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Abstract. Electromagnetic stirring (EMS) is applied at three locations in the continuous casting of steel, with a view to
affecting the solidified crystal structure. At two of these, there is a significant mushy zone - a porous medium in which
solid dendrites coexist with interdendritic melt. Whilst there exist numerous detailed magnetohydrodynamic models for
the stirring of melt, both in this and other contexts, there has been no detailed treatment of the case where stirring occurs
both in a melt and in an adjacent porous medium. This contribution provides a framework for such a model, starting
with the case of rotary EMS applied to a round billet. In this case, the governing partial differential equations, which
consist of Maxwell’s equations and the turbulent Navier-Stokes equations with a Darcy-like damping term, reduce, under
a number of assumptions, to just a fourth-order system of ordinary differential equations for the angular velocity and a
function which describes the radial and angular magnetic field components, with the radial coordinate as the independent
variable. Preliminary numerical results are given, as well as a comparison with the case when there is no mush.
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1. INTRODUCTION

As noted in Tzavaras and Brody (1984), electromagnetic stirring (EMS) has been used in the continuous casting of
steel slabs, blooms and billets since the mid-1970s as a way to control solidification structures, thereby increasing yield
and productivity. In general, its purpose is to break up the columnar crystal structures that form during solidification,
thereby promoting preferred equiaxed crystal structures.
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Figure 1. Schematic of the continuous casting process with EMS

As shown in Fig. 1, EMS is in general applied at three locations in the continuous casting process: in the mould region
(M-EMS), further down along the strand (S-EMS) and in the final stirring region (F-EMS) where solidification is almost
complete.

Moreover, there are in general three different modes in which electromagnetic stirring can be applied; these are shown
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Figure 2. Schematic of an arrangement of an inductor around a circular steel strand for inducing rotating fields

Figure 3. Longitudinal stirring of blooms and billets (a), and horizontal stirring of slabs (b)

in Figs. 2 and 3. Common to each case is that a magnetic field generated by coils that are situated around, or to the side of,
the solidifying steel strand results in a Lorentz force which stirs the steel melt. However, there is no distinct front between
the solid strand and the melt; between them, there is a porous medium, often referred to as a mushy zone, in which solid
dendrites and interdendritic melt coexist. Consequently, EMS can affect the motion of this melt, but there may in turn be
a braking effect as a result of the solid that is present.

In general, it is difficult to take measurements of what happens in this region; experimentally, the only possibility is to
see the final solidified structure of the casting. For this reason, it is important to construct mathematical models that can
attempt to describe what happens. In practice, this is a combination of momentum, heat and solute transfer occurring over
solid, mush and liquid regions. In addition, it is necessary to take account of the thermodynamic equilibrium between
solid and liquid phases in the mush, as well as attenuation of the magnetic field from the outer surface of the solidified
steel towards the centre of the melt; these two effects required the use of the phase diagram for the steel alloy and the
solution of Maxwell´s equations for the magnetic field quantities.

Although a fair amount of work was done early on in understanding the stirring of a melt (Tacke and Schwerdtfeger,
1979; Tacke et al., 1981; Spitzer et al., 1986; Dubke et al., 1988a,b, 1991), the explicit effect of the mush was not taken
into account. Moreover, although current-day software programs are able to take account of the mush, the effect of EMS
on solute transport has yet to be explained fully. Thus, in this first step, we consider a model for stirring in the presence
of a mushy zone, which will later serve to model the S-EMS and F-EMS regions.

2. MODEL EQUATIONS

We consider the simplest possible realistic case, which involves the use of a rotary stirrer on a round billet geometry; this
is the configuration first shown in Fig. 2. In this particular case, it is possible to reduce to the problem so as to consider just
a horizontal plane, as shown in Fig. 4, wherein molten melt occupies the region 0 < r < r0, mush occupies r0 < r < rm
and solid occupies rm < r < rb. Moreover, because the magnetic field in rotary EMS can be modelled as a wave in the
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Figure 4. Schematic of circular solid, mush and melt regions

θ-direction at r = rb with a frequency that gives a time scale that is much shorter than that of relevance for casting, it
possible to consider just the steady-state form of the mass and momentum equations, which take as input a time-averaged
Lorentz force calculated from the transient Maxwell equations.

The continuity equation for the region in 0 < r < rm is given in cylindrical (r, θ, z)-coordinates by
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where vr, vθ and vz denote the r-, θ- and z-components of velocity. The conservation of momentum for 0 < r < rm is
given by
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where ρ is the density of the melt, µ is its dynamic viscosity and κ (χ) is the permeability of the mushy region, which is
taken to be a function of the liquid fraction, χ, and is given by the Kozeny-Carman relation,

κ (χ) =
κ0χ

3

(1− χ)
2 , (5)

where κ0 is a constant; although originally a relation used in the field of fluid dynamics to calculate the pressure drop of a
fluid in laminar flow through a packed bed of solids (Carman, 1937), it has found extensive use in the modelling of flow
through a solidifying mush (Ni and Beckermann, 1991; Reddy and Beckermann, 1997; Thevik et al., 1999; Voller and
Prakash, 1987; Du et al., 2009; Haug et al., 1995). Also, in equations (2)-(4), τrr, τθθ, τzz, τrz, τzr, τθr, τrθ, τθz and τzθ
denote the components of the stress tensor, and are given by
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with µT as the turbulent viscosity. For this, we adopt the Prandtl mixing length hypothesis, setting

µT =
√
ρτrθlm, (7)

where the quantity lm is Nikuradse’s mixing length (Tacke and Schwerdtfeger, 1979; Versteeg and Malalasekera, 2007),
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Typically, for a pure melt, r∗ would be interpreted as radius of the melt, so that lm = 0 at r = r∗; here, since lm must be
used in (2)-(4), which must be solved in the liquid and mush regions, we will take r∗ = rm. Furthermore, in equations
(2)-(4), F̄r, F̄θ and F̄z denote the time-averaged components of the Lorentz force, which we write as Fr, Fθ and Fz and
which are given by

Fr = JθBz − JzBθ, Fθ = JzBr − JrBz, Fz = JrBθ − JθBr,

where (Jr, Jθ, Jz) is the electrical current density vector, J, and (Br, Bθ, Bz) is the magnetic flux density vector, B;
moreover, Fr, Fθ and Fz are related to F̄r, F̄θ and F̄z by
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where the integrals are taken with respect to time over one oscillation period, 2π/ω. At this point, it may appear that
F̄r, F̄θ and F̄z should all be functions of r, θ and z, but as a consequence of the boundary conditions to be specified later,
they will only be functions of r.

To determine J and B, we must solve Maxwell’s equations in the magnetohydrodynamic (MHD) approximation,
which consist of:

• the magnetic field constraint,

∇ ·B = 0; (9)

• Ampere’s law,

J = ∇×H, (10)

where H is the magnetic field strength, which is related to B by B = ηH, where η is the magnetic permeability;

• Faraday’s law,

∇×E = −∂B
∂t
, (11)

where t is time and E is the electric field;

• Ohm’s law,

J = σ (E + v ×B) , (12)

where σ is the metal electrical conductivity, which we take to be constant over the solid, mush and liquid phases,
and v = χ (vr, vθ, vz) .

Manipulating (10)-(12), we arrive at
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note, however, that this must still be solved together with equation (9).
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The above may be simplified in a self-consistent way by taking vr ≡ 0, vz ≡ 0, vθ = vθ (r) , p = p (r) , Bz = 0
and ∂/∂z = 0 in equations (1)-(4), (9) and (14). We find that (1) and (4) are satisfied automatically, whereas (2) and (3)
become
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Equation (16), except for the last term on the right-hand side, is the same as that given in Tacke and Schwerdtfeger (1979),
and can be solved first for vθ, after which (15) can be solved for p. Also, Br and Bθ satisfy
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The boundary conditions for vθ are then just

vθ = 0 at r = r0, (21)
vθ = 0 at r = 0. (22)

Also, the only boundary condition prescribed on the magnetic field quantities is that for Bθ at the outer edge of the solid,

Bθ = B0 cos (ωt− nθ) at r = rb, (23)

where n is the number of poles. In addition, we require

Bθ finite at r = 0. (24)

Although (23) is different to that in much earlier work (Tacke and Schwerdtfeger, 1979; Spitzer et al., 1986), it was found
in recent work to lead to a unique solution (Vynnycky, 2017); on the other hand, specifying Br instead, as was done in
(Tacke and Schwerdtfeger, 1979; Spitzer et al., 1986), does not. Moreover, it makes no difference if one requires Br or
Bθ to be finite at r = 0; if one is finite, then so is the other.

3. NONDIMENSIONALISATION

Nondimensionalizing through
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where V is a velocity scale that has to be determined, equations (15) and (16) become
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respectively, where Ha,Re,Rem and Da denote the Hartmann, Reynolds, magnetic Reynolds and Darcy numbers, re-
spectively, and are given by

Ha = B0rb
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b , (28)
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Parameter Value
B0 0.02 T
f 50 Hz
n 1
rb 0.1 m
η 1.2566×10−6 V s A−1m−1

κ0 10−8 m2

µ 0.006 kg m−1s−1

ρ 7200 kg m−3

σ 7.14×105 A V−1m−1

Table 1. Model parameters

whereas equations (18)-(20) become

1

R

∂

∂R
(RBR) +

1

R

∂Bθ
∂θ

= 0, (29)

Ω
∂BR
∂τ

=
∂2BR
∂R2

+
1

R

∂BR
∂R

+
1

R2

∂2BR
∂θ2

− BR
R2
− 2

R2

∂Bθ
∂θ
−Rem

χVθ
R

∂BR
∂θ

, (30)

Ω
∂Bθ
∂τ

=
∂2Bθ
∂R2

+
1

R

∂Bθ
∂R

+
1

R2

∂2Bθ
∂θ2

− Bθ
R2

+
2

R2

∂BR
∂θ

+Rem

(
BR

∂

∂R
(χVθ)−

χVθ
R

∂Bθ
∂θ

)
, (31)

where Ω = fσηr2
b . Note that Vynnycky (2017) determined that V ∼ B0rb/0.14ρ1/2η1/2r∗.

Boundary conditions (21)-(24) are now

Vθ = 0 at R = 1, (32)
Vθ = 0 at R = 0, (33)

Bθ = cos (2πτ − nθ) at R = Rb, (34)

Bθ finite at R = 0. (35)
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note that (26) can be solved for P after Vθ and a have been determined. The boundary conditions for (36) and (37) are

Vθ = 0 at R = 1, (38)
Vθ = 0 at R = 0, (39)
da
dR

= −1 at R = 1, (40)

a = 0 at R = 0. (41)
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4. RESULTS

In order to fix ideas, we use input data from earlier work (Tacke and Schwerdtfeger, 1979); this is given in Table 1. In
addition, here we simply prescribe values for r0 and rm, as well as the functional form for χ, in order to demonstrate how
the Darcy-like term in (36) affects the profile for Vθ; note that, on using the parameters in Table 1, we have Da ∼ 10−6,
so that this term will start to have an effect once χ is sufficiently smaller than one. We can also note that Rem ∼ 0.1 so
that the velocity will not have much effect on the magnetic field. To proceed, we take simply a linear profile for χ in the
form

χ =
r − rm
r0 − rm

.

Figure 5. vθ vs.r for r0 = 0, rm/3, 2rm/3 and no mush, with rm = 0.06 m

Figure 6. vθ vs.r for r0 = 0, rm/3, 2rm/3 and no mush, with rm = 0.1 m

First, we take rm = 3rb/5; note that this value of rm corresponds to the value used in Tacke and Schwerdtfeger
(1979). Fig. 5 compares solution for Vθ when r0 = 0, rm/3, 2rm/3 with the solution when the Darcy term is neglected
completely, so that there is no mush. Here, the curve for no mush corresponds to that computed by Tacke and Schwerdt-
feger (1979). It turns out that the profile given here has a maximum value that is around six times lower than that in Tacke
and Schwerdtfeger (1979), which was around 1.5 ms−1, as well as having its maximum displaced further away from
r = rm; it is not surprising that there is a difference, since the turbulence model used here is one of simplest as possible,
whereas Tacke and Schwerdtfeger (1979) used a more sophisticated two-equation k −W model. Nevertheless, even the
value obtained here is not unreasonable in the context of electromagnetically-stirred melts. As regards the other curves in
this plot, it is clear that the presence of the mushy layer reduces vθ significantly: for example, for r0 = 0, corresponding
to mush occupying the entire region from r = 0 to rm, the maximum value of vθ is around 0.02 ms−1.

Next, we take rm = rb, and plot the corresponding profiles in Fig. 6. Here, we find that the profile for the no-mush
curve resembles much more closely that computed in Tacke and Schwerdtfeger (1979); even the maximum value for vθ
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compares favourably. There is also a proportionately greater drop in vθ when going from the no-mush case to when
r0 = 2rm/3.

5. CONCLUSIONS

Model equations have been presented to take account of the effect of the mushy zone on the electromagnetic stirring
in the continuous casting of a round billet, with some preliminary calculations being carried out using parameters of
industrial relevance.

The presented work can now be extended in a number of ways. First of all, although the casting velocity was not
included in this analysis, it turns out that it can be incorporated without affecting the foregoing analysis. After that, it
would be of interest to include an equation for the conservation of heat, so that the temperature and hence the liquid
fraction are computed as part of the model, rather than the liquid fraction simply being prescribed. A nondimensional
analysis of the type considered here will enable us to see whether the effect of the magnetic field affects the heat transfer
in the problem, either through Joule heating or convection. Once these models are in place, it should be possible to assess
the role of stirring in macrosegregation and crystal structure formation: with respect to white-band formation in the case
of the former (Bridge and Rogers, 1984; Tacke et al., 1981; Kor, 1982), and columnar-to-equiaxed crystal transition in
the case of the latter.

A parallel line of activity will be to adapt these ideas to linear travelling magnetic fields for rectangular slabs, billets
and blooms.
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