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ABSTRACT

This work describes a methodology to design optimal lightweight structures comprised of a hollow-sphere cellular

material. The objective is to minimize the structural volume while respecting strength limits associated to this specific

type of micro structure. The effective elastic properties of the cellular material are obtained by means of the homogeniza-

tion by asymptotic expansion and the failure criteria is the well-known Tsai-Wu stress criteria. Computational simulation,

by using commercial software, is carried out to simulate mechanical testing using a hollow sphere material in order to

obtain the limit average macroscopic stresses. Thus, by varying the geometrical parameters of the hollow spheres it is

possible to adjust equations relating the effective properties of the media to these parameters, as well as equations relating

the strength parameters. The Augmented Lagrangian method is used in order to solve the constrained problem and as

optimization solver, a modified descent direction algorithm is adopted. The results show that the optimal distribution of

hollow spheres is consistent with the expected material distribution.

Keywords: Cellular materials, Hollow sphere structures, Topology optimization
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1. INTRODUCTION

Hollow sphere structures are a novel lightweight microstructure in the class of cellular materials.

The engineering application of such kind of material has been growing extensively in the past years,

encouraging the research on this particular area of solid mechanics.

This kind of material can be used in order to provide very specific characteristics, such as a good

thermal insulation, the potential to absorb high amounts of energy, besides being able to being used

for noise control and vibration damping. [1]

A crucial factor that makes this a very unique class of material is that they can be manufactured

from a broad range of materials and can be assembled in a periodic structure with a relatively small

amount of imperfections. [2]

Despite the large number of works concerning aspects such the thermal conductivity of hollow

sphere structures, few can be found in a structural context. Since this material can be used as a

multifunctional material, the motivation of this work is to address the mechanical behaviour, using

a linear elastic consideration, of this kind of structure and its optimization. This opens a possibility

of the use of this kind of material, for instance, for thermal applications and simultaneously as a

structural component.

1.1 Outline

The present work aims to develop an optimization algorithm in order to obtain the optimal dis-

tribution of hollow spheres in a given domain in order to minimize its volume, respecting a local

stress constraint. A preliminary study is made by using a cantilever beam as example and to show the

consistency of the algorithm.

It is considered that the mechanical behaviour of every finite element of the mesh is described by

a pair of geometrical parameters, the inner and outer diameters of a hollow sphere. By using the

homogenization by asymptotic expansion it is possible to find the effective elasticity properties of a

media formed by this kind of material. By varying these geometrical parameters, equations relating

the effective fourth order elasticity tensor to the geometrical parameters are obtained.

The phenomenological Tsai-Wu stress criteria is used as failure criteria. The strength parameters

of the method are obtained through a commercial software and, as for the elastic constants, equations

relating the strength parameters to the geometrical parameters of the hollow spheres are obtained.

The volume of the structure is considered as objective function and as constraint, every element

of the mesh must satisfy the Tsai Wu failure criteria. The Augmented Lagrangian method is used to

solve the constrained problem.

To this end, this work is organized as follows:

• The main concepts used for the determination of the effective properties of a cellular material

are presented. The model used to describe the material model is shown as well as the finite

element discretization used in order to obtain the elastic properties of the media. The Tsai Wu

failure criteria is briefly explained and the model adopted to obtain the strength parameters is

shown;

• The formulation of the optimization problem is addressed. The objective function and the

constraint are presented. The derivatives of the Augmented Lagrangian function in regard to

the design variables are obtained;

• The preliminary result is presented and discussed;

• The main conclusions.
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2. Properties

The effective properties of the hollow sphere structure are obtained through the homogenization

by asymptotic expansion and the strength parameters were obtained using a commercial software.

The model adopted to describe the representative volume element is shown in figure 1, in which

two adjacent spheres are connected by a flat area. This model has two geometrical parameters, the

outer diameter ρo and the inner diameter ρi and the flat area is a function of both diameters.

Figure 1. Representation of the hollow sphere model (cross section).

2.1 Elastic Properties

In the context of linear elasticity, the effective properties of a periodic media can be found by using

the homogenization by asymptotic expansion in two or more scales. This method is based on the

assumption that a base cell, or representative volume element (RVE) repeats itself periodically in the

whole domain. This method allows to obtain the macroscopic of a heterogeneous media by analysing

only the cell domain, requiring much less computational effort to solve the problem. As shown by

[3], the effective properties of composites with a periodic structure are better approximated using the

homogenization by asymptotic method rather than other theories presented in the literature.

This method follows three basic considerations [4]. The first one divides the problem into a macro-

scopic and a microscopic scale. Both scales are related by a small parameter ε in the form

y =
x

ε
, (1)

where x and y are, respectively, the coordinates into the macroscopic and microscopic levels, render-

ing the microscopic scale very small regarding the macroscopic scale. The second one demands that

the displacement field of the media can be written in an asymptotic expansion form as

uε (x,y) = u0 (x,y)+ εu1 (x,y)+ ε2u2 (x,y)+ . . . , (2)

where uε is the total displacement field and u0, u1 and u2 are the contributions on the displacement

of the media of the macroscopic scale, microscopic scale and eventually smaller scales. The third one

demands that the displacements on the boundaries of the RVE are periodic, rendering the displacement

field on opposite sides the same.

The theoretical background of the method is well established in the literature [5], [6], [7]. A general

elasticity problem consist in, basically, finding a characteristic displacement field, χ, by using

∫

Y
Ci jpq

∂ χkl
p

∂yq

∂vi

∂y j
dY =

∫

Y
Ci jkl

∂vi

∂y j
dY , (3)

where C is the fourth order elasticity tensor of the base material, Y is the vector containing the dimen-

sions of the base cell, y is the position vector in the microscopic level and v is a virtual displacement.

The periodic displacement field is used in

CH
i jkl =

1

|Y |

∫

Y

(

Ci jkl −Ci jpq

∂ χkl
p

∂yq

)

dY , (4)
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where CH is the homogenized fourth order elasticity tensor, in order to find all the 21 elastic constants

of the media. The indexes i, j, k, p, q and l can assume values between 1 and 3 and, in order to obtain

all the elastic constants, the characteristic displacement field must be found for the cases kl = 11,

kl = 22, kl = 33, kl = 12, kl = 23 and kl = 13.

2.1.1 Effective Elasticity Properties

For the determination of the homogenized fourth order tensor, a computational code based on

the finite element method was written in order to solve the integral equations shown in the previous

section. The numerical development of the homogenization by asymptotic method can be found in

[8] and [9].

The element used in the discretization is the Trilinear Isoparametric Hexahedral Element with

incompatible modes. As shown by [10], the addition of the incompatible modes increases the accuracy

of both displacement and stress fields. Also, this element does not affect the assembly of the global

stiffness matrix compared with usual Hexahedral element, since the sizes of the local matrices, for

both cases, are the same.

An unitary cube is considered for the domain and, for sake of simplicity, the whole domain is

divided into a structured finite element mesh and a interpolation scheme is adopted in order to set the

properties for both void and solid elements. A constant centroidal value, ρv, is associated to every

element of the mesh as,

Ce = ρe
vC

0, (5)

where Ce is the effective property of the e-th element of the mesh, C0 is the base material property

and ρe
v is a pseudo density associated to the e-th element of the mesh. For a solid element, the pseudo

density assumes an unitary value, rendering the property of this element the property of the base

material. For a void element, the pseudo density assumes a vary small value, rendering the influence

of this element on the assembly of the global matrices negligible.

The finite element model used to discretize the RVE is shown in figure 2, in which the whole base

cell is shown in the right and a cross section is shown in the left. The void elements were suppressed

for the visualization. A mesh of 100× 100× 100 elements was chosen after a proper convergence

analysis.

Figure 2. Finite element model. Entire RVE (left). Cross section (right).

y

z x

y

z x

As base material, an aluminium alloy was chosen, since this material is commonly used in rapid

prototyping processes [11]. The properties used are shown in table 1.

Table 1. Mechanical properties of the base material (Aluminium)

Young Modulus [GPa] 70.0

Poisson 0.33

Void Density 0.001

Yield Strength [MPa] 240.0
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By varying the geometrical parameters of the model, it is possible to set an equation relating them

to an effective property of the media formed by the repetition of hollow spheres. The range adopted

in this work is

1.09 ≤ ρo ≤ 1.2
ρo −0.2 ≤ ρi ≤ ρ0 −0.01,

(6)

in which the RVE has unitary dimension. For all combinations of parameters, the homogenized

constitutive tensor has the form

CH =

















CH
1111 CH

1122 CH
1133 0 0 0

CH
2222 CH

2233 0 0 0

CH
3333 0 0 0

CH
1212 0 0

CH
2323 0

sym. CH
1313,

















(7)

where CH
1111 =CH

2222 =CH
3333, CH

1122 =CH
1133 =CH

2233 and CH
1212 =CH

1313 =CH
2323. The shear components

can not be related to the normal and coupled components, which indicates a cubic symmetry on the

tensor.

As an optimization procedure is addressed and a gradient method was chosen, a continuous equa-

tion must be found to adjust the discrete set of points obtained in the simulations. Thus, the least

square method is used to adjust a polynomial function to these points and the relations obtained are

CH
1111 (ρi,ρo) = 216.82ρo

3 −20.83ρiρo
2 −348.38ρo

2 −588.11ρi
2ρo +847.58ρiρo −183.31ρo

+ 326.72ρi
3 −266.65ρi

2 −92.39ρi +108.94 [GPa] , (8)

CH
1122 (ρi,ρo) = 1148.55ρi ρo

2 −671.20ρo
3 +282.47ρi

3 +280.89ρi
2 +263.22ρi−833.54ρi ρo

+ 1337.64ρo
2 −981.53ρi

2 ρo −1191.81ρo+366.79 [GPa] (9)

and

CH
1212 (ρi,ρo) = −8.13ρo

3 −2.44ρi ρo
2 +80.76ρo

2 +22.56ρi
2 ρo −117.16ρi ρo −26.55ρo

+ 23.46ρi
3 −81.61ρi

2 +157.47ρi −48.40 [GPa] , (10)

The equation relating the volume fraction of an element to the geometrical parameters is

fv (ρi,ρo) = 0.80ρo
2 +0.73ρi ρo −0.67ρo−1.68ρi

2 +1.00ρi −0.19. (11)

2.2 Strenght Properties

As it is considered that, for every finite element of the mesh, a pair of design variables is associated

to, it is possible to find the fourth order elasticity tensor for all elements. With these tensors, it is

possible to find the macroscopic stress field for every element of the mesh by using the standard

finite element method approach. Thus, the idea is to predict if the microscopic structure related to

an element of the mesh fails under a certain stress field. As a cellular material can be seen as a

particularity of a composite, the phenomenological Tsa-Wu failure criteria [12] is used. In the present

work, the strength parameters used in the method, generally obtained experimentally, are obtained

through numerical simulation. Thus, both a tensile and a shear tests are simulated and the maximum

allowed stress are obtained from the simulation.

It is considered a failure surface in the form

Φ(σ) = F Tσ+σTMσ, (12)
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in which σ is the stress field that a given point of the domain is subjected. The failure is reached when

the right hand side of this equation is equal or greater than one. F and M are strength tensors and,

due to the symmetries in the model, can be written as

F T =
[

F1 F1 F1 F4 F4 F4

]

(13)

and

M =

















M11 M12 M12 0 0 0

M11 M12 0 0 0

M11 0 0 0

M44 0 0

M44 0

sym. M44

















, (14)

in which the therms of these tensors can be written as an expression of basic strength parameters as

F1 =
1

X t
1

− 1

X c
1

, (15)

F4 = 0, (16)

M11 =
1

X t
1X c

1

, (17)

and

M44 =
1

S2
, (18)

where X t
1 is the failure stress in a principal direction, X c

1 is the compressive failure stress in the same

direction and S is the failure shear stress in a principal plane.

The component M12 can not be written in therms of these basic parameters, and, as shown in [13]

it can be approximated by

M12 =−1

2

√
M11M22. (19)

2.2.1 Numerical Model

A numerical model using a commercial finite element software was used to obtain stresses on a

unit cell from a set of geometries aiming to achieve a correlation between the geometry parameters

(external and internal diameters) with the stress on the top face.

The model showed in the Figure 3, consists of quadratic shell elements with 6 degrees of freedom

per node (Abaqus S8R element). A convergence analysis was conducted and models with 5800

elements or more are mesh independent. Additionally, every unit cell tested had the same length

(0.5mm). This value is used to keep the microscopic scale within 5 : 1 relative to the speciment size

(250×25×2.5mm in the ASTM D3039).
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Figure 3. Computational model.

Two kinds of mechanical tests were simulated with this numerical model: a tensile test and a shear

test. Furthermore, for each test, 25 different geometries were analysed covering the range for the

internal and external diameters shown in equation 6.

For the tensile test, a displacement was imposed on the top surface and as boundary conditions one

has the bottom face crimped and the side faces blocked its displacement in the normal direction to

impose the condition of periodicity. On the other hand, the boundary conditions for the shear test were

the blockage of bottom face in X direction and side faces in Y direction. Additionally, the shear loads

were imposed on the top and side faces. More details about the boundary conditions and properties

evaluations are extensively discussed in [14, 15, 16, 17].

For all cases addressed, an average stress, given by the total amount of force applied in the moment

that any element of the model reaches the maximum tensile stress, by the area of the face of the

domain is calculated. This measure, for traction, compression and shear, are the strength parameters

of the Tsai Wu failure criteria. Thus, when the macroscopic stress field reaches the Tsai Wu limit, the

microscopic media collapses. This can be seen as an apparent stress that, in the macroscopic domain,

causes the failure in the microscopic domain. Figure 4 shows the von Mises field at the micro structure

for the tensile and for the shear test.

Figure 4. Von Mises stress field obtained in the micro structure, for the tensile and for the shear test.

By using the least square method to adjust equations relating the geometrical parameters of the

base cell to the apparent strength parameters one get

X t
1 (ρi,ρo) = −621.78ρ3

o −460.78ρiρ
2
o +3265.36ρ2

o −537.40ρ2
i ρo +1376.67ρiρo −4660.24ρo

+ 477.78ρ3
i −717.95ρ2

i +168.15ρi +1713.52 (20)

and

S (ρi,ρo) = 2204.09ρ3
o −609.49ρiρ

2
o −6558.69ρ2

o −646.36ρ2
i ρo +2228.93ρiρo +6280.75ρo

+ 398.11ρ3
i −317.90ρ2

i −935.77ρi−2047.62. (21)
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In this work the strength properties on traction and compression are considered the same. In order

to model a consistent compressive behaviour of this kind of micro structures, a nonlinear compressive

test should be performed.

3. Formulation

This section presents the main considerations concerning the optimization procedure.

The finite element method is used in order to obtain the equilibrium of the problem, as well as the

stress field. The Trilinear Isoparametric Hexahedral Element with incompatible modes is used.

The volume of the structure is chosen as objective function and, for every element of the finite el-

ement mesh, a stress constraint, evaluated at its centroid, is associated. This constrained optimization

problem is solved by using the Augmented Lagrangian method, which consists in solving sequential

unconstrained problems. This method adds a penalty factor and Lagrange multipliers to the objec-

tive function that, when the unconstrained problem reaches its minimum (internal loop), are updated

(external loop) following a certain rule.

The adjoint method is used to evaluate the derivatives of the Augmented Lagrangian function in

order to avoid the determination of the derivatives of the displacement field with respect to the design

variables.

3.1 Optimization definitions

The objective function is given by

n

∑
e=1

Ve f e
v (ρ) , (22)

where f e
v is the volume fraction of the e-th element of the mesh, ρ is the vector of design variables,

the inner and outer diameters associated to every element of the mesh and n is the total number of

elements.

Every element of the mesh must satisfy a local constraint, namely,

Φe (ρ)≤ 1 e = 1, . . . ,n, (23)

where Φe is the Tsai Wu failure criteria of the e-th element of the mesh.

Thus, the optimization problem can be set as

Minimize
ρ

n

∑
e=1

Ve f e
v (ρ)

Subject to Φe (ρ)≤ 1

(24)

with design variables respecting the side constraints presented in equation 6.

The Augmented Lagrangian function, herewith the adjoint method is given by

L (ρ) =
n

∑
e=1

Ve f e
v (ρ)+

n

∑
e=1

r

2
〈µe (ρ)

r
+Φe (ρ)−1〉2 +λT (K (ρ)U (ρ)−P ) , (25)

where r is a penalty parameters, µe is the Lagrange Multiplier associated to the e-th element of the

mesh, λ is the adjoint vector, K is the global stiffness matrix, U is the displacement field and P is

the load vector.

A basic density filtering scheme [18] is adopted. The design variables attached to an element e are

related to the variables of its neighbours as

Ne =
{

j,‖ c j −ce ‖≤ R
}

, (26)
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where c j is the centroid of the element j, ce is the centroid of the element e and R is a predefined

filtering radius. The dependency of the design variable to its neighbours can be post as

ρ̃e =
∑ j∈Ne

w
(

c j

)

Vjρ j

∑ j∈Ne
w
(

c j

)

Vj

(27)

where w
(

c j

)

is a linear decaying weighting function [19].

As optimization solver, the method proposed by [20] is used.

3.2 Sensitivity analysis

The derivatives of the Lagrangian Function, with respect to the m-th design variable is given by

dL

dρm
=

n

∑
e=1

Ve
d fe (ρ)

dρm
+∑

e

r
〈µe

r
+Φe −1

〉 dΦe

dρm
+λT dK

dρm
U +λK

dU

dρm
, (28)

where the derivatives of the Tsai Wu failure criteria are

dΦe

dρm
=

dF T
e

dρm
σe +F T

i

dσe

dρm
+2σT

e Me
dσe

dρm
+σT

e

dMe

dρm
σe. (29)

The derivatives of the strength tensors F and M can be obtained directly by equations 20 and 21.

The stress field is calculated by the usual finite element form in the centroid of the element and its

derivatives are given by

dσe

dρm

=
dCH

e

dρm

BeAeHeU +CH
e Be

dAe

dρm

HeU +CH
e BeAeHe

dU

dρm

(30)

where Be is the strain-displacement matrix of the e-th element of the mesh, calculated at the centroid

of the element, He is a localization matrix, which does the mapping between the global and local

vectors and Ae is a matrix used to include the information of the incompatible modes into the problem.

With all the definitions, the final Augmented Lagrangian form is

dL

dρm
=

n

∑
e=1

ae

{

dF T
e

dρm
σe +F T

e

(

dCH
e

dρm
BeAeHeU +CH

e Be
dAe

dρm
HeU +CH

e BeAeHe
dU

dρm

)

+ 2σT
e Me

(

dCH
e

dρm

BeAeHeU +CH
e Be

dAe

dρm

HeU +CH
e BeAeHe

dU

dρm

)

+σT
e

dMe

dρm

σe

}

+ λT dK

dρm
U +λTK

dU

dρm
+Vm

d f m
v

dρm
, (31)

where

ae = r
〈µe

r
+Φe −1

〉

. (32)

In order to avoid the costly evaluation of the derivatives of the displacement field, the problem is

divided in two. The vector, λ is obtained through the auxiliary problem given by

n

∑
e=1

ae

{(

F T
e +2σT

e Me

)

CH
e BeAeHe

}

+λTK = 0
T (33)
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and it is used in the direct problem, given by,

dL

dρm
= Vm

d f m
v

dρm
+am

{

dF T
m

dρm
σm +F T

m

(

dCH
m

dρm
BmAmFmU +CH

mBm
Am

dρm
HmU

)

+ 2σT
mMm

(

dCH
m

dρm
BmAmHmU +CH

mBm
dAm

dρm
HmU

)

+σT
m

dMm

dρm
σm

}

+ λT dK

dρm

U (34)

in order to evaluate the derivatives of the Augmented Lagrangian function. The derivatives of the

stiffness matrix can be obtained by

dK

dρm

=
∫

Ω
BT dC

dρm

BdΩ, (35)

and the derivatives of the fourth order elasticity tensor can be obtained analytically by equations 8,

9 and 10. The derivatives of the volume fraction of the m-th element of the mesh can be obtained

analytically through equation 11.

4. Preliminary Result

The optimal design of a cantilever beam with distributed load is used in to investigate the behaviour

of the proposed formulation. Figure 5 shows a side view of the design domain which is discretized

with 50× 10× 10 finite elements for an initial study. Thus, there are 10× 103 design variables and

5×103 stress constraints.

Figure 5. Cantilever beam with distributed load (side view).

5.0 m

1.0 m

80000.0 N/m500000.0N/m

The initial penalty parameter used is given by

r = 10
V0 (ρ0)

∑e 〈g0
e (ρ0)〉

, (36)

where V0 is the initial volume of the structure, ρ0 is the initial distribution of design variables and g0
e

is the initial constraint associated to the e-th element of the mesh.

The penalty parameter is updated by 10% when the internal loop of the algorithm reaches its

optimum value. The algorithm stops when all constraints are satisfied and the present inner loop

reaches the optimum value. The initial Lagrange multipliers are set as zero and are updated, for the

e-th element at k-th iteration, in each external iteration as

µk
e =

〈

µk−1
e + r

(

Φk
e −1

)〉

. (37)

In order to maintain a smooth spatial variation between the design variables, both the external and the

internal diameters are filtered. The length of the filter is 0.2m.
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Figures 6 and 7 show the spatial distribution of the design variables of the problem, the external

and internal diameters of the hollow spheres, respectively. It can be seen that the distribution of both

diameters are smooth, showing that the filtering scheme adopted is efficient. In order to make the

interpretation of the result easier, figure 8 shows the distribution of the volume fraction in each finite

element on the optimal solution.

Figure 9 shows the spatial variation of the Tsai-Wu criteria in the optimal solution. As it can be

seen, the failure criteria is not violated.

Figure 6. Optimal distribution of ρo.

Figure 7. Optimal distribution of ρi.
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Figure 8. Optimal distribution of fv.

Figure 9. Optimal distribution of Φ.

Figure 10 shows the convergence of the Augmented Lagrangian function in each internal iteration

of the algorithm. The first changes in the external loop are clearly seen in the discontinuities in

the convergence. This is explained by the form of the Augmented Lagrangian function, equation

24. In the first iteration, several constraints are active and represent a significant contribution in the

objective function. In the further iterations, the convergence becomes smoother and the tendency is

that all the constraint became inactive, rendering the Augmented Lagrangian function the volume of

the structure.
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Figure 10. Convergence of Augmented Lagrangian function
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Figure 11 shows the convergence of the Maximum value of Tsai Wu criteria in each internal iter-

ation. Again, it can be seen, in the first iterations, the change in the external loop of the algorithm,

represented by the regions where the convergence became more pronounced. In further iterations, the

value of the constraint increasingly comes closer to zero, rendering the convergence curve smoother.

Figure 11. Convergence of the Maximum value of Tsai-Wu failure Criteria
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It is interesting to note that for small volume fractions, the influence of the Tsai-Wu strength

coefficients are more important than the value of the effective stress at the point. Figure 12 shows the

ratio between CH
1111 and X t

1 with respect to the volume fraction, for ρo = 1.2. Thus, using an 1D model

as reference (where the stress is directly proportional to CH
1111 and X t

1 is the only strength parameter) it

can be seen that the optimization depends on a non obvious trend between the design variables. Also,

as the obtained parameterization resembles the relaxed stress parameterization obtained with the qp

approach [21], there is no need to impose an artificial relaxation.
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Figure 12. CH
1111/X t

1 with respect to the effective volume fraction, for ρo = 1.2
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5. Conlusion

This work addresses the optimal design of lightweight structures made of a hollow-sphere mate-

rial. To this end, the geometry of the micro structure is described by two design variables and the

homogenization by asymptotic approach is used to obtain the effective tensor of elastic properties.

The effective strength properties are modelled by the Tsai-Wu stress criteria, where the material co-

efficients are obtained by simulating a tensile and a shear test on this material.

The preliminary results show that the parameterization used and the optimization strategy are con-

sistent. The common singularity problem associated to stress constrains in the traditional SIMP pa-

rameterization is avoided since the parameterization is based in a consistent micro mechanical model.

With this model, it is possible to adjust different mechanical behaviours in traction, shear and

compression.
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