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Abstract: A three-node triangular finite element is formulated for the static theorem of limit analysis to 
discretize Reissner-Mindlin plates. The element satisfies the equilibrium equations and the mechanical 
boundary conditions in a weak sense, but satisfies rigorously the von Mises yield criterion in the bending 
moment and shear force space. The stated nonlinear convex optimization problems are cast as second-order 
cone programming and solved with the MOSEK interior-point optimizer. Benchmark examples illustrate that 
the convergence of the results with the proposed element may not be monotonic, or even from below, but very 
accurate results are soon reached. 
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ABSTRACT 

A three-node triangular finite element is formulated for the static theorem of limit analysis to discretize Reissner-
Mindlin plates. The element satisfies the equilibrium equations and the mechanical boundary conditions in a weak sense, 
but satisfies rigorously the von Mises yield criterion in the bending moment and shear force space. The stated nonlinear 
convex optimization problems are cast as second-order cone programming and solved with the MOSEK interior-point 
optimizer. Benchmark examples illustrate that the convergence of the results with the proposed element may not be 
monotonic, or even from below, but very accurate results are soon reached. 

 
Keywords: Reissner-Mindlin plates, lower bound, finite element, second-order cone programming 

 

1 INTRODUCTION 

In the design of structures, the maximum load to be resisted at the impending collapse must be 
evaluated. The ability of the methods to accurately estimate ultimate limit states depends on the 
fulfillment of theoretical requirements derived from continuum mechanics concerning the 
equilibrium, strain-displacement relations, constitutive behavior and boundary conditions. Under 
certain conditions, the theory of plasticity allows lower and upper bound predictions of the collapse 
load by means of the static and kinematic theorems, respectively [1]. Coupling these theorems with 
the finite element method, as originally proposed by Hayes and Marçal [2], Hodge and Belytschko 
[3] and Lysmer [4], gives rise to large-scale constrained optimization problems which can be solved 
by means of mathematical programming. 

The usefulness of this very powerful procedure was limited initially by the lack of robustness 
of the algorithms that were available for solving large-scale problems and by the low computational 
capability. Considerable challenge has been posed and significant progress has been made over the 
years [5-14]. Now, efficient predictions of the collapse load can be made and the procedure has 
become a simpler alternative to elastoplastic finite element approaches, which require the 
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computationally expensive effort of an evolutive analysis that follows the whole history of loading 
[15]. 

Part of these substantial advances, which has played a key role in the recent progress of limit 
analysis of plate structures [16-26], is related to solving large-scale nonlinear convex optimization 
problems [10-14]. The static approach of limit analysis was employed in [19, 20, 25]. Le et al. [19] 
utilized an adaptive element-free Galerkin method based on the Kirchhoff plate assumption. Le et al. 
[20] also considered Kirchhoff plates with an enhanced Morley element based on a second-degree 
moment field. Bleyer and de Buhan [25] employed semi-continuous generalized stress fields with 
quadratic interpolation of moments and linear interpolation of shear forces. Their formulation is 
addressed to Reissner-Mindlin plates. 

Little work has been devoted to thick plates. The work of Cecchi et al. [16] on masonry walls, 
for instance, considered a Reissner-Mindlin kinematic limit analysis finite element, in which 
dissipation is produced at the elements edges due to bending moment, torsion, and shear. In [21], 
quadrilateral finite elements have been proposed to solve the kinematic approach for thick plates 
adopting a mixed B-bar strain formulation to alleviate shear locking. More recently, shear locking is 
also alleviated by Le [24] approximating the displacement fields of a three-node triangular finite 
element using the discrete shear gap method in combination with an edge-based strain smoothing 
technique, while Nguyen-Thoi et al. [26] employed a cell-based strain smoothing technique. 

To the authors’ knowledge the only finite element formulation developed so far for the lower 
bound limit analysis of thick plates seems the one by Bleyer and de Buhan [25]. Since the moments 
are not interpolated linearly but quadratically, the adopted von Mises yield criterion is not satisfied 
pointwisely over the element in [25]. 

We propose herein a three-node triangular finite element for the lower bound limit analysis of 
Reissner-Mindlin plates. The element, which has its roots in the classic paper by Anderheggen and 
Knöpfel [27], satisfies the equilibrium equations and the mechanical boundary conditions on average 
and nowhere their generalized stress fields violate the adopted von Mises yield criterion. The 
formulation of the static theorem is then written within the framework of a nonlinear convex 
optimization technique, known as second-order cone programming (SOCP) [28]. Although a solution 
obtained with this equilibrium model is not a strict lower bound, very accurate results are reached. 

There is no analytical approach for the solution of general convex optimization problems, but 
there are very effective methods for solving them [29]. The interior-point method employed in this 
paper works extremely well in practice. It was developed by Andersen et al. [13] and implemented 
in the solver MOSEK to address nonlinear convex optimization problems, such as second-order cone 
programs. Predictions of the collapse load for some well-known plate problems are computed after 
the discrete problem is formulated as SOCP. Results are compared with exact or approximate 
solutions available in the literature. 

 

2 STATIC THEOREM 

The limit analysis relies on the assumption of an elastic-perfectly plastic material with a flow 
rule associated to a convex yield surface, and also on small displacement gradients so that the solid 
does not undergo large deformation at collapse. The lower bound approach follows the static theorem, 
which requires that the assumed stress field must satisfy the equilibrium equations, the mechanical 
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boundary conditions and the yield criterion everywhere. Under these idealized conditions, the 
computed limit load is a lower bound on the true collapse load [30]. 
 

2.1 Equilibrium Equations 

Let Ω be the region occupied by the midsurface of a Reissner-Mindlin plate subjected to a 
distributed transverse load ݍ. With the convention shown in Figure 1a, the plate bending is described 
by the equilibrium equations 

 
ࡹࡰ − ࡽ = ૙															ࡽ்ࢺ + ݍ = 0																																																																																																			(1) 
 

where ࡹ = උܯ௫			ܯ௬			ܯ௫௬ඏ
்

 collects the bending moments ܯ௫  ,௫௬ܯ ௬ and the twisting momentܯ ,
and ࡽ = උܳ௫			ܳ௬ඏ

்
 collects the shear forces ܳ௫ , ܳ௬ . The differential operators 

 

ࡰ =

⎣
⎢
⎢
⎢
⎡
߲
ݔ߲ 0

߲
ݕ߲

0
߲
ݕ߲

߲
⎦ݔ߲
⎥
⎥
⎥
⎤
ࢺ															 =

⎩
⎨

⎧
߲
ݔ߲
߲
⎭ݕ߲
⎬

⎫
																																																																																										(2)	 

 
refer to the orthogonal Cartesian coordinates ݔ and ݕ located in the plate midsurface [31]. 

 

 
Figure 1: Forces on the plate midsurface: (a) internal forces ܯ௫ ௫௬, ܳ௫ܯ ,௬ܯ ,  and ܳ௬ , and the 

external distributed transverse load ݍ; (b external forces ݉௫ , ݉௬  and ܳ acting on Γ୲. 
 

2.2 Mechanical Boundary Conditions 

Let Γ be the boundary of the domain Ω, with unit outward normal vector denoted by ࢔ =
⌊݊௫ ݊௬⌋் . In addition to (1), the moments and shear forces must also satisfy the mechanical 
boundary conditions 

 
ࡹࡺ	 = ࡽ்࢔															࢓ = ܳ																																																																																																																	(3) 
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on the portion Γ୲ of Γ on which the moments ࢓ = ⌊݉௫ ݉௬⌋்  and the shear force ܳ are prescribed 
(Figure 1b). Matrix 

 

ࡺ = ൤
݊௫ 0 ݊௬
0 ݊௬ ݊௫

൨																																																																																																																															(4) 

 
contains the components of ࢔. 

 

2.3 Yield Criteria 

The moments and shear forces should satisfy the von Mises yield criterion 
 
(ࡽ,ࡹ)݂	 ≤ 0																																																																																																																																												(5) 
 

written in the moment and shear force space [24-26]. Defining 
 

ெ݂(ࡹ) =
௫ܯ

ଶ + ௬ܯ
ଶ ௬ܯ௫ܯ− + ௫௬ܯ3

ଶ

଴ܯ
ଶ 															 ொ݂(ࡽ) =

ܳ௫ଶ + ܳ௬ଶ

ܳ଴ଶ
																																														(6) 

 
with ܯ଴ = ଴ℎଶ/4 and ܳ଴ߪ =  ,଴ℎ/√3 standing for the yield moment and shear force, respectivelyߪ
the von Mises yield function reads 

 
(ࡽ,ࡹ)݂ = ெ݂(ࡹ) + ொ݂(ࡽ) − 1.																																																																																																									(7) 
 

Thus, the yield criterion (5) takes the form 
 
൫ܯ௫ ௬൯ܯ−

ଶ
+ ௫ܯ

ଶ + ௬ܯ
ଶ + ௫௬ܯ6

ଶ

଴ܯ2
ଶ +

ܳ௫ଶ + ܳ௬ଶ

ܳ଴ଶ
≤ 1.																																																																								(8) 

 
The special cases 

 
൫ܯ௫ ௬൯ܯ−

ଶ
+ ௫ܯ

ଶ + ௬ܯ
ଶ + ௫௬ܯ6

ଶ

଴ܯ2
ଶ ≤ 1										

ܳ௫ଶ + ܳ௬ଶ

ܳ଴ଶ
≤ 1																																																											(9) 

 
correspond to the infinite shear (ܳ଴ → ∞) and pure shear (ܯ଴ → ∞) yield criteria, respectively. 

 

3 FINITE ELEMENT FORMULATION 

Suppose that the plate is divided into a number of triangular elements and treated as an assembly 
of them. To apply the equations (1) and (3) to a typical element Ω௘ shown in Figure 2, the definition 
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of the boundary should be extended to include ࡹۼ and ࡽ்࢔ continuity on the interelement portion 
Γ୧: 

 
ା(ࡹࡺ) + ି(ࡹࡺ) = ૙															(ࡽ்࢔)ା + ି(ࡽ்࢔) = 0																																																														(10) 
 

where the superscripts “+” and “” denote the two sides of Γ୧. 
 

 
Figure 2: Finite element Ω௘ with the unit normal vector ࢔ on its boundary Γ௘. 

 
Equations (1), (3) and (10) can be enforced to be satisfied on average over the element and on 

its boundary by means of 
 

න ൣ்(ࡽ−ࡹࡰ) + ࡽ்ࢺ)ݓ + ൧(ݍ ݔ݀ ݕ݀ −න ൣ்(ࡹࡺ (࢓− + ࡽ்࢔)ݓ −ܳ)൧ ݏ݀
௰೟ఆ೐

											 

−න ൣ்(ࡹࡺ) + ൧(ࡽ்࢔)ݓ ݏ݀
୻೔

= 0																																																																																																	(11) 

 
where  = උ௫ ௬ඏ

்
 and ݓ are arbitrary weight functions that are continuous across the element 

interfaces. The last integral, when considered jointly with those of the neighborhood elements, 
enforce (10). 

In view of the divergence theorem, we write 
 

න ்(ࡹࡰ)݀ݔ ݕ݀
ఆ೐

= න ்(ࡹࡺ)݀ݏ
௰೐

−න ݔ݀ࡹ்(்ࡰ) ݕ݀
ఆ೐

																														 

	න (ࡽ்ࢺ)ݓ ݔ݀ ݕ݀
ஐ೐

= න (ࡽ்࢔)ݓ ݏ݀
୻೐

− න ݔ݀ࡽ்(ݓࢺ) ݕ݀
ஐ೐

.																																																			(12) 

 
Since Γ௘ = Γ௨ ∪ Γ௧ ∪ Γ௜, expression (11) is then simplified to 
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න ൣ்(ࡹࡺ) + ൧(ࡽ்࢔)ݓ ݏ݀
௰ೠ

+ න ൫்࢓ + ݏ൯݀ܳݓ
௰೟

																																													 

+න ݍݓ ݔ݀ ݕ݀
ஐ೐

−න ࡹ்(்ࡰ)] + ݓࢺ) + )்ݔ݀[ࡽ ݕ݀
ஐ೐

= 0																																																		(13) 

 
where the portion Γ௨  of the element boundary Γ௘  falls on the plate boundary with prescribed 
displacement. 

The moment and shear force fields are linearly approximated over the element by 
 

൜ࡽࡹൠ = ଵܰ ൜
ଵࡹ
ଵࡽ
ൠ + ଶܰ ൜

ଶࡹ
ଶࡽ

ൠ + ଷܰ ൜
ଷࡹ
ଷࡽ

ൠ 																																																																																										(14) 

 
where 

 
௜ࡹ = ௫௜ܯ⌋ ௬௜ܯ ௜ࡽ									்⌊௫௬௜ܯ = උܳ௫௜ 			ܳ௬௜ඏ

்
																																																																								(15) 

 
are the moment and shear force nodal values, and 

 

௜ܰ =
1

ܣ2
௜ߙ) + ݔ௜ߚ + ݅															(ݕ௜ߛ = 1, 2, 3																																																																																(16) 

 
are the shape functions with ܣ standing for the triangle area. To evaluate 

 
௜ߙ = ௞ݕ௝ݔ − ௜ߚ															௝ݕ௞ݔ = ௝ݕ − ௞ݕ ௜ߛ														 = ௞ݔ −  (17)																																																					௝ݔ
 

from the node coordinates, the indices ݅, ݆ and ݇ should be permuted in a natural order (݅ ≠ ݆ ≠ ݇). 
The weight functions are also taken to vary linearly, 

 

ቄݓቅ = ଵܰ ൜
ଵ
ଵݓ
ൠ + ଶܰ ൜

ଶ
ଶݓ
ൠ + ଷܰ ൜

ଷ
ଷݓ
ൠ 																																																																																													(18) 

 
with nodal values ௜ = උ௫௜ ௬௜ඏ

்
 and ݓ௜. 

 
Substitution of (14) and (18) into (13) yields 
 

⎩
⎪
⎨

⎪
⎧
ଵ
ଵݓ
ଶ
ଶݓ
ଷ
⎭ଷݓ
⎪
⎬

⎪
⎫
்

⎝

⎜
⎜
⎛
−ࡲ ெࡳ] ொଵࡳ ெࡳ ொଶࡳ ெࡳ [ொଷࡳ

⎩
⎪
⎨

⎪
⎧
ଵࡹ
ଵࡽ
ଶࡹ
ଶࡽ
ଷࡹ
⎭ଷࡽ

⎪
⎬

⎪
⎫

⎠

⎟
⎟
⎞

= 0																																												(19) 
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where 
 

ெࡳ =
1
6

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
ଶݕ − ଷݕ 0 ଷݔ − ଶݔ

0 ଷݔ − ଶݔ ଶݕ − ଷݕ
0 0 0

ଷݕ − ଵݕ 0 ଵݔ − ଷݔ
0 ଵݔ − ଷݔ ଷݕ − ଵݕ
0 0 0

ଵݕ − ଶݕ 0 ଶݔ − ଵݔ
0 ଶݔ − ଵݔ ଵݕ − ଶݕ
0 0 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ொଵࡳ														 =
1
6

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

ܣ 0
0 ܣ

ଶݕ − ଷݕ ଷݔ − ଶݔ
2/ܣ 0

0 2/ܣ
ଷݕ − ଵݕ ଵݔ − ଷݔ
2/ܣ 0

0 2/ܣ
ଵݕ − ଶݕ ଶݔ − ⎦ଵݔ

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

ொଶࡳ =
1
6

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
2/ܣ 0

0 2/ܣ
ଶݕ − ଷݕ ଷݔ − ଶݔ
ܣ 0
0 ܣ

ଷݕ − ଵݕ ଵݔ − ଷݔ
2/ܣ 0

0 2/ܣ
ଵݕ − ଶݕ ଶݔ − ⎦ଵݔ

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ொଷࡳ																																 =
1
6

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
2/ܣ 0

0 2/ܣ
ଶݕ − ଷݕ ଷݔ − ଶݔ
2/ܣ 0

0 2/ܣ
ଷݕ − ଵݕ ଵݔ − ଷݔ

ܣ 0
0 ܣ

ଵݕ − ଶݕ ଶݔ − ⎦ଵݔ
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

ࡲ = න

⎝

⎜
⎜
⎛

⎣
⎢
⎢
⎢
⎢
⎡
ଵࢭ
૙
ଶࢭ
૙
ଷࢭ
૙ ⎦
⎥
⎥
⎥
⎥
⎤

࢓ +

⎩
⎪
⎨

⎪
⎧

0
ଵܰ

0
ଶܰ

0
ଷܰ⎭
⎪
⎬

⎪
⎫

ܳ

⎠

⎟
⎟
⎞
ݏ݀

୻೟
+ න

⎩
⎪
⎨

⎪
⎧

0
ଵܰ

0
ଶܰ

0
ଷܰ⎭
⎪
⎬

⎪
⎫

ݍ ݔ݀ ݕ݀
ஐ೐

																																																											(20) 

 
and 

 

௜ࢭ = ൤ ௜ܰ 0
0 ௜ܰ

൨ 										૙ = ⌊0 0⌋.																																																																																																					(21) 

 
Because (19) holds for any arbitrary weight functions, it follows that 

 

ெࡳ] ொଵࡳ ெࡳ ொଶࡳ ெࡳ [ொଷࡳ

⎩
⎪
⎨

⎪
⎧
ଵࡹ
ଵࡽ
ଶࡹ
ଶࡽ
ଷࡹ
⎭ଷࡽ

⎪
⎬

⎪
⎫

=  (22)																																																																									.ࡲ
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Elimination of the integral over Γ௨ by choosing  and ݓ null over there introduces zero components 
of ௜ or ݓ௜ into (19) which must be accounted for in (22) by removing the respective equations. Thus, 
the element enforces the equilibrium equations (1) and the mechanical boundary conditions (3) to be 
satisfied by the discrete equation (22) on average accordingly to (13). The element development has 
its roots in the classic paper by Anderheggen and Knöpfel [27]. 

 

4 PLASTIC ADMISSIBILITY 

It can be shown that the yield criterion (8) is satisfied throughout the proposed element as long 
as it is satisfied at the element nodes. Thus, the imposition of the criterion at the three nodes, 

 
൫ܯ௫ଵ ௬ଵ൯ܯ−

ଶ
+ ௫ଵܯ

ଶ + ௬ଵܯ
ଶ + ௫௬ଵܯ6

ଶ

଴ܯ2
ଶ +

ܳ௫ଵଶ + ܳ௬ଵଶ

ܳ଴ଶ
≤ 1

൫ܯ௫ଶ ௬ଶ൯ܯ−
ଶ

+ ௫ଶܯ
ଶ + ௬ଶܯ

ଶ + ௫௬ଶܯ6
ଶ

଴ܯ2
ଶ +

ܳ௫ଶଶ + ܳ௬ଶଶ

ܳ଴ଶ
≤ 1

൫ܯ௫ଷ ௬ଷ൯ܯ−
ଶ

+ ௫ଷܯ
ଶ + ௬ଷܯ

ଶ + ௫௬ଷܯ6
ଶ

଴ܯ2
ଶ +

ܳ௫ଷଶ + ܳ௬ଷଶ

ܳ଴ଶ
≤ 1,

																																																									(23) 

 
implies the satisfaction of 

 
൫ܯ௫ ௬൯ܯ−

ଶ
+ ௫ܯ

ଶ + ௬ܯ
ଶ + ௫௬ܯ6

ଶ

଴ܯ2
ଶ +

ܳ௫ଶ + ܳ௬ଶ

ܳ଴ଶ
≤ 1																																																																						(24) 

 
throughout the element. To prove what has been asserted, we introduce the linear interpolation (14) 
into the left-hand side of (24) to obtain 

 
ܵܪܮ = ݇ଵ ଵܰ

ଶ + ݇ଶ ଶܰ
ଶ + ݇ଷ ଷܰ

ଶ + 2݇ଵଶ ଵܰ ଶܰ + 2݇ଵଷ ଵܰ ଷܰ + 2݇ଶଷ ଶܰ ଷܰ																																		(25) 
 

where 
 

݇௜ =
൫ܯ௫௜ ௬௜൯ܯ−

ଶ
+ ௫௜ܯ

ଶ + ௬௜ܯ
ଶ + ௫௬௜ܯ6

ଶ

଴ܯ2
ଶ +

ܳ௫௜ଶ + ܳ௬௜ଶ

ܳ଴ଶ
 

݇௜௝ =
൫ܯ௫௜ ௫௝ܯ௬௜൯൫ܯ− ௬௝൯ܯ− + ௫௝ܯ௫௜ܯ + ௬௝ܯ௬௜ܯ + ௫௬௝ܯ௫௬௜ܯ6

଴ܯ2
ଶ 		+

ܳ௫௜ܳ௫௝ + ܳ௬௜ܳ௬௝
ܳ଴ଶ

 

																																																																																																																															݅, ݆ = 1, 2, 3													(26) 
 

From (23), it is apparent that ݇௜ ≤ 1. Adding the first two inequalities (23), 
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ቂ൫ܯ௫ଵ ௬ଵ൯ܯ−
ଶ

+ ൫ܯ௫ଶ ௬ଶ൯ܯ−
ଶቃ+ ௫ଵܯ)

ଶ + ௫ଶܯ
ଶ ) + ൫ܯ௬ଵ

ଶ + ௬ଶܯ
ଶ ൯ + 6൫ܯ௫௬ଵ

ଶ + ௫௬ଶܯ
ଶ ൯

଴ܯ2
ଶ  

+
(ܳ௫ଵଶ + ܳ௫ଶଶ ) + ൫ܳ௬ଵଶ + ܳ௬ଶଶ ൯

ܳ଴ଶ
≤ 2,																																																																																																	(27) 

 
and knowing that 2ܾܽ ≤ ܽଶ + ܾଶ is true for any number ܽ, ܾ and ܿ, inequality (27) implies 

 

ൣ2൫ܯ௫ଵ ௫ଶܯ௬ଵ൯൫ܯ− ௬ଶ൯൧ܯ− + (௫ଶܯ௫ଵܯ2) + ൫2ܯ௬ଵܯ௬ଶ൯ + 6൫2ܯ௫௬ଵܯ௫௬ଶ൯
଴ܯ2

ଶ  

+
(2ܳ௫ଵܳ௫ଶ) + ൫2ܳ௬ଵܳ௬ଶ൯

ܳ଴ଶ
≤ 2.																																																																																																						(28) 

 
This result shows that ݇ଵଶ ≤ 1. The two other similar combinations of inequalities (23) will give ݇ଵଷ, 
݇ଶଷ ≤ 1. Since all the coefficients ݇௜, ݇௜௝ in (25) are bounded by 1 and ଵܰ + ଶܰ + ଷܰ = 1, we finally 
write 

 
ܵܪܮ ≤ ( ଵܰ + ଶܰ + ଷܰ)ଶ = 1.																																																																																																											(29) 
 

Therefore, satisfying the yield criterion (8) at the element nodes implies satisfying it throughout the 
element. 
 

5 THE SOCP PROBLEM 

In the lower bound limit analysis, the equilibrium equations, the mechanical boundary 
conditions and the yield criterion, expressed in terms of nodal moments and shear forces, are 
constraints of an optimization problem for the applied load maximization. The optimal solution 

 
∗ߣ = {max ߣ ഥ࣌࢒	| = ଵࢌߣ + ,ଶࢌ (ഥ࣌)ࢍ ≤ ૙}																																																																																					(30) 
 

identifies the collapse load, where the applied load has been splitted into two parts: ࢌߣଵ which is 
adjusted during the optimization by means of the load factor ߣ, and ࢌଶ which is kept constant. Vector 
ഥ࣌ collects the nodal moments and shear forces. 

The equality constraint 
 
ഥ࣌࢒	 = ଵࢌߣ +  (31)																																																																																																																																						ଶࢌ
 

arises from the assembly of (22). The inequality constraint 
 
(ഥ࣌)ࢍ ≤ ૙																																																																																																																																																(32) 
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stems from the evaluation at each mesh node of inequality (8). 

The nonlinear convex optimization problem (30) is not a SOCP problem. To formulate it as 
such [28], we introduce the auxiliary variables 

 

࢜ =

⎩
⎪
⎨

⎪
⎧
ଵݒ
ଶݒ
ଷݒ
ସݒ
ହݒ
⎭଺ݒ
⎪
⎬

⎪
⎫

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1
√2M଴

−
1

√2M଴
0 0 0 0

1
√2M଴

0 0 0 0 0

0
1

√2M଴
0 0 0 0

0 0
√3
M଴

0 0 0

0 0 0
1

Q଴
0 0

0 0 0 0
1

Q଴
0⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

⎩
⎪
⎨

⎪
⎧
௫ܯ
௬ܯ
௫௬ܯ
ܳ௫
ܳ௬ ⎭

⎪
⎬

⎪
⎫

																																																		(33) 

 
into (8) to state ݂(ࡽ,ࡹ) ≤ 0 as the six-dimensional second-order cone 

 

ටݒଵଶ + ଶଶݒ + ଷଶݒ + ସଶݒ + ହଶݒ + ଺ଶݒ ≤ 1.																																																																																													(34) 

 
Now, the problem can be treated as SOCP by just replacing ࢍ(ഥ࣌) ≤ ૙ with 

 
,ଵ(ഥ࣌ࢎ	 ഥ࢜) = ૙										ࢎଶ(ഥ࢜) ≤ ૙																																																																																																										(35) 
 

where the vector ഥ࢜ collects the nodal values of ࢜. The new constraints (35) stem from the evaluation 
of (33) and (34) at each node. 

For the special cases of infinite shear and pure shear yield criteria (9), the second-order cone 
reduces to four and two dimensions, respectively. 

The optimization problem solution is carried out following the step: (a) set up of the SOCP 
problem with YALMIP [32] in the MATLAB environment: problem (30) with (32) replaced by (35); 
(b) solution by MOSEK [33] which contains a robust interior-point optimizer for nonlinear convex 
optimization developed by Andersen et al. [13]. 

 

6 NUMERICAL EXAMPLES 

To assess the accuracy of the finite element proposed for lower bound limit analysis of 
Reissner-Mindlin plates two benchmark examples are tested. The results are compared to exact 
solutions and/or numerical lower/upper bounds available in the literature. The computations are 
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performed on a Sony VAIOTM All-in-One machine (i5 dual core 2.50 GHz CPU, 12 GB RAM) 
running a 64-bit Windows 7. 

 

6.1 Square Plates 

First it is analyzed the problem of a square plate of side length ܮ = 1	݉ subjected to a uniform 
out-of-plane distributed load ݍ with two different edge ‘hard’ boundary conditions: simple supports 
or clamped supports on all edges. Because we have two axes of symmetry, we consider only the 
bottom left quarter of the plate in the analysis (Figure 3). 

 

 
Figure 3: Square plate adopted domain: structured 4×4 mesh. 

 
The mechanical boundary conditions at the upper and right symmetry edges are ܯ௡௦ = ܳ௡ =

0. As ܯ௡ is unknown at the symmetry edges, the weight function component ߮௡ should be set equal 
to zero at nodes belonging to these edges. For the bottom and left plate edges, simple supports (ܯ௡ =
߮௦ = ݓ = 0) and clamped supports (߮௡ = ߮௦ = ݓ = 0) are investigated. The slenderness ratio of 
the plate is defined as ߜ = ܮ ℎ⁄ . Five different structured meshes are examined, where the number of 
elements ܧ and the number of stress variables ܸܰܵ for each mesh is detailed in Table 1. 

 
Table 1: Square plate meshes and the respective number of elements and stress variables. 

 ܸܵܰ ܧ ݊×݊
4×4 						64 				123 
8×8 				256 				435 

16×16 		1024 		1635 
32×32 		4096 		6339 
64×64 16384 24963 

 

6.1.1 Thin ‘Square Plate’ Solution with the Infinite Shear Yield Criterion 

It is adopted first the infinite shear yield criterion. It can be easily seen that the collapse load is 
proportional to ܯ଴ ⁄ଶܮ  [34], meaning the lower bound load factor can be written as ݍ ଶܮ ⁄଴ܯ . 
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Table 2 condenses the lower bounds obtained with the five different meshes and the difference 
to Kirchhoff upper bound references found in: Le et al. [20] for the clamped plate; and Bleyer and de 
Buhan [25] for the simply supported plate. As expected, the results are independent of the slenderness 
ratio and this was verified by achieving the same values for ten different slenderness ratios (ߜ = 1, 
2, 4, 8, 10, 20, 40, 80, 100, 200). Our estimates for the simply supported plate with 8×8, 16×16, 
32×32 and 64×64 meshes are less than 1% distant from Bleyer and de Buhan upper bound. Our 
prediction for the clamped plate with 64×64 mesh is less than 1% distant from Le et al. upper bound. 
For the simply supported case, the proposed scheme converges to the Kirchhoff thin plate upper 
bound reference from under it. For the clamped case, it converges to the Kirchhoff thin plate upper 
bound reference from above it. In the following, our lower bound estimates obtained with a very 
refined mesh (64×64) will serve as reference values of thin plate solutions and will be noted ߜ)ݍ =
∞). 

 
Table 2: Comparison of the lower bounds computed with the infinite shear yield criterion (ܳ଴ → ∞) 

to Kirchhoff (thin) plate upper bound estimates found in [20] and [25]. 

݊ Simply supported Clamped 
ଶܮݍ ⁄଴ܯ ଶܮݍ  ⁄଴ܯ  

4 24.0109 71.9416 
(−4.08%)† (59.44%)† 

8 24.9673 56.0464 
(−0.26%) (24.22%) 

16 25.0031 49.6602 
(−0.12%) (10.06%) 

32 25.0145 46.7726 
(−0.074%) (3.66%) 

64 25.0177 45.4029 
(−0.06%) (0.63%) 

 45.12 25.033 ݀݊ݑ݋ܾ	ݎ݁݌݌ܷ
†relative difference in percentage when compared to the respective Kirchhoff upper bound reference. 

 

6.1.2 Influence of the Slenderness Ratio on the Lower Bound of ‘Square Plates’ 

The influence of the slenderness ratios on the lower bound is studied with 8×8, 16×16 and 
32×32 meshes. Table 3 illustrates our predictions for various slenderness ratios considering the von 
Mises yield criterion (finite ܯ଴ and ܳ଴). The results for the simply supported condition, with all three 
meshes, converge monotonically to the thin plate reference solution as the slenderness ratio increases. 
The results for the clamped condition converge monotonically to the thin plate reference solution as 
the slenderness ratio increases only with 32×32 mesh. 
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Table 3: Clamped and simply supported square plates with the von Mises yield criterion: 
normalized results for different slenderness ratios. 

 ߜ
Simply supported† Clamped‡ 

8×8 16×16 32×32 8×8 16×16 32×32 
ݍ ߜ)ݍ = ∞)⁄ ݍ  ߜ)ݍ = ∞)⁄ ݍ  ߜ)ݍ = ∞)⁄ ݍ  ߜ)ݍ = ∞)⁄ ݍ  ߜ)ݍ = ∞)⁄ ݍ  ߜ)ݍ = ∞)⁄  

1 0.3622 0.3546 0.3511 0.1998 0.1955 0.1935 
2 0.6971 0.6929 0.6901 0.3958 0.3896 0.3862 
4 0.9323 0.9343 0.9348 0.6635 0.6549 0.6497 
8 0.9785 0.9806 0.9811 0.8713 0.8592 0.8526 

10 0.9849 0.9870 0.9876 0.9128 0.8990 0.8920 
20 0.9941 0.9961 0.9967 0.9864 0.9647 0.9549 
40 0.9966 0.9985 0.9991 1.0230 0.9888 0.9750 
80 0.9974 0.9991 0.9997 1.0680 1.0023 0.9830 

100 0.9975 0.9992 0.9997 1.0901 1.0068 0.9848 
200 0.9978 0.9993 0.9998 1.1872 1.0276 0.9897 

         †results normalized by the simply supported thin plate reference solution ߜ)ݍ = ∞) = ଴ܯ25.0177 ⁄ଶܮ . 
         ‡results normalized by the clamped thin plate reference solution ߜ)ݍ = ∞) = ଴ܯ45.4029 ⁄ଶܮ . 

 
It is also investigated, based on 32×32 mesh, the evolution of our lower bounds with respect 

to ߜ considering the pure shear yield criterion (ܯ଴ → ∞). Results for both yield criteria and both 
support conditions are presented in Table 4 and plotted in Figure 4 (simply supported) and in Figure 
5 (clamped). Table 4 demonstrate that in the case of a plate subjected to the pure shear yield criterion 
the critical load is independent from the boundary conditions, which is in accordance with what is 
stated in [24, 25]. The same argumentation is valid in the thick plate limit (ߜ = 1) for the von Mises 
yield criterion. 

 
Table 4: Clamped and simply supported square plates based on 32×32 mesh and different yield 

criteria: results for different slenderness ratios. 

 ߜ
Simply supported  Clamped 

଴ܯ → ଴ܯ ܳ଴	ܽ݊݀	଴ܯ	݁ݐ݅݊݅ܨ ∞ →  ܳ଴	ܽ݊݀	଴ܯ	݁ݐ݅݊݅ܨ ∞
ଶܮݍ ⁄଴ܯ ଶܮݍ  ⁄଴ܯ ଶܮݍ  ⁄଴ܯ ଶܮݍ  ⁄଴ܯ  

1 							8.7867 		8.7843 							8.7867 		8.7858 
2 					17.5734 17.2653 					17.5734 17.5339 
4 					35.1468 23.3872 					35.1468 29.4989 
8 					70.2937 24.5460 					70.2937 38.7083 

10 					87.8671 24.7064 					87.8671 40.4998 
20 			175.7343 24.9342 			175.7343 43.3536 
40 			351.4686 24.9940 			351.4686 44.2672 
80 			702.9372 25.0093 			702.9372 44.6327 

100 			878.6707 25.0111 				878.6707 44.7116 
200 1,757.3414 25.0136 1,757.3414 44.9366 

 
Figures 4 and 5 indicate that for ߜ ≥ 8 (and ߜ ≥ 80 for the clamped case) the computed lower 

bounds are close to the thin plate solution (by less than 2%), i.e., solutions obtained using Reissner-
Mindlin model converge to Kirchhoff’s when ߜ → ∞. Furthermore, as again expected, for thick 
plates with 1 ≤ ߜ ≤ 2, the shear forces command the collapse, while for plates with ߜ ≥ 8 (and ߜ ≥
80 for the clamped case) the moments rule the collapse behavior. Thus, a simply supported plate with 
ߜ ≥ 8 can be considered thin enough to eliminate the effects of transverse shear strains; the same 
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argumentation holds for a clamped plate with ߜ ≥ 80. It must also be noted that plates having 
clamped boundary conditions converge slower than those with simply supported boundaries. 

 

 
Figure 4: Evolution of the lower bound estimate for simply supported square plates, based on 

32×32 mesh, with respect to the slenderness ratio ߜ. Results normalized by the thin plate reference 
solution ߜ)ݍ = ∞) = ଴ܯ25.0177 ⁄ଶܮ . 
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Figure 5: Evolution of the lower bound estimate for clamped square plates, based on 32×32 mesh, 

with respect to the slenderness ratio ߜ. Results normalized by the thin plate reference solution 
ߜ)ݍ = ∞) = ଴ܯ45.4029 ⁄ଶܮ . 

 

6.2 Circular Plates 

In this example, lower bounds of hard simply supported (ܯ௡ = ߮௦ = ݓ = 0) and clamped 
(߮௡ = ߮௦ = ݓ = 0) circular plates of radius ܴ = 1	݉  are computed when subjected to either a 
uniformly distributed or a concentrated central load, denoted as ݍ and ܲ, respectively (Figure 6). 
Owing to the symmetry conditions, only one quadrant of the domain was modelled, using five 
different structured meshes (6×6 mesh depicted in Figure 6). The mechanical boundary conditions 
at the bottom and left symmetry edges are ܯ௡௦ = ܳ௡ = 0. As ܯ௡ is unknown at the symmetry edges, 
the weight function component ߮௡  should be set equal to zero. The number of elements and the 
number of stress variables for each mesh is detailed in Table 5. 
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Figure 6: Circular plate adopted domain: structured 6×6 mesh. 

 
Table 5: Circular plate meshes and the respective number of elements and stress variables. 

 ܸܵܰ ܧ ݊×݊
3×3 					30 					66 
6×6 			132 			237 

12×12 			552 				903 
24×24 2256 		3531 
48×48 9120 13971 

 
For the uniformly distributed load the lower bound load factor can be written as ݍ ܴଶ ⁄଴ܯ . For 

the central concentrated load ߣ = ܲ ⁄଴ܯ . The computed lower bounds are given in terms of its 
respective load factor. Our predictions with the von Mises yield criterion (finite ܯ଴ and ܳ଴) under 
uniformly distributed load for both edge boundary conditions and various slenderness ratios ߜ = ܴ ℎ⁄  
are presented in Tables 6 and 7. As it can be seen, the proposed scheme demonstrate excellent 
performance, especially with the most refined mesh, revealing a convergence of results to the 
Kirchhoff (thin) solutions as the plate thickness is reduced. 

 
Table 6: Simply supported circular plates under uniformly distributed load with the von Mises yield 

criterion: results for different slenderness ratios and meshes. 

 48×48 24×24 12×12 6×6 3×3 ߜ
ଶܴݍ ⁄଴ܯ ଶܴݍ  ⁄଴ܯ ଶܴݍ  ⁄଴ܯ ଶܴݍ  ⁄଴ܯ ଶܴݍ  ⁄଴ܯ  

1 4.7629 4.7606 4.7093 4.6623 4.6393 
2 6.0047 5.9959 5.9977 5.9985 5.9987 
4 6.4406 6.3822 6.3783 6.3784 6.3785 
8 6.6654 6.4979 6.4822 6.4813 6.4813 

10 6.7394 6.5176 6.4955 6.4939 6.4939 
20 7.0338 6.5739 6.5162 6.5111 6.5108 
40 7.4956 6.6600 6.5302 6.5163 6.5151 
80 8.3183 6.8109 6.5519 6.5198 6.5164 

100 8.7180 6.8786 6.5623 6.5212 6.5165 
 6.52 †݀ܽ݋݈	݁ݏ݌݈݈ܽ݋ܥ

                                † collapse load obtained by Hopkins and Wang [35] using Kirchhoff (thin) plate assumptions. 
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Table 7: Clamped circular plates under uniformly distributed load with the von Mises yield 
criterion: results for different slenderness ratios and meshes. 

 48×48 24×24 12×12 6×6 3×3 ߜ
ଶܴݍ ⁄଴ܯ ଶܴݍ  ⁄଴ܯ ଶܴݍ  ⁄଴ܯ ଶܴݍ  ⁄଴ܯ ଶܴݍ  ⁄଴ܯ  

1 		5.0541 		4.8285 		4.7141 		4.6630 		4.6394 
2 		8.5735 		8.5042 		8.4294 		8.3628 		8.3238 
4 11.7173 11.4409 11.2681 11.1535 11.0898 
8 13.8845 12.8243 12.4488 12.2838 12.2028 

10 14.5156 13.0717 12.6218 12.4406 12.3557 
20 17.0870 13.6845 12.9156 12.6685 12.5692 
40 21.0657 14.5325 13.1127 12.7532 12.6300 
80 27.1688 15.8346 13.4018 12.8234 12.6563 

100 30.0804 16.3251 13.5167 12.8524 12.6638 
 12.5 †݀ܽ݋݈	݁ݏ݌݈݈ܽ݋ܥ

                          †collapse load obtained by Hopkins and Wang [35] using Kirchhoff (thin) plate assumptions. 
 
The estimates computed considering the von Mises yield criterion, central concentrated load, 

48×48  mesh and a thin plate with ߜ = 100  are: ܲ = ଴ܯ6.1676  for simple supports (error of 
−1.84% when compared to the ultimate load of 2ܯߨ଴ obtained using Kirchhoff plate assumptions); 
and ܲ =  ଴ for clamped supports (error of −0.39% when compared to the ultimate load ofܯ7.2270
଴ܯߨ4 √3⁄  obtained using Kirchhoff plate assumptions). These exact thin plate solutions are available 
in [36]. The usage of a more refined mesh around the point of loading should provide better lower 
bound estimates. 

In the thick plate limit with ߜ = 0.5, a lower bound of ݍ = ଴ܯ2.3197 ⁄ଶܮ  is obtained with the 
von Mises and the pure shear yield criteria for both boundary conditions and under uniformly 
distributed load. This result is in close agreement to the exact solution considering the pure shear 
yield criterion: 

 
ଶܮ୶ୟୡ୲ୣݍ

଴ܯ
=

4
√3

2ܴ
ℎ = 2.309																																																																																																																	(36) 

 
with ܴ ℎ⁄ = 0.5. This solution is independent of the edge boundary conditions. 

Figures 7 and 8 depicts the results of Tables 6 and 7, respectively, based on the finest mesh 
together with the above-cited thin plate reference collapse loads and the upper bounds found in 
Capsoni and Vicente da Silva [21] and based on their finest mesh with the ܰ4ܤത0 element and soft 
boundary conditions assumptions. 
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Figure 7: Evolution of the lower bound estimate for simply supported circular plates with respect to 

the slenderness ratio ߜ for 32×32 mesh and the von Mises yield criterion. 
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Figure 8: Evolution of the lower bound estimate for clamped circular plates with respect to the 

slenderness ratio ߜ for 32×32 mesh and the von Mises yield criterion. 
 

7 CONCLUSION 

The paper proposes a numerical approach for computing static limit loads of Reissner-Mindlin 
plates by combining discretization into simple triangular elements and second-order cone programming. 
Examples illustrate that the above scheme provides excellent results and the fact of not satisfying the 
equilibrium equations and the mechanical boundary conditions rigorously is far from being a severe 
handicap for the developed element. The convergence may not be monotonic, or even from below, 
but very accurate results are soon reached. 
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