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Abstract. This paper explores the modalH∞ methodology for active vibration control of real flexible structures. The
modal technique has been recently proposed by this researchgroup, associating modal and robust control concepts by
means of the new modalH∞ norm. This norm allows an appropriate control energy distribution in each mode using an
H∞ controller, which leads to a high modal selectivity, an adequate overall performance, and robustness. The modal
technique effectiveness is investigated in a cantilever aluminum beam with non-collocated piezoelectric transducers and
is compared with the regularH∞ control methodology. Theoretical and experimental results show that the modalH∞
control provides a significant performance gain over the regular H∞ strategy.

Keywords: Active vibration control, modal control, modalH∞ control,H∞ control, spillover.

1. INTRODUCTION

The increasing demand of high structural performance has conducted to the development of ever larger, lighter, and
more flexible structures. These structures are usually subjected to disturbance that may lead to undesired vibrations if an
efficient vibration control algorithm is not applied properly (Genariet al., 2015; Mechbal and Nóbrega, 2015; Pereira and
Serpa, 2015). In consequence, the active vibration controltechnique development has been receiving a relevant attention
in the last decades (Hu and Ng, 2005; Halim, 2004; Mechbal andNóbrega, 2012), considering that active approaches
usually provide better performance than semi-active and passive methods (Preumont, 2011).

The infinite number of structure vibration modes may be considered the main challenge in the controller design for real
mechanical structures. Usually, the control techniques are developed for a finite number of vibration modes, which may
lead the control system to instability due to the excitationof neglected dynamics, a phenomenon known as spillover (Balas,
1979; Meirovitchet al., 1983; Genariet al., 2017c). The localization of sensors and actuators may alsorender a more
complex structure dynamics to control because most structures are non-collocated, which means they may have zeros
on the right half-plane (Gosiewski and Kulesza, 2013; Mastory and Chalhoub, 2014). TheH∞ control approach is
able to deal with spillover and non-collocated structures,using weighing filters to avoid the excitation of the neglected
dynamics (Serpa and Nobrega, 2005). However, filters limit the controller actuation in contiguous low-frequency bands,
preventing mode selectivity in terms of both the amplitude and the frequency (Genariet al., 2017b). On the other hand,
modal control methods are able to control each vibration mode, however, these methods are very sensitive to the spillover
phenomenon (Baz and Poh, 1990; Inman, 2001; Cinquemaniet al., 2015).

Recently, our research group proposed a methodology to merge the modal and theH∞ control features (Genariet al.,
2017a), aiming to achieve higher global vibration reduction by means of mode selectivity. This is possible due to the
modalH∞ norm, which weights each mode according to the desired structure behavior. The modal controller is obtained
by the minimization of the modalH∞ norm, using an equivalent problem formulation that can be solved by adopting a
well-known procedure for the regularH∞ control problem. However, this technique still requires further experimental
results to test the performance effectiveness. Therefore,this paper examines experimentally the modalH∞ control for
disturbance rejection in a flexible structure, aiming to extend the experimental results present in (Genariet al., 2017a). The
structure is a cantilever aluminum beam with non-collocated piezoelectric transducers. Initially, a regularH∞ controller
is designed, whose performance is used as reference. Then, some modalH∞ controllers are designed with different modal
weights in order to show the mode selectivity. Experimentalresults show that using the modalH∞ approach may increase
the global vibration reduction compared to the regularH∞ strategy.
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2. STATE-SPACE MODAL MODEL

The modal robust control technique is configured to use the state-space models in the modal canonic form. Therefore,
a brief description of this model representation is presented in this section. A generic flexible structure with multiple
transducers can be modeled by the following second-order differential pair of equations:

Mp̈(t) +Dṗ(t) +Kp(t) = Bww(t) +Buu(t) (1)

y(t) = Cdp(t) +Cvṗ(t) +Cww(t) +Cuu(t),

in whichM is the mass matrix,D is the damping matrix,K is the stiffness matrix, andBw andBu are the respective
input matrices. The signalp(t) denotes the displacements,w(t) represents the disturbance forces acting on the structure,
u(t) represents the control forces, andy(t) are the measured output signals modeled through the output matricesCd, Cv,
Cw, andCu. In general, a reduced order model is used to represent a frequency band of interest, in which a modal matrix
is used to obtain the manageable model. Considering the number of vibration modes ism, the modal matrix is defined as

Φ =
[
φ1 φ2 . . . φm

]
.

Using the coordinate transformationp(t) = Φq(t) and pre-multiplying Eq. (1) byΦT , it results in

ΦTMΦq̈(t) +ΦTDΦq̇(t) +ΦTKΦq(t) = ΦTBww(t) +ΦTBuu(t)

y(t) = CdΦq(t) +CvΦq̇(t) +Cww(t) +Cuu(t),

which may be written as

Mmq̈(t) +Dmq̇(t) +Kmq(t) = Bwm
w(t) +Bum

u(t) (2)

y(t) = Cdm
q(t) +Cvm

q̇(t) +Cww(t) +Cuu(t), (3)

whereMm = ΦTMΦ, Dm = ΦTDΦ, Km = ΦTKΦ, Bwm
= ΦTBw, Bum

= ΦTBu, Cdm
= CdΦ, and

Cvm
= CvΦ. The matricesMm andKm are diagonal whileDm is not necessarily diagonal. Considering flexible

structures, a reasonable assumption isD = αM + βK for α, β ≥ 0 due to small damping factors (Gawronski, 2004).
For nonsingular matrixMm , Eq. (2) can be written as

q̈(t) +M−1
m Dmq̇(t) +M−1

m Kmq(t) = M−1
m Bwm

w(t) +M−1
m Bum

u(t). (4)

Adopting the state-vector definition as

x(t) =

[
x1(t)
x2(t)

]

=

[
q(t)
q̇(t)

]

,

Eq. (3) and Eq. (4) can be transformed into

ẋ1(t) = x2(t)

ẋ2(t) = −M−1
m Kmx1(t)−M−1

m Dmx2(t) +M−1
m Bwm

w(t) +M−1
m Bum

u(t)

y(t) = Cdm
x1(t) +Cvm

x2(t) +Cww(t) +Cuu(t),

which can be written in the state-space representation:

ẋ(t) = Ax(t) +B1w(t) +B2u(t)

y(t) = C2x(t) +D21w(t) +D22u(t),

in whichC2 = [Cdm
Cvm

], D21 = Cw, andD22 = Cu. The matricesA, B1, andB2 are obtained as

A =

[
0 I

−M−1
m Km −M−1

m Dm

]

, B1 =

[
0

M−1
m Bwm

]

, andB2 =

[
0

M−1
m Bum

]

.

The state-space modal model representation can be obtainedapplying a transformation matrix (Gawronski, 2004),
which leads to the following state-space model structure adopted in this paper:

Ā =








A1 0 · · · 0

0 A2 · · · 0
...

...
. . .

...
0 0 · · · Am







, B̄1 =








B11

B12

...
B1m







, B̄2 =








B21

B22

...
B2m







, andC̄2 =








CT
21

CT
22

...
CT

2m








T

,

whereAi is a2× 2 matrix for i = 1 . . .m, i.e., it isolates each mode.
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3. MODAL ROBUST CONTROL

A performance vectorz(t) is included in the modal representation to build the adoptedmodel framework, leading to
the following state-space model:

ẋ(t) = Āx(t) + B̄1w(t) + B̄2u(t)

z(t) = C1x(t) +D11w(t) +D12u(t)

y(t) = C̄2x(t) +D21w(t) +D22u(t),

in which the matricesC1,D11, andD12 with appropriate dimensions are chosen to define the desiredperformance vector
z(t). Considering the modal representation, the performance vector and disturbance vectorw(t) can be decomposed into
m contiguous frequency bands asz(t) =

∑m

i=1 zi(t) andw(t) =
∑m

i=1 wi(t), in whichzi(t) represents the performance
signal relative to the distinct modei in frequency bandi (Genariet al., 2017a).

Given a state-space controllerKc as

ẋc(t) = Acxc(t) +Bcy(t)

u(t) = Ccxc(t) +Dcy(t),

the modalH∞ control problem is to compute the controller matrices such that the closed-loop system satisfies

inf
︸︷︷︸

Kc∈V

sup
︸︷︷︸

w∈L2]0,∞[

Jm < γ2,

in whichV represents the set of all controllers that stabilize the plant and

Jm =

∑m

i=1

∫∞
0

zTi (t)Qizi(t)dt
∑m

i=1

∫∞
0 wT

i (t)wi(t)dt

is the modalH∞ norm, in which the diagonal matrixQi > 0 weights the modei to achieve mode selectivity.
A new modal performance indicator is defined as

zp(t) = Γx(t) +Θw(t) +Λu(t),

which is composed by the following matrices

Γ =
[

Q
1

2

1C11
Q

1

2

2C12
· · · Q

1

2

mC1m

]

,

Θ = (Q
1

2

1D111
+ · · ·+Q

1

2

mD11m
),

Λ = (Q
1

2

1D121
+ · · ·+Q

1

2

mD12m
),

in whichC1i
, D11i

, andD12i
correspond to the respective modei submatrices inC1, D11, andD12. Therefore, the

modal control problem can now be solved using a known objective function (Genariet al., 2017a):

J∞ =

∫∞
0 zTp (t)zp(t)dt

∫∞
0

wT (t)w(t)dt
,

where regular techniques inH∞ control theory can be applied to find the controller matrices.
The modal control problem is depicted in Fig. 1, including the nominal plantGn, modal controllerKc, and weighing

filtersFu andFz whose outputs are respectively the performance vectorszu(t) andz̄p(t). These filters are used to avoid
spillover, to limit the control signals, and to balance the relation between the disturbances and the performance index.
Usually,Fz(s) is designed as a low-pass filter andFu(s) is chosen as a high-pass filter (Zhou and Doyle, 1997):

Fz(s) =
( s

k√
M

+ωc

s+ωc
k
√
ε

)k

andFu(s) =
(

s+ ωc

k√
M

s k
√
ε+ωc

)k

, (5)

in which ωc, k, ε, andM determine the transition frequency between rejection bandand passband, the filter order, the
gain at passband, and the gain at the rejection band, respectively.
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Figure 1: Block diagram of theH∞ control problem

4. EXPERIMENTAL RESULTS

This section presents the experimental application of the modalH∞ technique for the vibration control of a flexible
structure. In the sequence, a regularH∞ controller and some modalH∞ controllers are designed and their performances
are related to reduce structural vibration caused by disturbance.

4.1 Structure description

The flexible structure used to test the modalH∞ methodology is a cantilever aluminum beam, shown in Fig. 2a.This
structure has length of700 mm and cross section of3.2mm× 32mm. A volume equivalent to two triangular prisms were
removed to amplify the vibrations caused by disturbance. Furthermore, two pairs of piezoelectric transducers (PZTs)
are used to apply the disturbance and the control signal. Thefirst PZT pair, with each PZT presenting dimensions of
0.3mm× 20mm× 30mm, is placed50mm away from the origin and is used to apply the control signal. The second pair,
with each PZT presenting dimensions of0.2mm× 20mm× 30mm is glued120mm far from the origin. As a sensor,
only one PZT with dimensions of0.5mm× 20mm× 20mm is used to capture the vibrations110mm away from the end.
The input signals are amplified by20 times and are applied to their respective transducers. A dSPACEr board, model
DS1104, and the ControlDeskr software are used for signal generation, data acquisition,and controller implementation.
The experimental diagram is presented in Fig. 2b.

(a) Aluminum beam
700mm

120mm

50mm

32mm

570mm

3.2mm

100mm

10mm

21mm

Power Power
Amplifier Amplifier Signal Conditioning

Actuator Actuator Sensor

Dspace

u(t) y(t)w(t)

(b) Block diagram

Figure 2: Experiment setup

4.2 Model identification

The experimental frequency response functions (FRFs) are estimated using a Schroeder signal with bandwidth0 Hz to
500 Hz, sampled at4 kHz. To determinate the FRFPyu between the outputy(t) and the control signalu(t), the Schroeder
signal is used as a control signal and the disturbance is set to zero. Analogously, the FRFPyw between the outputy(t)
and the disturbance signalw(t) is computed using the Schroeder signal as disturbance and the control signal is set to
zero. The experimental FRFs are presented in Fig. 3, in whichis possible to identify six different modes. However, the
two first modes inPyw are much smaller than the other four modes. Furthermore, thecontrol objective is to reduce the
vibration caused by disturbance through peak vibration reduction ofPyw. Thus, the two first modes can be ignored for the
identification, considering the control goal. The state-space modal model is identified withssestfunction of MATLABr,
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in which the identification model is compared with the experimental FRFs in Fig. 3.

102 103

-80

-60

-40

-20

0

20

40

Identified
Experimental

M
ag

n
itu

d
e

(d
B

)

Frequency (rad/s)

(a)Pyu

102 103
-60

-50

-40

-30

-20

-10

0

10

20

30

40

Identified
Experimental

M
ag

n
itu

d
e

(d
B

)

Frequency (rad/s)

(b) Pyw

Figure 3: Experimental and identifiedPyu andPyw

4.3 Modal robust controller design

The modal controller is designed using only the three first modes, in which the fourth mode is used to verify the
controller effect outside of the frequency band of interest. Thus, the modal model is truncated including only the first
three modes, as can be seen in Fig. 4. Furthermore, to avoid the spillover effect, the weighting filters of Eq. (5) are
designed with the following parameters:M = 255, k = 1, ε = 0.1, andwc = 1800 rad/s.
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Figure 4: Transfer function comparison between full and reduced models

The model used to design the controller is obtained in the state-space form with matrices (Ā, B̄1, B̄2, C̄2, D21, D22)
obtained directly from the truncation of the identified model, whose performance matrices are adopted asC̄2 = C1,
D21 = D22 = 0. Moreover, the modalH∞ problem is solved using the functionmincxof MATLAB r and a chirp
signal with band between78Hz and500Hz and amplitude of0.5V is considered as disturbance in the simulations and
experiments to test the controllers.

The regularH∞ controller (RC) is initially designed and its performance is used as the reference. Then, to analyse
the weighting effects in the modes, three modal controllers(MC) are designed with the following weighting matrices:

1. MC1: [Q
1

2

1 Q
1

2

2 Q
1

2

3 ] = [0.5 1.0 1.2];

2. MC2: [Q
1

2

1 Q
1

2

2 Q
1

2

3 ] = [0.5 1.2 1.4];
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3. MC3: [Q
1

2

1 Q
1

2

2 Q
1

2

3 ] = [0.5 1.4 1.6].

Figure 5 presents the simulated results for the maximum vibration of each mode and the control signals, where three
modes are in interest bandwidth and one is outside it. For mode 1, it is possible to note that the decrease in weighing leads
to modal performance loss and control signal reduction. On the other hand, the increase in weighing in modes 2 and 3
conducts to performance gain and control signal amplification. In relation to the mode 4, outside of the interest band, itis
little affected by all controllers.
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4.4 Experimental application

The designed controllers are now experimentally examined in the beam. Figure 6 presents the controller performances
and the control signals. One may note that the controllers have a close behavior to the simulated results, in which the
modal controllers provide a superior performance in relation to regular strategy. This effectiveness is provided by an
adequate modal control signal energy distribution of modalcontrollers, where the modalH∞ norm is responsible to
signal which modes should be prioritized. For instance, forthe modes whose weights are continuously increased, their
vibration amplitudes are continuously reduced. In addition, theses results show that an adequate modal vibration control
is able to provide a better performance than a regular control strategy.
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5. CONCLUSIONS

This paper presents an experimental study of the new modalH∞ control technique for structural vibration control
of flexible structures. Initially, the description of a state-space modal representation is presented. Then, the modal
control technique is introduced, in which the modal model characteristic is used to provide the modalH∞ norm. Finally,
experimental and simulated results show that the modalH∞ strategy is more effective than the regularH∞ technique in
reducing structural vibration in the analyzed cases. This performance gain is due to the possibility of modal selectivity,
which provides an efficient modal control energy distribution. As future work objective, more complex flexible structures
will be investigated to examine the effectiveness of modal robust control for real applications. Furthermore, the proposed
technique will be examined in new application areas like trajectory tracking in autonomous vehicles, polytope control
problems, and fault-tolerant control.
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