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Abstract. This work presents energy harvesting application using a two-degrees-of-freedom portal frame platform with 

a nonlinear energy-sink device coupled to its supported beam, considering its horizontal motion. The nonlinear energy-

sink (NES) device consists of a mass-spring-damper system, whose damping is viscoelastic, i.e., considered as a 

hysteretic damping. The portal frame has two-to-one internal resonance, which presents saturation phenomenon, 

partially transferring the vibration energy from one to other mode of vibration. The presence of the phenomenon 

allows the energy harvesting from the column vibration, which will receive the surplus vibration because of saturation. 

The energy harvesting is investigated in this case using a nonlinear piezoelectric material. The governing equations of 

motion of the system was derived by using the energy method of Lagrange considering the whole system coupled each 

other and nonlinear. The results showed with the hysteretic damping of the NES, the system became chaotic and the 

energy harvesting almost doubled. 

 

Keywords: hysteretic damping, nonlinear energy-sink, saturation phenomenon, portal frame structure, energy 

harvesting 

 

1. INTRODUCTION 

 

Recently, the efforts to improve the energy harvesting of environment sources have been increased substantially. 

Many of them are constantly explored and there is a powerful level of energy to be extracted. The kinect energy is one 

of the most powerful means of energy due to its easily way to be found and explored. Generally, the kinect energy is 

extracted from the vibration of some structures which are, many times, developed to this reason (Rocha, 2016). 

However, there are many kinds of devices which are capable to convert this kind of energy into electrical energy. 

Among such possible energy harvesting devices, the piezoelectric materials have been used as a common energy 

transducer due to their significantly response for stimulus of different physical natures (Preumont, 2006; Priya and 

Inman, 2009). In energy harvesting area, these materials have been used as a low-power energy device converting 

vibration energy into electrical energy, whose technique of energy harvesting have been studied by (Stephen, 2006; 

Syta, et al., 2015; Stanton, et al., 2010; Jalili, 2009), among others. However, PZTs have been demonstrated to be 

nonlinear in the aspect of relation between strain constant and the electric field (DuToit and Wardle, 2007; Twiefel, et 

al., 2008), which was experimentally verified (Crawley and Anderson, 1990). Besides, an approximation between the 

results of a nonlinear model to the experimental results was developed considering two coefficients that are linear and 

nonlinear piezoelectric coefficients, whose approximation is an adjust to the experimental curve (Tripplet and Quinn, 



R.T. Rocha, J.M. Balthazar, A.M. Tusset and F.C. Janzen 
Energy Harvesting by applying a Hysteretic Damped NES Device into a Portal Frame Platform of two-degrees-of-freedom 

 

2009). The nonlinear coefficient influences the final result of the energy harvesting, i.e., depending on its value, there 

will be gain or loss of energy (Rocha, 2016; Iliuk, et al., 2013a, 2013b, 2014; Balthazar, et al., 2014). An overview of 

the nonlinearities presented by the piezoelectric material was carried out (Daqaq, et al., 2014). 

Introducing the PZT transducer on a vibrating structure, it is possible to convert such vibration energy into electric 

energy. However, depending on the configurations of the structure, it may possess certain nonlinearity presenting a 

different kind of behaviour. Particularly, a structure of two-degrees-of-freedom with quadratic stiffness, when excited in 

resonance by an external excitation and possesses a two-to-one internal resonance between its two modes of vibration, 

i.e., a phenomenon, called saturation, may occurs. Besides those resonant conditions, when the amplitude of excitation 

is small, only the second mode is excited. As the amplitude reaches a critical value, which depends on the damping, the 

excited mode becomes saturated and the vibration energy “spills over” into the other mode, and transfer part of that 

vibration energy into the other mode that begins to vibrate. This is the saturation phenomenon described by many 

authors, for example, in Refs. (Rocha, 2016; Nayfeh, 2000; Nayfeh and Mook, 2008; Mook, et al., 1985; Mankala and 

Quinn, 2004; Quinn, 2007; Rocha, et al., 2016a, 2017a; Golnaraghi, 1991; Oueini, 1999; Oueini, et al., 1997; Pai et al., 

1998, 2000; Balthazar, et al., 2003; Felix, et al., 2005, 2014; Tusset, et al., 2015). 

External excitation in environment are very common due to wind, vehicle traffic, and etc. In this way, to simulate 

such excitations, electromechanical devices were developed to be used as an external exciter. One of them is the 

electro-dynamical shaker which has been used by several authors considering a harmonic kind input voltage (Xu, et al., 

2005,2007; Lee, et al., 2008; Avanço, et al., 2015; Felix, et al., 2016; Tusset, et al., 2017). 

Many kinds of structures may present undesired dynamical behaviours, for example, chaotic behavior, or even a 

continuously periodic behavior although with lower amplitude. With that, there are some kind of control strategies 

which could eliminate the chaotic behaviour or even increase the amplitudes of periodic vibrations. A most used control 

strategy is the passive control strategy using a nonlinear energy-sink (Vakakis, et al., 2008; Gendelman, et al., 2001; 

Rocha, et al., 2016b, 2016c, 2017b), which is a passive device, without the need of any electronic component, and is 

coupled directly on a structure, making possible to pump energy into the system. These kinds of device have 

demonstrated a very good performance from control chaotic behavior to improve amplitudes of vibration, due to its 

spring-mass-damper configuration. 

Therefore, this work presents an energy harvesting application using a two-degrees-of-freedom portal frame 

platform with a nonlinear energy-sink device coupled to the supported beam, considering its horizontal motion.  

Next section shows the mathematical and physical model to be studied and its governing equations of motion. 

 

2. PHYSICAL MODEL AND MATHEMATICAL MODELLING 

 

The two-degrees-of-freedom portal frame platform consists in the same of (Rocha, 2016) which is a supported beam of 

length L pinned to two columns with height h that are clamped in a base with mass m0. The beam and columns are 

considered as a concentrated mass, which are M and m, respectively, whose masses are of two-degrees-of-freedom that 

is the vertical and horizontal motion. The coordinate q1 is related to the horizontal displacement in the sway mode, with 

natural frequency ω1, and q2 to the mid-span vertical displacement of the beam in the symmetric mode, with natural 

frequency ω2. The linear stiffness of the columns and the beam can be evaluated by a Rayleigh-Ritz procedure using 

cubic trial functions. Geometric nonlinearity is introduced by considering the shortening due to bending of the columns 

and of the beam. 

The nonlinear energy-sink (NES) device consists in a mass m4 coupled to the mid-span of the beam through a 

nonlinear cubic spring kn = knlx3 and a damp Hi, whose damping is viscoelastic, i.e., considered as a hysteretic damping 

(“i” imaginary). In addition, its motion is directed to the horizontal motion in order to tune the horizontal displacement 

of the portal frame, looking for a way to improve the energy harvesting. The application of the NES in a base-excited 

portal frame was studied in (Rocha, et al., 2016b), showing the influence of the NES in the energy harvesting. 

Therefore, a piezoelectric material is coupled to a column in order to convert the high amplitudes of column 

vibration energy into electric energy. The piezoelectric material is considered as a nonlinear device proposed by 

(Tripplet and Quinn, 2009). The authors defined an approximation of the theoretical model to experimental results as 

d(q1) = θ(1+Θ|q1|), where θ is the linear piezoelectric strain coefficient and Θ is the nonlinear piezoelectric strain 

coefficient. Its representation is a RC circuit with capacitance Cp, resistance Rp and electrical charge Qp. 

In this case, the base is excited by a non-ideal source which consists of an electro-dynamical shaker, considering its 

electrical and mechanical parts. The electrical part of the shaker consists of an electrical circuit RL with resistance R0, 

inductance L0 and an electric charge Qs0. The input voltage of the shaker represents the induced external force in the 

base, that is Fext = e0cosωnt, where e0 is de amplitude of the external excitation and ωn is the frequency of the external 

excitation. The external frequency is set near resonance with the second mode, which is the twice of the frequency of 

the first mode, i.e., ωn ≈ ω2 + σ2 and ω2 ≈ 2ω1 + σ1. Such resonant conditions are set to saturation phenomenon appear. 

The mechanical part of the shaker consists of its base with mass m0, stiffness k0 and damping c0 with displacement 

represented by S0. 
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Figure 1. Portal frame platform excited by an electro-dynamical shaker with a nonlinear piezoelectric material coupled 

to a column and a nonlinear energy sink coupled to the mid span of the beam 

  

2.1 Modelling of the portal frame system 

 

Nodal displacements, shown in Fig. 1, are given by Eq. (1). 

 

2 2
1 1 2 1 1 3 1 1

2 2
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2 2
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     

       (1) 

 

where A = 6/5h and B = 24/5L. The stiffness of the beam and column calculated by the Rayleigh-Ritz method are, 

respectively, kb = 48EI/L3 and kc = 3EI/h3. 

The generalized coordinates are the displacements of the concentrated mass at the mid span of the beam M. Using 

nodal displacements of Eq. (1), the kinetic energy is denoted by Eq. (2). 
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Introducing the generalized coordinates q1 and q2, the kinetic energy becomes to Eq. (3). 
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The potential energy of the system is given by the strain energy of the structure, the cubic nonlinear strain of NES 

device, the viscoelastic damping, which is considered as a complex stiffness, the work of the weight of the masses of 

the beam and columns and by the electrical potential part of the piezoelectric circuit with the contribution of the 

piezoelectric and the capacitor, resulting in Eq. (4). 
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Substituting Eq. (1) into Eq. (4), in terms of the general coordinates q1, q2, q3, Qp and Qs, the potential energy 

becomes to Eq. (5).  
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According to (Rao and Yap, 2011), the complex term of viscoelastic damping can be represented as an equivalent 

real damp H/ω1, i.e., an approximation of the complex term to harmonic excited systems whose damp term depends on 

the natural frequency. As the NES moves in horizontal direction, it is considered the natural frequency of the horizontal 

motion of the portal frame. Next, the energy dissipation of the system is considered by comprising the structural and 

NES damping defined by a Rayleigh function and the resistance of the electrical circuits. Then, the energy dissipation 

function is denoted by Eq. (6). 
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The harmonic excitation force is given by (7). 

 

Qext = e0cos(ωnt)           (7) 

 

The Lagrangean function is defined by Eq. (8). Substituting Eqs. (3) and (5) into Eq. (8), the Lagrange’s function is 

given by Eq. (9). 
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In the following, using Euler-Lagrange, Eq. (10), the equation of motion of the system are developed and denoted 

by Eqs. (11)-(16). 
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where I = dQs/dt. 

For a better analysis, a dimensionless process is carried out, resulting the dimensionless equations of motion of the 

system given by Eqs. (17)-(22) 
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where the dimensionless parameters are 
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To calculate the harvested power of the considered system, Eqs. (24) and (25) are given as dimensional and 

dimensionless harvested power, respectively. 

 
2P RQ              (24) 

 
2

0P R V               (25) 

 

where R0 = R(ω1q0)2. 

The average power of the system can be calculated by Eq. (26), as in (Triplett and Quinn, 2009; Iliuk, et al. 2013). 
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Next, section 3 will show some numerical simulations with and without the NES device, considering the nonlinear 

piezoelectric contribution fixed in Θ = 0. 

 

3. NUMERICAL SIMULATIONS 

 

The numerical simulations were carried out using the 4th order Runge-Kutta method. The parameters are described 

in Tab. 1 

 

Table 1 - Dimensional System Parameters (Rocha, 2016) 

 

Parameters Values Means  kn [N/m3] 74 Nonlinear NES Stiffness 

g [m/s²] 9.81 Gravity aceleration k0 [kg/m] 86176 Base Stiffness 

M [kg] 2.00 Beam Mass L [m] 0.52 Beam Length 

m [kg] 0.50 Column Mass h [m] 0.36 Column Length 

m4 [kg] Vary NES Mass Rp [kΩ] 100 Piezoelectric Resistance 

c1[Ns/m] 1.55 Column Damping Cp[μF] 1 Piezoelectric Capacitance 

c2[Ns/m] 3.14 Beam Damping ωn [rad/s] 148 Frequency of the shaker 

H[Ns/m] 14.7 NES Damping θ 0.3 Linear Piezoelectric Coefficient 

c0[Ns/m] 534 Base Damping Θ 0 Nonlinear Piezoelectric Coefficient 

EI [Nm²] 128 Linear Stiffness  e0[V] 40 External Excitation Amplitude 

L0 [mH] Inductance of the shaker  R0 [Ω] 0.3 Electric resistance of the shaker 

    K[N/A] 130 Electromagnetic force of the shaker 

 

The parameters of Tab. 1 will be considered as default values, except the of the NES’s mass, which will be varied. 

Next section will show the numerical simulations. 

 

4. NUMERICAL SIMULATIONS AND DISCUSSIONS 

 

In this section, the numerical simulations will be presented analyzing only the portal frame motions and the 

harvested power from the piezoelectric material. First, the dynamics and energy harvesting of the portal frame without 

the NES device will be presented to be compared when the NES is coupled. Such dynamical analyses will be through 

time histories of displacements, Poincaré maps and phase planes. 

Afterwards, NES will be coupled and the dynamics and energy harvesting of the portal frame is again analyzed by 

using parametric variation of the NES, bifurcation diagram and Lyapunov’s exponent. 

 

4.1 Dynamics and energy harvesting of the portal frame without NES 

 

In this subsection, the dynamical behaviour of the system without NES will be presented. 

Figures 2a and 2b show the time histories of horizontal (in red) and vertical (in black) displacements and harvested 

power, respectively, without the NES coupling. Due to the resonant conditions, saturation occurred in vertical 

displacement, partial-transferring its vibration energy and the exceeding vibration due to external excitation to the 

horizontal displacement. As the amplitude of vibration of horizontal motion became higher than the vertical one, the 

energy harvesting became possible. It is noted in Fig. 2b that the average harvested power in this configuration is 80.99 

amount of power. 

Figures 2c and 2d shows the phase planes (in black) and Poincaré map (in red) of the horizontal and vertical 

motions, respectively. The behaviour of the system showed to be periodic, i.e., the best behaviour to harvest energy 

using a piezoelectric material.   
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(a)                    (b) 

                
             (c)                (d) 

 

Figure 2. Time histories of (a) horizontal (in red) and vertical (in black) displacements and (b) harvested power; Phase 

planes (in black) and Poincare maps (red dots) of (c) horizontal motion and (d) vertical motion; without NES 

 

Next, the analysis of the system considering NES will be carried out in the next subsection. 

 

4.2 Dynamics and energy harvesting of the portal frame with NES 

 

Considering the mass of the NES as a powerful tuner due to its direct influence in the behaviour of the system some 

variations considering the interval of 0 ≤ m4 ≤ 1.0 [kg] were carried out.  

Figures 3a and 3b show a parametric variation and a bifurcation diagram of m4 considering the interval 0 ≤ m4 ≤ 1.0 

[kg]. It is observed that, with the hysteretic damping the system had irregular motions that may be quasiperiodic or 

periodic behaviours. However, even with irregular motion, the harvested power almost doubled beginning from 80.99 

up to 161.57 (m4 = 0.502kg). 

 

 
 (a)                                                                     (b) 

Figure 3 – (a) Parametrical variations of m4 related to the average harvested power; (b) Bifurcation diagram of 

m4 

 

Due to the high amount of power in the irregular, it is important to study what kind of behaviour is the irregular 

motion. Therefore, choosing the mass of the NES as m4 = 0.4kg, which is a value in the middle of the irregular motions, 

a deep analysis of the behaviour of the system is performed. 



R.T. Rocha, J.M. Balthazar, A.M. Tusset and F.C. Janzen 
Energy Harvesting by applying a Hysteretic Damped NES Device into a Portal Frame Platform of two-degrees-of-freedom 

 

Figure 4a show the time history of horizontal (in red) and vertical (in black) displacements. It is possible to observe 

the irregular motion. Even with the irregular motion the average harvested power is 132.00 (Fig. 4b), approximately, 

whose value is higher than the value without the NES (80.99). Figures 4c, 4d, and 4e show the Lyapunov’s exponent 

analysis, and Poincaré maps of horizontal (Fig. 4d) and vertical (Fig. 4e) motions, respectively. As Lyapunov’s 

exponents showed two positives values, and the Poincaré maps showed infinite cycles, the behaviour of the system 

showed to be chaotic.   

  

 
          (a)                                                        (b)                                                         (c) 

 
         (d)           (e) 

 

Figure 4. Time histories of (a) horizontal (in red) and vertical (in black) displacements and (b) harvested power; (c) 

Lyapunov’s exponent; phase planes (in black) and Poincaré maps (red dots) of (d) horizontal motion and (e) vertical 

motion; considering m4 = 0.4kg 
 

5. CONCLUSIONS 

 

In this work, the dynamics and energy harvesting of a portal frame platform with a NES device, considering a 

hysteretic damping, through a piezoelectric material, were analyzed. 

Due to the hysteretic damping of the NES, the system showed chaotic behaviours with a higher amount of power. 

Moreover, the use of these kind of passive control strategies eliminates the use of active or semi-active controllers 

which is necessary to spend some energy, what is unfeasible to energy harvesting systems. 

The piezoelectric energy harvesting is usually maintained with periodic behaviour due to the complexity of electric 

components to process the signal of chaotic behaviour. However, as the NES is a control strategy and improved the 

energy harvesting, it changed the behaviour of the system, and showed that it is worth to study the energy harvesting 

from chaotic behaviours.  
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