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Abstract. Sound propagation in moving media can be solved using a boundary integral formulation to the limit of weakly
non-uniform potential flows. For low Mach numbers, an approximate analytical Green’s function can be found as a
combination of the physical models associated with the Taylor and Lorentz transforms. A boundary element method can
then be used to solve scattering of sound by solid surfaces in a mean flow. These solutions, however, deteriorate with
increasing Mach number and frequency. In this work, we compute a numerical Green’s function to assess the error of
the approximate analytical Green’s function. It is shown that the numerical Green’s provides only minor improvements
to the solutions based on the analytical Green’s function. It is concluded that the analytical Green’s function is a good
approximation of the exact one.
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1. INTRODUCTION

The effect of aircraft noise on the environment is a main concern for the aviation industry and research institutes.
There is an impelling need of fast numerical methods to predict aircraft noise sources and the corresponding installation
effects during design cycles (Balin et al., 2016). Particularly for aeronautical applications, the problem involves sound
with short wave length propagating for long distances and through non-uniform flows. For example, the sound generated
by the fan in the engine radiates from the engine intake initially through a non-uniform flow, then reaches the aircraft
fuselage where it is scattered, and finally propagates for long distances before reaching the far-field observer.

For such problems, volume-based methods such as finite element methods (Astley and Eversman, 1981), discontin-
uous Galerkin methods (Gabard, 2007) and high order finite difference schemes (Tam and Webb, 1993) can compute
propagation of sound through non-uniform mean flow by solving the linearised Euler equations. But these methods are
too computationally expensive for use in the design phase of large-scale aircraft in the case of high-frequency sound
propagation problems (Astley, 2009).

Boundary element methods (BEM) coupled with fast algorithms, such as the fast multipole method (Gumerov and Du-
raiswami, 2004) or the H-Matrix algorithm (Hackbusch, 1999), can solve large-scale short-wavelength noise propagation
around aircraft (Balin et al., 2016). On the other hand, a boundary element formulation which solves either the linearised
Euler equations or the full potential linearised wave equation is yet to be providled—BEM needs a boundary integral
solution and the corresponding Green’s function. At the moment, BEM is limited to solve approximate formulations for
non-uniform mean flow (Astley and Bain, 1986; Tinetti and Dunn, 2005).

Non-uniform mean flow effects have been included in boundary element solutions using variable transformations in
order to reduce the approximate wave operator with mean flow to the Helmholtz problem (Tinetti and Dunn, 2005; Clancy,
2010; Wolf and Lele, 2013; Mayoral and Papamoschou, 2013). Mancini et al. (2016a,b) proposed a formulation in the
physical space, i.e. without transformation, to solve a low-Mach-number approximation of the full potential linearised
wave equation (Astley, 1985) with small non-uniform Mach numbers—this equation has been referred to as the weakly
non-uniform flow wave equation. Physical-space solutions have the advantage that sound sources and boundary conditions
are written in their natural, physical, form.

In this paper, we solve the weakly non-uniform flow wave equation presented by Mancini et al. (2016a) using a finite
element approach. Unlike the boundary element solution proposed by Mancini et al. (2016a), for which an approximate
analytical Green’s function has been used, in the present work solutions based on finite elements will provide results
accounting for exact Green’s function. The goal of the paper is, therefore, to show that the analytical Green’s function is
a good approximation to solve the weakly non-uniform flow wave equation.
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The structure of the paper is as follows. In Section 2, the physical model is reviewed. In Section 3, the boundary inte-
gral solution is discussed. In Section 4, a weak formulation for the weakly non-uniform flow wave equation is presented.
In Section 5, numerical examples are provided. Conclusions are given in Section 6.

2. PHYSICAL MODEL

We want to solve external sound propagation and scattering in a non-uniform subsonic potential mean flow (see
Figure 1). An inviscid, homentropic, irrotational and steady flow is considered as a base flow and acoustic perturbations
are assumed to be of small amplitude compared with the base flow. Wave propagation on a non-uniform mean flow can
then be written for a potential formulation as (Astley, 1985),
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where ¢(x, t) is the acoustic velocity potential and Dy/Dt = 3/t + ug - V denotes the material derivative over the mean
flow. pg is the mean flow density, c( the speed of sound and u, the mean flow velocity.
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Figure 1. Sketch of the geometrical features for sound propagation and scattering in a potential flow.

Equation (1) can be simplified considering the dependence of the formulation on the mean flow Mach number M,
the acoustic and mean flow length scales, L 4 and Ly, respectively. Here the acoustic length scale is the wavelength, and
the mean flow length scale is the distance in which the mean flow has changed significantly (say, the distance from the
stagnation point to where the velocity magnitude is ~ 0.99M ). The simplifications amount to retain only terms of order
[6]/L%, Mo [9]/L?%, M2 [#]/L% and assume that L 4 < Ly for M., < 1. Moreover, the mean flow is decomposed in a
uniform and a non-uniform component ug = U, + g and it assumed that that non-uniform component is small compared
with the uniform flow part (ug << Ue). The resulting simplified formulation for a general three-dimensional incoming
mean flow - but limiting, for simplicity, the free-stream mean flow velocity to be parallel to the z-axis - is as (Clancy,
2010; Mancini et al., 2016a)
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where o is the uniform flow velocity aligned with the x-axis. Equation (2) has been referred to as the weakly non-
uniform potential flow wave equation (Mancini ez al., 2016a). It has been obtained assuming M|} < My, and Mo < 1,
meaning that M} M., << M2 and MJ? <« M2, where he Mach number Mo (x) = 19 (X)/Co0 = Moo + M (x).

In this work, a harmonic problem is solved, i.e. qAS = ¢el“?, where ¢ is a complex number. Equation (2) can be written
in frequency domain as

82
k2¢—21kM0-V¢+v2¢—Mfoa—£ =0, (3)



24th ABCM International Congress of Mechanical Engineering (COBEM 2017)
December 3-8, 2017, Curitiba, PR, Brazil

where k = w/cs. Equation (3) is solved in this work, either using a finite element approach or a boundary integral
formulation. The problem is solved in an unbounded domain, so that Sommerfeld radiation condition with mean flow
must be satisfied for x — oo.

3. BOUNDARY INTEGRAL SOLUTION

An integral solution to Eq. (3) at any collocation point X, either in €2 or on the boundary surface 052 (see Figure 1),
has been presented by Mancini et al. (2016a) as

A 0 0 oG 0G
C(Xp)¢(xp) = _/{;Q lG(£ - ai)n$M30) - ¢(an - axnIMgo) - QikMO : nqu ds + ¢in07 (4)

where G = G(xp,X), ¢ = ¢(x) and ;e = @inc(Xp) is a generic incident field. In the above equation, n(x) is the
outgoing normal vector to the boundary surface and
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Note that G (x,, x) is the free-field Green’s function for the static problem V2Go + M2 0*Go/0z* = §(x — x,). The
incident field ¢;n.(x,) and the Green’s function G(x,,x) were written by Mancini et al. (2016a), respectively, as
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where on = [Ry + Moo (2 — 2)]/B% + [®((x,) — ®f(x)]/coo is the generalized reverse flow phase radius, Ry =
V(@p— )2+ BL[(yp — )2 + (2p — 2)?], Boo = /1 — M2, and ®|, the non-uniform part of the mean flow velocity poten-
tial. For a 2D problem the corresponding Green’s function can be written as

Gy ) = 1 (kRﬂ"i’w ) exp [—ik ( e (gf —2) , Zolmn) = Tolx) )] , ™

where Ryr2p = \/(x - x5)? + B (y — ys)?.

4. WEAK FORMULATION

A limitation of solving Eq. (4) is that the Green’s function (see Egs. (6) and (7)) neglects terms of order MM, and
M{? - or higher - consistent with the weakly non-uniform ansatz. To overcome this limitation, a finite element model can
be solved. Equation (3) can be written for a generic sound source, g, as
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A weak formulation of the above equation can be written for an incompressible flow as
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where 1) is a complex test function. Note that the third term of the surface integral on the right-hand side of the above

equation vanishes for a stationary surface. Nonetheless, the term V¢ - n vanishes for rigid surfaces.

Equation (9) can be discretised, and a linear system of equations solved using a finite element approach. Although an
equivalent solution can be given for the full potential linearised wave equation, solving the above equation is relevant to
the present work - solving the weakly non-uniform flow wave equation allows the solution for the exact Green’s function
to be computed in lieu of the solution based on the approximate Green’s function, Eq. (4).

€))

5. NUMERICAL RESULTS
5.1 Numerical model

We solve the scattering of sound by an infinite cylinder (see Figure 2). The objective of the present numerical ex-
periment is to compare a solution to the weakly non-uniform flow formulation with an exact Green’s function with the



S. Mancini and V. Rosa
Boundary Integral Solution for Potential Flows with a Numerical Green’s Function

solution based on an approximated analytical Green’s function. The scope of the numerical analysis is as follows. First,
we compute the finite element solution based on the weakly non-uniform flow formulation, Eq. (9). This finite element
solution is sampled on a closed surface including the source and the scattering body. The solution on the surface is then
extrapolated using the boundary integral solution in Eq. (4).

The solutions are then compared with the solution of the full potential linearised wave equation (Astley, 2009), Eq. (1),
which is taken as the reference solution. We also compute the solution of the convected wave equation, i.e. assuming only
a uniform flow in the domain, which is currently the most common formulation used in industrial boundary element
applications (Balin et al., 2015).

In this case, the sound field is generated by a volume point source and scattered by the infinite cylinder of radius a, as
shown in Figure 2. A potential incompressible mean flow is computed solving Laplace’s equation and imposed as base
flow. The sound source is a harmonic monopole volume point source,

G(x,t) = 6(x —x¢)el’. (10)

A nodal point is defined at the source location and the mesh is refined in its neighbourhood so that 20 elements with
quadratic interpolation contribute to the source nodal point.

The problem is solved in the frequency domain. The radiation condition, in the FE solution, is satisfied using a perfect
matching layer (Bermudez et al., 2007). On the other hand, the radiation condition is inherently satisfied by the boundary
integral formulation and the Green’s function.

streamlines

Figure 2. Sketch of the geometrical features for sound propagation and scattering around a cylinder. The dotted line
denotes an arc of field points.

The evaluation of the accuracy of a numerical solution can be based, e.g., on the physical model, representation of
the geometry, mean flow interpolation, interpolation error and source representation. In this analysis, the focus is on
the physical model. The solutions are compared both in terms of acoustic potential, ¢, and pressure, p’. The acoustic
potential is the field variable used to describe the model, while the acoustic pressure, p’, can be recovered from the
linearised momentum equation,

p' = —po(iwg +ug-Ve). an

Note that an analytical derivative of the Green’s function is performed to recover the gradient of the potential, V¢, in
the boundary element solution, whereas the derivative is performed numerically for the reference finite element solution.
In other words, in the finite element solution the pressure is one order of interpolation lower in accuracy than the acoustic
potential. This drawback is mitigated by mesh refinement.

The error analyses is computed as the Euclidean norm:

f]f‘fp HX ~ Xref HQdS

EL2 = B
S, Do PdS

12)

where  is the numerical solution, x,.s the reference value, and I'y,, is the surface along which the values are sampled.
The L>-error is used to measure the accuracy of the physical model, compared with that of reference, i.e. the full potential
linearised wave equation.

However, other sources of error will inevitably be present in the solution. The truncation of the physical domain in
the FE solution and the application of a perfect matching layer create spurious reflections. Moreover, the exact and the
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discrete wavenumbers differ. This results in the dispersion error which propagates and accumulates in the discrete FE
domain, causing the so-called pollution effect (Babuska and Sauter, 1997; Bériot et al., 2013). By using eight degrees of
freedom per wavelength, quadratic element interpolation and truncating the domain in the acoustic and geometrical far
field, these errors are reasonably controlled.

Nonetheless, solutions based on wave extrapolation will be affected by interpolation error. The finite element solutions
in the inner domain are sampled on a control surface where the acoustic potential and its derivatives are recovered based
on the discrete solution. Although the nodal points of the discrete control surface and finite element grid are chosen to
coincide, V¢ must be recovered numerically from the finite element solution in the inner domain.

Figures 3 and 4 show contours of the real part of the acoustic velocity potential at M., = 0.3 and a non-dimensional
wavenumber ka = 3m. Finite element solutions of the full potential linearised wave equation (LPE), Eq. (1), and the
weakly non-uniform flow formulation (WNUF), Eq. (3), are shown along with solution to the weakly non-uniform flow
formulation including wave extrapolation. The solutions are shown for two source locations: in Figure 3 a source down-
stream the cylinder, at x, = (1.5a,0); and in Figure 4 a source to the side of the cylinder, at x; = (0,1.5a).
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Figure 3. Contours of the real part of the acoustic velocity potential ¢ for the problem in Figure 2 at M., = 0.3 and
ka = 3w with x4 = (1.5a,0).

5.2 Effect of wave extrapolation radius

In this section, the impact of using the exact Green’s function on the numerical results is assessed. The improvements
brought by the exact Green’s function in comparison with the approximate analytical Green’s function are assessed by
using a wave extrapolation approach. Radiation and scattering around the cylinder in an inner domain is solved using
Eq. (9). Then the solution is sampled on a radiating surface. The radius of the wave extrapolation surface is varied. The
different radii are chosen in order extrapolate waves either from a non-uniform or a uniform mean flow. Note that Eq. (4)
is exact whenever the acoustic field is extrapolated in a uniform flow.

We consider the problem with the source at x; = (0,1.5a). The radius of the collocation points, where the error
is computed, is fixed at 8a, whereas the radius for the extrapolation takes the following values: 2.5a, 4a, and 7a. The
problem is solved at ka = 27 and ka = 4m—these non-dimensional wavenumbers represent a wavelength of half and
quarter of the cylinder, respectively. A finite element solution of LPE is used as reference solution. In Figure 5, the
L?-error is shown at M., in the range 0.1-0.3.
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Figure 4. Contours of the real part of the acoustic velocity potential ¢, for the problem in Figure 2 at M, = 0.3 and

ka = 3w with x, = (0,1.5a).

100 100
- ///é
=
—_ - /4"4’
- -~ —_— -
— - _ - . - —Q”
§ - - - - IS B /’./
~ _ - -— 8’ - ‘T 10 | _ ; ;/ |
leoﬁ,/’ /”—’ LS *::/
=== &
& -
1 . . . 1 . . ;
0.1 0.15 0.2 0.25 0.3 0.1 0.15 0.2 0.25 0.3
M, M,
(a) ka =27 (b) ka = 4n

Figure 5. L?-error for the wave extrapolated solutions and the problem in Figure 2 with sound source at x, = (0, 1.5a).
Error computed against the reference LPE solution along an arc of field point with radius 8a. The extrapolation radii are
2.5a(0), 4a (x) and 7a (2).

Figure 5 shows that the error increases with Mach number. The error decreases with an increase of the radius of
the surface from which the acoustic field is extrapolated. The error increases when the extrapolation surface is closer
to the region where the flow non-uniformities are higher, i.e. closer to the cylinder. In the limit of a boundary element
formulation, the problem would be solved up to the boundary surface, further increasing the error. The error of the
numerical Green’s function can be reduced by increasing the radius of the extrapolation surface. Yet, the improvement
provided by increasing the radius of the surface of extrapolation is almost negligible at M, = 0.3. We can conclude that
at Mo, = 0.3 the error is mostly due to the inaccuracy of the approximate physical model, i.e. the weakly non-uniform
flow formulation, rather than the approximate Green’s function.

5.3 Effect of source location

In this section, we assess the effect of source location for cases with a free-stream Mach number of M., = 0.3. The
non-dimensional wavenumber is varied from ka = 7 to ka = 57. Two sources location are considered: (i) downstream the
cylinder, at x, = (1.5a,0); and (ii) to the side of the cylinder, at x, = (0, 1.5a). Figure 6 shows the L?-error against the
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non-dimensional quantity ka/m at a circular arc of field points with radius r = 8a. We compare the solutions provided by
using the finite element formulation for either the convected Helmholtz equation, i.e. considering only a uniform flow, the
corresponding solution based on the weakly non-uniform flow formulation and the solution based on wave extrapolation
with r = 2.5a.

It is shown that the solution of the convected Helmholtz equation leads to the largest error. However, it is comparable
to the error from the extrapolated solution for the downstream source and ka = 57. Note that the weakly non-uniform
flow has been shown to decrease accuracy with increase in frequency (Mancini ef al., 2016a). The error shown by the full
FE solution of the weakly non-uniform flow is slightly smaller than that generated by the extrapolated solution in the case
of the downstream source location while it is comparable to it for the other source location.
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Figure 6. L?-error for the wave extrapolated solutions and the problem in Figure 2 at M., = 0.3 and sound source at X.

Error computed against the reference LPE solution along an arc of field point with radius 8a. The extrapolation radii is

2.5a. FE convected wave equation (*), FE weakly non-uniform flow and wave extrapolation with radius 2.5a (2) and FE
weakly non-uniform flow (o).

5.4 Directivity and phase

We now compare the results from different formulations. In this case, we compute sound pressure level (SPL) and
phase of the acoustic pressure field. The SPL is computed as

p/
SPL = 20 ].Oglo 7;ms 3 (13)

ref

in which the reference pressure is p;,, =2 107° Pa, and pl.,,,, = |p'[|/V/2.

Figure 7 compares the sound pressure levels along an arc of field points with radius r = 8a. The results are provided
for Mo, = 0.3 and a non-dimensional frequency of ka = 3w. The SPL is shown for two different position of the sound
source, i.e. x; = (1.5a,0) and x, = (0,1.5a). The corresponding results in terms of phase of the acoustic pressure field
are shown in Figure 8.
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Figure 7. SPL along a circular arc of field points with radius = 8a at ka = 3. (a) Downstream source at x5 = (1.5a,0),
(b) side source at x; = (0, 1.5a). Black lines, FE solution of LPE; black dashed lines, FE solution of convected Helmholtz
equation; blue lines FE solution of WNUF; red lines WNUF solution with approximate Green’s function (extrapolation

for r = 2.5a).
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Figure 8. Phase of the acoustic pressure field along a circular arc of field points with radius » = 8a at ka = 37. (a)
Downstream source at X = (1.5a,0), (b) side source at x; = (0, 1.5a). For line colours, refer to the caption in Figure 7.

The results indicate that the uniform flow approximation is the most inaccurate formulation. The results based on the
weakly non-uniform flow formulation are in good agreement. The difference between these formulations, i.e. based on
either the exact or the approximated Green’s function, is much smaller than the difference shown with the full potential
linearised wave equation. Differences up to 8 dB are shown compared with the LPE, in the worst-case scenario, i.e. for
the downstream source location.

6. CONCLUSIONS

This paper assessed the possibility to improve the boundary element solution of the weakly non-uniform flow formu-
lation presented by Clancy (2010) and Mancini et al. (2016a). The possible improvements were sought in the approxima-
tions of the Green’s function used by Mancini et al. (2016a).

An exact Green’s function, computed numerically by a finite element approach, was used to work around the error
generated by the approximations of the analytical Green’s function. Solutions based on the numerical Green’s function
were computed either up to a uniform flow or in a inner domain in order to provide the solution in a non-uniform flow
region and extrapolate to the far field based on the approximate analytical Green’s function.

Using a numerical Green’s function, however, was not the long-term goal of this work. Solutions based on the nu-
merical Green’s function were recovered in order to benchmark the analytical Green’s function. The numerical Green’s
function showed only minor improvements of the solution, confirming that the analytical Green’s function is a good ap-
proximation for the solution of the weakly non-uniform flow wave equation. In particular the improvement provided by
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the exact Green’s function is much smaller than the difference observed with the finite element solution of the reference
physical model, i.e. the linearised potential wave equation.
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