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Abstract. This work presents 3D numerical simulations of natural convection using adaptive mesh refinement for one-
phase flow. Temperature gradient was used as refinement criteria. Flow was represented by Navier-Stokes and energy
equation which was solved for temperature. The physical model consisted of a diferentially heated cavity with height
aspect ratio of one or two. The model was applied to predict thermal exchange rate between the fluid and a wall kept
at a fixed temperature. Nusselt number calculations and flow evolution were in good agreement with literature and
demonstrated the validity  of  the present  model.  Temperature gradient  criteria guided adequately mesh  refinement
evolution and promoted accurate results. Assessment of computational efficiency revealed simulations using adaptive
mesh refinement(AMR) with lower costs than simulations using a uniform grid. AMR simulations were up to 34%
faster compared to uniform grid simulations and required up to ten times less computational cells. Therefore, adaptive
mesh refinement using temperature gradient as refinement criteria is suggested as a promising method for modeling
natural convection.
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1. INTRODUCTION

The main objective of this paper was to quantify the efficiency of simulations using adaptive mesh refinement
(AMR) compared to uniform grids in non-isothermal problems. The present work investigated numerical simulations of
natural convection using uniform grids or AMR. Benchmarks between different mesh configurations were performed
for cavities with height aspect ratio of one or two.  

Dynamics of flow in non-isothermal conditions is a problem of great  industrial  and scientific interest.  Thermal
transport in complex flow phenomena is frequently encountered in a variety of industrial processes (Kizildag et al.,
2013;  Wan et  al.,  2001).  Among such flows,  some deal  with thermal  convection,  which physical  mechanisms are
omnipresent in nature and in technological applications. Natural convection flows in cavities have attracted the attention
of  many  researchers  due  to  their  presence  in  many  industrial  applications.  Although  the  geometry  of  cavities  is
frequently  simple,  the  flow may become very  complex  with  the  existence  of  turbulent  structures  in  flow at  high
Rayleigh number. It is important to understand the underlying mechanisms that are related to the interaction between
heat transfer and fluid dynamics. In addition, knowledge about these physical process of flow allows the improvement
of industrial operations and may produce guideline to more efficient projects. 

Computational simulations of natural convection provides several important information about flow behavior and
thermal transfer rate in non-isothermal condition. On the other hand, results from computational simulations depends on
the quality of the employed spatial discretization. Accurate numerical solution of partial differential equations rely on
the discretization on a computational grid with sufficiently high resolution; however, simulations using uniform grids
overly increase computational costs due to a large domain region unnecessarly refined. A uniform and fine grid is
associated with a high computational cost which may limit the applicability of solving several complex problems of
interest. Conversely, AMR is a computational tool allowing a criteria definition to guide a spatially non-uniform mesh
refinement according to an indicator function, such as vorticity, temperature gradient or interface presence. 

AMR may provide a strategy to solve complex problems using lower computational resources compared to uniform
grids (Akhtar et al., 2013) and it reduces computational power requirement without affecting precision (Ningegowda et
al., 2014). The relevance in using AMR in multiphase flows is particularly high since the interface region requires a fine
grid due to high gradients calculations and the rest of the domain usually do not require a fine grid (Nikolopoulos et al.,
2007)
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Therefore, numerical simulations of natural convection in cavities were performed using adaptive mesh refinement
in order to study the influence of grid configuration in thermal transfer problems. Time and computational power saved
were quantified and conclusions were performed at the end of the present work. 

2. MATHEMATICAL MODEL

Oberbeck-Boussinesq approximation (OB)  was included in the present work in order to model thermal effects on
specific  mass  variations.  OB  has  been  used  for  most  of  what  is  known about  natural  convection  (Gray,  1976);
nonetheless,  OB is restricted to single-phase fluid flows and it  may be inappropriate  to employ this mathematical
approximation in applications where large effects of specific mass variations occurs (Harish et al., 2016). Since the
effects of temperature variations were small, OB was employed in order to model the variations of specific mass due to
temperature. The continuity equation is given by the following expression:

                                                                                                                                                                      (1)

Equation (2) shows the momentum equation:

                                                                                              (2)

Finally, the energy equation is given by the following equation:

                                                                                                                                                                  (3)

Equation (4) presents the thermodynamic relation employed in the momentum equation to compute variable specific
mass  effects as a temperature function: 

                                                                                                                                   (4)
 
3. COMPUTATIONAL PROCEDURE

Simulations were performed using a three-dimensional cubic cavity with flow subjected to gravity acceleration
action.  A cavity  was  used  as  physical  model  due  to  simple  geometry  (Wan  et  al.,  2001) and  presence  in  several
industrial applications (Kizildag et al., 2013). Figure 1 shows the physical model employed in the numerical simulations
of the present work. Null velocities and null pressure gradient were imposed over all domain faces. 

Figure 1. Physical model employed in the present paper

Domain boundaries were named according to geographic orientation which was illustrated in Fig. 2. The east and
west  walls  have,  respectively, a  uniform high and low temperature.  The south,  north,  bottom and top walls  were
considered  adiabatic. 
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Figure 2. Domain boundaries names according to geographic orientation

Simulations  were  carried  out  using  a  structured  and  non-uniform  three-dimensional  cartesian  grid.  Two  mesh
refinement levels were employed in the numerical simulations and the base level presented 32x32x32 cells. Velocity-
pressure coupling was accomplished using a two-step projection method with an explicit treatment for advection terms
and an implicit treatment for pressure and diffusion terms. Barton scheme (Centrella, 1984) is used for advective terms
spatial  discretization.  Pressure  and  energy  equations  were  solved  implicitly  using  multigrid-multilevel  solver.  The
transient equations were solved according to finite volume methodology using MFSim code, which has being developed
in the last 10 years in cooperation with a large research group and Petrobras scientifical support. All simulations were
performed  in  parallel  ambient  in  the  cluster  from  the  Fluid  Mechanics  Laboratory  at  the  Federal  University  of
Uberlândia (UFU), Brazil.

4. RESULTS AND DISCUSSION

First, the numerical model was validated with literature according to isotherms behavior and thermal transfer rate at
the heated wall. Then, benchmarks between simulations with uniform grid and AMR were conducted for cavities with
height aspect ratio of one or two. 

5. Numerical model validation

The numerical model was initially validated  for natural convection in one-phase flow using Oberbeck-Boussinesq
approximation with Prandtl number of 0.71 and for a range of Rayleigh numbers from Ra=10³ to Ra= 10⁶. Isotherms
were analyzed in the central xz-plane in Fig. 3 and compared qualitatively to Wan et al. (2001) in Fig. 4.

              (a)                                              (b)                                              (c)                                            (d)

Figure 3. Isotherms from the
present work with (a) Ra=10³ ; (b) Ra=10⁴; (c) Ra=10⁵ ;  (d) Ra=10⁶
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              (a)                                              (b)                                              (c)                                            (d)

Figure 4. Isotherms from Wan et al.  (2001) with (a) Ra=10³ ; (b) Ra=10⁴; (c) Ra=10⁵;
(d) Ra=10⁶

Isotherms from the present work were qualitatively similar to the isotherms from Wan et al. (2001). As Rayleigh
number increases, the flow becomes more turbulent and isotherms assumed progressively more complex aspect due to
flow advection, as described previously by Padilla et al. (2013). 

In order to present a quantitative analysis and report an accurate validation, thermal transfer rate was evaluated by
the mean Nusselt  number  computed  at  the heated  wall.  Nusselt  number  was  calculated  at  the east  wall  and  then
compared to literature. Mean Nusselt number at the east wall was computed after the achievement of flow permanent
regime and good agreement was found between the present work and literature, as shown in Tab. 1.

Table 1. Nusselt number at east wall

Reference Ra = 10³ Ra = 10⁴ Ra = 10⁵ Ra = 10⁶

Present work 1.071 2.061 4.390 8.901

Padilla et al. (2013) 1.072 2.068 4.427 8.805

The numerical model was adequately validated since the numerical results presented good agreement with literature.
Next subsections comprises benchmarks between simulations with uniform grids and AMR. 

6. Benchmark between simulations with uniform grid and AMR for a cavity with height aspect ratio of one

Assessment of AMR simulations were conducted and compared to uniform grid simulations.  Simulations were
performed  considering  Ra=10³  and  Pr=0.71.  Table  2  presents  results  from  the  simulations  with  different  grid
configurations. 

Table 2. AMR efficiency for  the simulation of Ra = 10³ with the cavity of height aspect ratio of one 

Grid configuration Number of cells Time (h)

Uniform grid 2,097,152 96

AMR 250,000 72

AMR simulations promoted  time saving by limiting the need  of  a  fine  uniform grid in  the  whole  domain.  In
addition,  large  computational  costs  were  spared  using  AMR  because  of  the  considerable  decreased  number  of
computational cells needed. Finally, accurate thermal transfer results were obtained when using AMR. The number of
cells employed in AMR simulations were almost ten times lower than the uniform grid simulation and about of 30% of
time was saved compared to the uniform grid simulation. 

Figure 5 illustrates the adaptive mesh refinement used and the temperature field in the final time of the simulation.
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Figure 5. Temperature field and adaptive mesh in simulation’s final time.

According to the refinement criteria used, temperature gradient was considered an adequate parameter to guide
mesh refinement since it has provided accurate results near the walls where thermal transfer was measured and
saved significant computational resources by reducing the number of cell in the domain center. Compared to other
refinement criteria, such as vorticity magnitude, temperature gradient may be considered more suitable to natural
convection problems since vorticity is present in several regions of the domain. Figure 6 shows velocity field at
simulation’s final time, where the gradients of velocity are evident nearly in all the domain. Therefore, vorticity
magnitude would be not an adequate refinement criteria since a fine mesh would be placed unnecessarily almost in
every place of the computational domain.

Figure 6. Central xz-slice with velocity field and the employed adaptive mesh in simulation’s  final time

Therefore,  natural convection simulations in cavities with height aspect ratio of one presented great advantages
using AMR compared to uniform grids. Temperature gradient was considered an ideal criteria refinement and accurate
results confirmed the quality of mesh resolution. 

7. Benchmark between simulations with uniform grid and AMR for a cavity with height aspect ratio of two

Natural convection simulations were performed in a cavity with height aspect ratio of two using AMR or uniform
grid. The physical model employed was exactly the same from the previous subsection; however, the cavity presented
now height aspect ratio of two. Table 3 shows data from AMR and uniform grid simulations performed. 
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Table 3. AMR efficiency for  the simulation with Ra = 2x10³ considering cavity’s height aspect  ratio of 2

Grid configuration Number of cells Time (h)

Uniform grid 4,194,304 121

AMR 423,872 115

AMR simulations employed significantly less computational cells compared to the uniform grid simulation. The
number of cells used in AMR simulation was approximately ten times lower than the number used in uniform grid
simulations. On the other hand, the time required to run the simulations was very similar between the two different
mesh configurations. Figure 7 shows the temperature field and the mesh at simulation’s final time.

Figure 7. Temperature field and mesh configuration at simulation’s final time.

Figure 7 exhibited a large central region of the domain with a course grid and only small regions close to the heated
walls  using  a  fine  grid.  Again,  temperature  gradient  is  presented  as  an  adequate  refinement  criteria  for  natural
convection problems since a large region in the domain center was solved with a course grid and a fine mesh was used
near the high gradients, particularly near the walls, where thermal transfer rate is computed. Height aspect ratio did not
influenced on the mean number of cells employed in AMR, since, the number of cells using AMR was 10 times lower
compared to the uniform grid simulation for height aspect ratio of one and two. On the other hand, time required to run
the simulations using AMR or uniform grid were not similar for both height aspect ratio probably due to numerical
difficulties of convergence in multigrid-multilevel solver. Figure 8 shows velocity field in order to exhibit the gradients
of velocity spreaded in several regions of the domain.   
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Figure 8. Velocity field and mesh configuration at simulation’s final time.

According to the velocity gradients seen in Fig. 8, vorticity would be not suitable to guide refinement mesh in time
in natural convection problems since it would unnecersarly refine large regions in the center of the domain. Therefore,
the different height aspect ratio of the cavity did not changed the capability of temperature gradient to guide correctly
mesh  refinement  in  time.  In  addition,  accurate  results  were  obtained  between  AMR and uniform grid  for  all  the
simulations performed.

8. CONCLUSIONS

Adaptive mesh refinement used in the simulations of natural convection promoted time saving, by limiting the need
of uniform grid in the whole domain. Large computational costs were saved when using adaptive mesh refinement
because of the considerable reduction on the number of cells needed.

 In addition, accurate results of thermal transfer rate were found when using adaptive mesh. Temperature gradient
was a relevant refinement criteria to the numerical simulations of natural convection since it promoted the reduction of
computational cells and saved time and computational power required.
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