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Abstract. The purpose of this paper is to present a comparative numerical analysis of transversal flow 

over two side by side cylinders with same sizes and space ratio of 1.26. On the study, a turbulent flow 

with Re = 2,2 x 104 is simulated using the Unsteady Reynolds Averaged Navier-Stokes equations with the 

turbulence model k ω – SAS (Scale Adaptative Simulation) and laminar flow with Re=2250. The 

transient turbulent analysis is applied with three-dimensional and two-dimensional domains to compare 

the impact of excluding the third spatial component in a flow interacting with two cylinders, due the 

small space ratio. The comparisons are executed with help of the streamlines on planes during the 

transient simulations and with temporal data series collected from the numerical analysis and 

experimental results from the equivalent aerodynamic channel. On the analysis, the different behaviors 

in each approach were observed, with periodic wake modes change in the two-dimensional analysis, 

while in the three-dimensional results the change modes are random.  
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1. INTRODUCTION (Times New Roman, bold, size 10) 

(single space line, size 10) 

Flow over circular cylinders are observed on various engineering areas, in some of then, as heat 

exchangers, bridges supports and nuclear reactors, the flow behaviors are physically and geometrically 

equivalents to the applications and the flow effects are directly related. In other areas, the use of flow over 

two cylinders can be approximated as two circular cylinders side by side to facilitate the analysis. In 

many of these engineering applications, the numerical solution method is even more simplified to reduce 

the time of simulation and these simplifications are made when the influences generated by the additional 

considerations are small, comparing with the spent time on the solution. In other situations, the use of 

simplifications, as in this study, are to understand some mechanisms that are presented on the flow and 

evaluate the losses on the results with the third spatial component disregarded. 

The flow over two side by side cylinders with small pitch show asymmetric configuration on the 

wakes, generating difference on the mean velocity on the wakes, and also impacting on the drag and lift 

forces on the cylinders. The asymmetric configuration changes over time, in a random behavior, and this 

change of mode is called bistability, because the wakes remain in two stable levels (narrow and large 

wake). These is a phenomenon that continue unknown in many ways and has motivated studies of flows 

over two side by side cylinders to obtain some answers.  

The study presented by Alam et al. (2003), was an experimental analysis of aerodynamic 

characteristics of a flow over two side by side cylinder, showing the main singularity with one large wake 

and one narrow wake. The authors also showed the distinct behavior on the drag and lift coefficients on 

the large and narrow wake configurations analyzing distinct P/D, with P = pitch and D = diameter.  

Afgan et al. (2011) executed a numerical study using LES (Large Eddy Simulation) on a turbulent 

flow with Re=3000 over two side by side, with various P/D and the authors found similarity with the 

modes behavior, lift and drag coefficients to the ones described by Alam et al. (2003). 

Sarvghad-Moghaddam et al. (2011) performed a laminar and turbulent flow analysis on two-

dimensional domain with two cylinders with spacing ratio, P/D = 1.5 to 4. The authors observed the 

asymmetric wake region for laminar flows with Re = 100 and 200 and turbulent flow with Re = 104. They 

concluded that there was variation of the position of wakes in time. The authors made an analysis of drag 

and forces and observed a flip flopping behavior on the turbulent analysis.  

de Paula and Möller (2013), studied the flow over two side by side cylinders using hot anemometry 

technique and flow visualization in a water channel. The results showed similarity with the literature and 

the authors observed on the water visualization that the bistability is preferentially two-dimensional, even 

with a subcritical Reynolds number and turbulent flow. 

The turbulent study by definition is three-dimensional and many studies, as the one executed by 

Akwa (2014), with flow over one cylinder, presented the imprecision on the results collected from a two-

dimensional analysis comparing with experimental and three-dimensional numerical results, where the 
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author studied the drop pressure on the channel wall and the results showed similarity on the tendency, 

but magnitudes differences.  

The use of two-dimensional analysis in this study has the objective to compare the behavior of the 

vortices interaction with a three-dimensional analysis. Furthermore, compare the velocity behavior on a 

two-dimensional turbulent simulation with a two-dimensional laminar, a three-dimensional turbulent 

simulation and an experimental result. This comparisons are proposed considering the observation done 

by de Paula and Möller (2013), where the visualizations characteristics pointed to the predominantly two-

dimensional behavior.  

 

2. METHODOLOGY 

(single space line, size 10) 

The numerical analysis solves Navier-Stokes equations using the approach Unsteady Reynolds 

Averaged Navier Stokes, URANS, described on Wilcox (1994), with the commercial software ANSYS 

FLUENT 13 applying the interpolation scheme power-law and the coupling pressure-velocity SIMPLEC, 

described on Ansys (2010). To solve the Reynolds Tensor, the model kω – SAS, described on Menter and 

Egorov (2010), was used with time-step 0.001s, the continuity and momentum equations with the 

Reynolds Tensor are presented in Equation 1 and Equation 2. In the first analysis, Case 1, the equations 

are used in the full form, with i and j ranging from 1 to 3. On the Case 2, with the simplification of the 

third spatial component i and j range from 1 to 2, becoming a two-dimensional analysis and the Case 3 is 

two-dimensional laminar, without the Reynolds Tensor on the equation.  
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with representing the mean velocity in m/s,  the mean pressure in Pa and  the Reynolds Tensor 

obtained from the Reynolds approximation. 

The domain top view is presented on Figure 1, with the dimensions used on all the simulations, two 

and three-dimensional, the additional information for the three-dimensional domain is the high of 146 mm 

on the direction z. The boundary conditions information was obtained experimentally in the aerodynamic 

channel and the positions of inlet, outlet and walls are show on Figure 2.  

For the Case 1, turbulent flow with three-dimensional domain, and Case 2, with turbulent two-

dimensional analysis the inlet condition is prescribed as mean velocity of 13.45 m/s, generating 

Re = 2.2 x 104, with uniform velocity profile, turbulent intensity of 0.6% and length scale of 0.001 m. At 

the outlet condition the prescribed pressure is applied with atmospheric pressure, turbulent intensity of 

0.83% and scale length 0.01 m. On the walls the condition of no slip was used in both cases. The initial 

condition was equivalent to the inlet characteristics.  

For the Case 3, laminar flow with two-dimensional domain, the inlet condition was the mean velocity 

of 1.345 m/s, generating Re = 2250. On the outlet the pressure of 1 atm was implied and the walls were 

considered no slip.  

 

 
Figure 1 –  Computational domain with dimensions in mm. 
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Figure 2 – Boundary conditions applied on the numerical analysis. 

 

  

The two-dimensional mesh, showed on Figure 3-a), was constructed with hexagonal elements and 

layers with the growing direction from the cylinders, to detail the flow around the bodies. The three-

dimensional mesh, showed on Figure 3-b), was generated using tetrahedral volumes except for the wall 

regions, where layers of prismatic volumes were inserted in the region around the cylinders. On the wake 

area, a density is applied with growth ratio of 1.6. 

 

 

 
a)       b) 
Figure 3 – Mesh details a) Two-dimensional domain and b) Three-dimensional domain. 

 

The mesh quality evaluation was executed using the GCI method (Grid Convergence Index) proposed 

by Roache (1994), and detailed on NASA (2015). The GCI indicates an error band on how far the solution 

is from the asymptotic value. It indicates how much the solution would change with a further refinement 

of the grid. A small value of GCI indicates that the computation is within the asymptotic range. The GCI 

analysis to the three-dimensional mesh is shown in Table 1, where can be seen the refinement ratios of 

1.39 and 1.44. The speed values on the position y = 0.51 m were monitored in each mesh, ranging 

between 20.61 and 19.38 m/s. The convergence of the iterative solution is in the order of 2.79 and 

generating an error band of 1.6%. Taking into account the increased computing time required for the 

solution with the refined mesh, the option is the use of the median mesh.  

For the two-dimensional analysis the same evaluation, with GCI method, is executed and presented on 

Table 2, the ratios between the meshes are 1,35 and 1,19, the results of velocity in the monitored position 

are from 12,43 to 10,49 m/s, the final error band is of 6,4% and that leads to the use of the refined mesh 

on the simulations executed on the present analysis. 
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Table 1– Mesh Quality using GCI method for three-dimensional domain. 

 

 
 

Table 2– Mesh Quality using GCI method for two-dimensional domain. 

 

 
 

The numerical data is compared with experimental results obtained with hot anemometry technique in 

the LMF’s aerodynamic channel, described by de Paula and Möller (2013). The test section dimensions 

are the same as presented on Figure 1, but with total length of 900 mm instead of 1100 mm, this 

additional length was necessary to reduce the outlet condition impact on the numerical simulation. The 

boundary conditions used on the turbulent numerical simulations were also collected in the aerodynamic 

channel. The experimental data was acquired with acquisition frequency of 1000Hz and low pass filter of 

300Hz. 
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2.1. Results and discussion 

(single space line, size 10) 

For the analysis in the turbulent three-dimensional flow, Case 1, a transient simulation with the 

Re = 2,2x104 and 0.001s timestep was executed during 8,2s. In this total time, one change of wake modes 

was observed. The wake modes change can be observed on the streamlines presented on Figure 4, the 

planes were positioned on 0.073 m from the base. The change of modes happened between the instants 

6.362 s and 6.462 s and in all the frames the asymmetry on the wakes can be observed. The wake change 

in the period does not present an indicative of changing and has a random behavior on the velocity sign 

presented on the Figure 6.  

Based on the observations from the flow visualizations by de Paula e Möller (2013), that the behavior 

of bistability is preferentially two-dimensional, even in subcritical Reynolds, a two-dimensional 

simulation was executed, keeping the same boundary conditions as the three-dimensional analysis (Case 

1) and eliminating the third spatial component. This evaluation was executed in order to understand the 

behavior of the wakes and the losses caused by this simplification, since there is no vertical component to 

the interaction and dissipation of vortices. 



 

 

 

 
 

Figure 4 – Streamlines on planes positioned 0,073 m from the base with the wake change on the three-

dimensional simulations (Case 1). 

 



The two-dimensional simulation, Case 2, was executed during 5,5s and the comparison planes with 

streamlines are shown in Figure 5, the data series was also obtained during this period and is presented on 

Figure 7. On Figure 5, two wakes with different sizes are noticed, one larger than the other one, as in 

Figure 4, but a small size of the wake downstream are identified comparing both results. Without the 

possibility of change in the z component, the vortices have higher definition. Another observation on 

Figure 5 is the relation between vortices on the times 3,808s and 3,823s, when structures with the same 

signal join and make the size of wake change the position. The vortices with same signals approximate in 

a periodic pattern and the wake change happens, in the same pattern.  
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Figure 5 – Streamlines from the turbulent two-dimensional simulations (Case 2). 

 

Comparing the results from Figure 4 and Figure 5, some characteristics show wide variation as the 

vorticities definition, on Case 1 the vortices structure is visible in some instants, as 5,582s and 7,462s, 

while in the other times the vorticities are dispersed, or in a different plane, due to the migration of the 

structures on the z component. On the Case 2 the velocity on the wake is higher, visible on streamline 

proximity, and the vortices are well defined in all times, even creating a periodic change on the wake 

modes due to the interaction of the same signal vorticities, and all these differences can be linked to the 

two-dimensional consideration.  



The data series obtained behind the right cylinders, on the position x = 0.12 m and y = 0.71 m, during 

the simulations of Case 1, Case 2 and Case 3 are presented on Figures 6, 7 and 8, respectively, showing 

1s of the results for each case. On the Figure 9 the experimental data obtained on the aerodynamic 

channel, in the same position with uncertainty of ±0,05 mm, is presented for comparison. Observing the 

results for each situation it is possible to identify the behaviors differences between then, on Figure 6 a 

random behavior on the velocities with regions of higher and lower values is observed, with mean value 

tending to 3m/s, showing similarity with the experimental results. 

On the experimental case presented on Figure 9, where the values have an associated uncertainty of 

± 5%, the sign pics are more visible because it is the physical representation while on the Figure 6 the 

pics values are attenuated due the modelling used in the solution with URANS. On the results from the 

turbulent two-dimensional analysis, Figure 7, a quasi-periodic behavior is observed, presenting a 

repetition on the sign in approximately 0,015 s, this timing is equivalent with the change modes observed 

on Figure 5, when the union of vortices happens. Another divergence between the results is the time 

series velocity is the mean value around 10 m/s, that represents more than three times the experimental 

results value.   

The same periodic characteristic observed on the turbulent two dimensional analyses, but with higher 

repeatability is observed on the results from the two-dimensional laminar solution. On Case 3, where two 

pics, one with velocity up to 2.5 m/s and other with velocity up to 1.5 m/s, are connected with the narrow 

and wide wake, respectively. 

 On the literature, a periodic relation was observed on the drag and lift forces presented on the two-

dimensional analysis for P/D = 2 and with Re = 200, executed by Sarvghad-Moghaddam et al. (2011), but 

not with the period so defined as the one observed in Figure 8.  On the present case, the velocity behavior 

has a cycle that repeats in each 0,1 s, this higher organization can be related to the small pitch used in the 

study, because with the bodies proximity the interaction between wakes increase.  

In general, laminar simulations can be executed on two-dimensional domains due the organized flow 

characteristic, but in the case of flow over cylinders with small pitch the periodic wake change does not 

represent the experimental response. Observing experimental behaviors from the study made by 

Sumner (2010), where the author analyzes flows with low Reynolds, the wakes do not flip-flop and do not 

have a periodic characteristic, but a random behavior as the one observed in turbulent flows. 

 

 
Figure 6- Numerical data series behind the right cylinder on the three-dimensional analysis with 

Re = 2,2 x 104. 

 

 
Figure 7 - Numerical data series behind the right cylinder on the turbulent two-dimensional analysis 

Re = 2,2 x 104. 

 

 



 
Figure 8- Numerical data series behind the right cylinder on the two-dimensional analysis with 

Re = 2250. 

 

 
 

Figure 9- Experimental data series behind the right cylinder from a flow with Re = 2,2 x 104. 
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3. CONCLUSIONS 

 

 This study presents an analysis of the differences observed between two and three-dimensional 

analysis of transversal flow over two side by side cylinders. Three cases are studied, the Case 1 was a 

turbulent flow with three-dimensional domain, the Case 2 a turbulent flow with two-dimensional domain 

and Case 3 was a two-dimensional laminar flow. The results obtained from the three cases were compared 

between each other and with experimental results obtained from an aerodynamical channel. The 

comparisons were executed using streamlines and time data series. 

The results showed that even with visualizations from the literature indicating the predominantly two-

dimensional behavior, the third spatial component is the main cause of the random bistable phenomenon. 

From the turbulent two-dimensional approach, a quasi-periodic behavior on the velocity values is 

observed caused by the direct interaction between wake vortices of same signals, that create the wake 

mode changes. The laminar evaluation presented a periodic behavior on the velocity signs, caused also by 

the vortices interaction, due the small space ratio, P/D = 1,26, that creates a large interaction in the wakes 

regions. In both two-dimensional cases, the results do not represent the experimental behavior, even in the 

case with laminar consideration the small pitch creates a relation between the vortices that cannot be 

analyzed without the third component. 

In conclusion the present study shows that the use of two-dimensional numerical evaluations does not 

represent the bistable phenomenon, showing quasi-periodic or periodic responses that are not 

representative of the physical phenomenon. In the other hand, the analysis showed clearly the interaction 

between vortices on the wake and the mode changes happening because of this union. This can be the 

characteristic of the three-dimensional analysis that generates the mode changes, but it happens randomly 

because the third spatial component allow the vortices dispersion and prevents the vortices alignment on 

the wake. 
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