. The Euler
equations describe the most general flow configuration for a non-viscous, non-heat conducting fluid. They are formed by
the combination of three conservation laws, namely the conservation of mass, the momentum equations and conservation
of energy, that are combined with the equation of state for perfect gases to form a closed system. These equations can be
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written in differential form as
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The vector of conserved variables, (), and the convective flux vectors, F, and Fy, are given by
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The aforementioned equation of state for perfect gases can be written as
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where ¢ is the total energy per unit volume and the ratio of specific heats, 7, is set as 1.4 for all computations in this work.

The spectral difference (SD) method employs a finite difference-like scheme. In order to achieve an efficient imple-
mentation, all cells in the physical domain, (z, y), are transformed into a unit square element in the computational domain.
Such transformation can be written as
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where K is the number of points used to define the physical element, (x4, ys) are the Cartesian coordinates of such
points, and M, (&, n) are the shape functions of the geometric transformation. In the case of a Ist-order linear boundary
mesh, the transformation is bilinear and the analytic expression can be easily found. However, in the case of higher order
meshes, required to accurately represent curved geometries, the number of points used to define a single cell increases.
Considering a bi-polynomial representation, the transformation parameters can be calculated by numerically solving a
linear system of size K.

The metric terms and the Jacobian matrix of the transformation can be computed in a pre-processing step and kept
in memory given the stationary aspect of the mesh for the problems here considered. The implementation follows the
formulation presented in Refs. Wang et al. (2007) and May and Jameson (2006). The governing equations in the physical
domain are transformed into the computation domain and are rewritten as
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where @ = |J] Q and J is the Jacobian matrix of the coordinate transformation, given by
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For the current implementation, the flux vectors in the computational domain can be simplified from the general form as
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In the standard element, two sets of points are defined, namely the solution points (SP) and the flux points (FP). As
shown in Ref. Van den Abeele e al. (2008), the stability of the method in a large array of problems is independent from
the distribution of the SPs, meaning another criteria may be used in order to determine the location of these points. If, for
instance, memory usage is a concern, SPs could be made to coincide with FPs, hence minimizing memory allocation. In
the present implementation, the favored aspects are simplicity of implementation for computational efficiency. Therefore,
an internal cell discretization that only requires dealing with one-dimensional problems is selected. The use of tensor
products and the enforcement that the directions of the interpolations and derivatives should coincide greatly simplify the
formulation of the method. An example of such distribution, for a 3rd-order SD scheme, is illustrated in Fig. 1.
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Figure 1. Possible solution point (orange circles) and flux points (blue triangles) distribution for the 3rd-order SD method.

The number of points in a cell is determined by the order of the interpolating polynomial required to achieve the
desired accuracy. For an n-th order method, n2 SPs are required, such that, in each direction, there are n points and an
n — 1 degree polynomial can be reconstructed. In order to avoid the weak instability caused by using a Chebyshev-Gauss
linear distribution (Van den Abeele et al., 2008), the SPs are chosen to be the Gauss-Legendre points, which are defined
as the roots of the Legendre polynomial of order n,

n
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shifted from the interval [—1,1] to [0, 1]. In order to preserve the solution accuracy, n-degree polynomials are used to
interpolate the fluxes and, hence, the n 4 1 flux points are selected to be the Legendre-Gauss-Lobatto points, defined by
the roots of the Legendre polynomial of order n — 1 plus the end points of the interval, similarly shifted to suit the [0, 1]
interval.

Using the solution at n solution points, an (n — 1) degree polynomial can be built using the following Lagrange basis,
defined as
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Similarly, using the flux values at (n + 1) flux points, an n degree polynomial can be built for the flux using a similar
Lagrange basis, defined as
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The reconstructed solution for the conserved variables in the standard cell is given by the tensor product of the two 1-D
polynomials,
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where @Z j represents the values of the conserved properties at the SPs. Similarly, the reconstructed flux polynomials take
the following form
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where Ez 1. and E j1are the values of the flux vectors at the corresponding FPs.
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The reconstructed variables are element-wise continuous, but discontinuous across cell interfaces. On the internal FPs,
the flux can be directly calculated from the conserved variables interpolated from the SPs. However, in order to ensure
stability and conservation, a common numerical flux must be determined for both neighboring cells at their interface, and
this can be done by using a Riemann solver. In this work, the Roe approximate Riemann solver is used as numerical flux
function for the inviscid fluxes.

Once the polynomial interpolation for the fluxes has been constructed, the derivatives of the fluxes are computed at
the solution points using the derivatives of the Lagrange operators, [, as
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With the gradlents of the fluxes calculated on the SPs, an explicit or an implicit time-stepping method can be invoked.
The explicit scheme implemented here is the explicit 2nd-order, 3-stage optimal strong stability preserving Runge-Kutta
scheme described in Ref. Spitieri and Ruuth (2003). The implicit time-marching methods, which are the main interest in
the present paper, are discussed in the next section. Local time stepping is used for all cases, and the characteristic length
used in the CFL number calculation of each cell is the average of all four sides of the cell faces.

3. LIMITER

The limiter addressed in the present paper is an extension of the formulation originally proposed by Li and Wang
(2017) for the Correction Procedure via Reconstruction (CPR) method, also called Flux Reconstruction (FR) method. A
description of the adaptation of this limiter to the present implementation of the SD method is presented in this section.

3.1 Limiter Function

In the SD method the solution in each cell is represented by a polynomial of the form
n n
em=22.75,

as shown in the previous section. When approximating discontinuous solutions this polynomial interpolation can become
unstable and oscillatory. The limiter is introduced in the spatial discretization in order to stabilize the numerical method
in these critical points.

To guarantee that the local solution reconstruction is not oscillatory we limit its maximum and minimum values in

hb hb hb .
the current cell to the interval [min(Q knmg ), m X(anelg "], where anezg " denotes the average of the solution

reconstruction in the face neighboring cells of k, including cell k itself. If the solution reconstruction in cell k is not
contained in this interval then it needs to be limited.
Limiting is performed by compressing the reconstructed solution around the cell average following the equation
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where @ is a compression coefficient based on the maximum deviation of the local reconstruction from the cell average
solution which is named y and defined by
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As presented by Michalak and Ollivier-Gooch (2009) it is beneficial to use a smooth and differentiable limiting func-
tion ® to prevent the limiter from switching on and off in critical regions which usually causes a stall in convergence. This
function can be determined by solving an ODE with the appropriate boundary conditions as to enforce that the function
is contained in the TDV region P(y) < min(1,y). This function can be defined as
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where P(y) is a polynomial satisfying the conditions
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The resulting polynomial for yo = 0, y, = 1.5 is

4 .
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3.2 Smooth Region Correction

While the limiting function assures the numerical stability of the method it can be adversely affect the accuracy of
the solution near smooth extrema. Therefore it is necessary to turn off the limiter in smooth regions to obtain high-order
accuracy and good numerical convergence.

Using the smoothness indicator proposed by Persson and Peraire (2006) the smoothness of the local reconstruction
can be assessed and limiter properly applied. The smoothness indicator Sy, is defined as

Sy = logio (W) : 22)

where the norm is defined by the standard inner product for functions and Cjk is the Ly projection of the solution recon-
struction in a one degree lower polynomial space, i.e.
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To make a smooth transition between the fully limited and not limited solution regions, oy, is introduced, being defined

as
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The final limiting parameter is, therefore, of the following form
O = op + (1 — o) Dy, (25)
and the limited reconstruction becomes

Qv =Qp + 21 (1,y) (Qx — Qy) - (26)
4. RESULTS

The new limiting procedure is compared with results obtained with other limiter previously studied by the authors.
The following cases are analyzed: supersonic flow in a duct and transonic flow simulation around a NACA 0012 airfoil.
Further details of the definition of the test cases that are considered here can be seen in Ref. Moreira et al. (2015).
Moreover, special attention is given to comparisons with the hierarchical limiter, previously used with the SD method by
the authors, which was developed by Yang and Wang (2009). A detailed description of this limiter and its application to
the SD method is shown in Ref. Moreira et al. (2016). In the next sections, a description of the test cases for the present
work is given.

4.1 NACA 0012 Airfoil

The flow over a NACA 0012 airfoil is simulated. Freestream conditions are defined as M., = 0.8 and a = 0 deg.
A C-type mesh is used, which contains 4619 quadrilaterals and 108 edges over the airfoil surface. The distance to the
farfield is 10 chord-lengths. A view of the computational mesh near the airfoil is shown in Fig. 2.

Results for transonic flow around the NACA 0012 airfoil are shown in Fig. 3. The calculations are performed with a
3rd-order SD method, using the hierarchical limiter proposed in Ref. Yang and Wang (2009). In the figure, one can see
density contours as well as a visualization of the limited cells at the last iteration of the convergence process. It is clear
from the left-hand side plot in Fig. 3 that some cells are being limited in the smooth regions of the flow. The solution is
still good, as one can see in the right-hand side plot, but the fact that the limiter is marking cells in the smooth regions of
the flow is an indication that there is a need for improvement in the limiter formulation, which is precisely the motivation
for the present effort. Furthermore, previous work, reported in Ref. Moreira et al. (2015), has identified that there are
problems with the convergence rate for this test case with the hierarchical limiter. This observation, together with the
sensitivity of limiter in smooth regions of the flow, is another indication of the need for future work.
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Figure 2. Mesh used for the SD method NACA 0012 airfoil simulations.

(a) Limited cells for density reconstruction (red).

Figure 3. Results for the SD method NACA 0012 airfoil simulations at M, = 0.8 and o = 0 deg.

The results obtained with spectral difference with the limiter described in the present article are shown in the Fig. 4.
In the leftmost figure it shown the limited cells for the density values. As described earlier in the Eq. 25, the limiting
parameter varies from O to 1. This scale means that the cell will be fully limited when the value reaches zero and will not
limited when this parameter is one. For the present simulation, the minimum value of the final limiting parameter is about

0.9, which means a minor compression of the cell values.

In the far left figure, the values of the cells near the wall are also limited. This fact suggests that the wall influences
in the limiting function, which is a minor drawback for this procedure. A positive aspect of this limiting technique is that
the cells in the smooth solution was practically not limited. So, the limiter function not degrades the smooth solution,

(b) Density contours.
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differently of the previous methodology, as the results presented in Fig. 3, which is an improvement in the numerical
scheme from other simulations in Moreira et al. (2015) and Moreira et al. (2016) whose limiter was the hierarchical
developed by Yang and Wang (2009).

The figure of density contours shows a well-defined shock. This result represents another improvement considering
the results obtained earlier with the hierarchical limiter. As seen in Fig. 3 the shock in the NACAO0012 airfoil was not well
represented as in Fig. 4.

Rho Limiter
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- | 0.96
- | 095
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0.89

(a) Limited cells for density reconstruction. (b) Density contours.

Figure 4. Results for the SD method NACA 0012 airfoil simulations at M, = 0.8 and o = 0 deg.

4.2 Supersonic Flow in a Duct

Here the simulation is a uniform supersonic flow encountering a 15 deg. half-angle wedge. This configuration create
an oblique shock wave with a 45.34 deg, this shock wave is reflected in the top wall of the duct and then another reflection
will happen near the outlet. The freestream Mach number is M., = 2.0, the mesh configuration has 96 and 32 cells. The
computational mesh is shown in Fig. 5.

0.5

1 1
0 0.5 1 1.5 2 2.5 3

0

Figure 5. Mesh used for the SD duct simulation for the 3rd-order and 4th-order cases.

The results in this section are for the 3rd-order and 4th-order SD method with the limiting procedure described in the
section 3.In the figures 6 - 9, it is shown the density marker and density contours, besides the values for the limiting final
parameter of the Eq. 25 is plotted.

The contours of density for the 3-rd SD scheme and for the 4-th SD scheme, are shown, respectively in Fig. 6 and in
Fig. 8. The contours are very similar, the value of density is a little higher for the 3-rd scheme, after the shock reflection
on the top wall. In both figures the two shock are very well defined, in the 4-th order scheme the contours are more defined
in top right corner near the outlet. Also the width of shock seems to be minor for third order.

In the figures 7 and the 9 it is shown the values of the parameter ®,, from Eq. 25. This a measure of how much is the
cell “limited". By the legend of both figures there is not cells fully limited, i.e., cells with &, = 1. Besides, just a few
cells are limited, it seems that a small quantity of cells at the smooth flow are limited, but the solution was not degrade,
thus the overall result could be considered a great solution.

For this specific case the limiter has a great overall performance. As mentioned earlier, almost none of cells in the
smooth solution are limited. Besides, the function of limiting cells does not present a high value, which could degrade the
overall solution considering that the flow in this case are not present a strong shock, i.e., it was expected that the limiter
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parameter would not so high.

Density
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Figure 6. Density contours for a supersonic flow in a duct 3rd-order SD scheme
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Figure 7. Values for the final limiting parameter 3rd-order SD scheme
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Figure 8. Density contours for a supersonic flow in a duct 4th-order SD scheme

5. CONCLUDING REMARKS

The present work has provided an overview of the current status of the effort undertaken in order to develop a new
limiter formulation, adapted for the spectral finite volume method, that would allow the simulation of aerodynamic flows
with high-order CFD methods. The present limiter formulation has been obtained by adapting a limiter previously devel-
oped for standard finite volume method and for high-order CPR schemes. It is clear that many of the limiting concepts
previously developed for low-order schemes do have difficulties when implemented in a high-order method context. The
results regarding the hierarchical limiter, see Fig. 3, have demonstrated some of these drawbacks. For further information

see the references Moreira et al. (2015) and Moreira et al. (2016).

The implementation of the new limiter has been performed and verified, still necessary other computational studies to
assess the limiter performance for the aerospace-like test cases of interest, such as the convergence rate. But the capability
of avoiding limitation of smooth regions of the flow and a comparative with the results with the hierarchical limiter have

been here discussed.
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Figure 9. Values for the final limiting parameter 4th-order SD scheme

The results obtained demonstrate that the limiting procedure described here is better than the previous results obtained
by other works such as Moreira et al. (2015) and Moreira et al. (2016). The evolution regarding the new limiter is the
limitation of the cells near the extrema, the definition of the shock wave and the non-degradation of the smooth solution.
It still necessaries more cases to validate the limiter, but the results here present satisfactory results for some aerospace
applications. By now, the major drawback of the proposed limiter is the cells near the wall which are almost fully limited.
This feature could indicated that the wall could influences the limiting function, a future work is necessary to determine
the reasons of these deficiency.
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