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ABSTRACT

We consider a piezoelectric medium of crystal class 6mm containing a uniform distribution of empty cylindrical holes,
with circular cross-sections, and use the generalized Eshelby Method together with the multiscale Mori-Tanaka Method
to obtain easy-to-implement analytical formulae for the effective electroelastic properties of the medium at the macroscale.
These formulae depend upon both the electroelastic properties of the matrix material and the volume fraction of the
cylindrical holes. Using electromechanical properties reported in the literature, we obtain graphs of the effective
properties versus the volume fraction of the pores. We then show that the effective electroelastic properties of the porous
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medium decrease for increasing porous volume fraction, as expected. The results obtained via Mori-Tanaka Method agree
well with results obtained via Asymptotic Homogenization Method and Finite Element Method. This work is important
in the evaluation of the effective electroelastic properties of heterogeneous solids with hierarchical structures.

Keywords: Eshelby Method, Mori-Tanaka Method, Homogenization, Electroelastic Properties.

1 INTRODUCTION

In the past few decades, researchers have focused on estimating effective properties for non-
homogeneous piezoelectric materials. Different schemes, such as, the Mori-Tanaka method [1, 2] and
the Asymptotic Homogenization method [3] have been applied to calculate effective properties of
these materials. These electroelastic materials exhibit electromechanical coupling. In fact, they can
experience mechanical deformations when subjected to an electric field, and become electrically
polarized under mechanical loads. The piezoelectric crystals are all dielectrics [4]. It is noticed that
the symmetry of a crystal is divided into macroscopic symmetry and microscopic symmetry. There
are 32 kinds of microscopic symmetry composing the 32 point-groups (crystal classes) and all crystals
belong to these groups [4]. There are 11 centrosymmetric point groups with no polarization property.
In the rest of the 21 groups without center of symmetry, 20 can generate the piezoelectric effect.

These groups are: 1, 2, m, 222, 2mm, 4, 4, 422, 4mm, 42m, 3, 32, 3m, 6, 6, 622, 6mm, 6m2, 23,
43m . A more detailed explanation can be found in [5].

This research is motivated by the need of evaluating the effective properties of hierarchical
structures and its components in several structural levels. Moreover, this work is important in the
evaluation of the effective electroelastic properties of cortical bone, which can be characterized as a
heterogeneous solid with a hierarchical structure. At the mesoscale, dry cortical bone can be modeled
as a porous medium containing unidirectional cylindrical holes embedded in a piezoelectric matrix
made of a material that belongs to the hexagonal crystal class [22]. The Eshelby tensor is a key to the
determination of effective properties of piezoelectric composites. Eshelby [6] has shown that the
problem of inclusions prescribed with a uniform eigenstrain embedded in an infinite elastic matrix,
can be solved elegantly by using the superposition principle of linear elasticity together with the
Green’s function. Benveniste [2] has obtained the coupled electroelastic fields for a single ellipsoidal
inclusion problem without giving estimations of averaging fields. Based upon the Green’s functions
derived by Deeg [17], Dunn and Taya [8] has presented estimations of the average electroelastic
fields at finite concentrations and predicted the effective electroelastic moduli of a two-phase
composite reinforced by ellipsoidal particles or fibers. A significant contribution to those
piezoelectric problems were given by [7-9]. These authors solved the equivalent Eshelby inclusion
problem for a single ellipsoidal inclusion in an infinite piezoelectric medium applying the Green’s
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function approach. The schemes to derive the electroelastic Eshelby tensor, as well as the explicit
results for the tensor components of fibrous and lamellar composites, were also given by [10-13], and,
more recently, by [14, 15].

In this work, the same concept of Dunn and Taya [9] is adopted to evaluate the influence pores
on the resulting electroelastic behavior. We show explicitly the Eshelby tensor for cylindrical
inclusions aligned along the xsz-axis and parallel to axis of anisotropy. The components of the
piezoelectric Eshelby tensor are equivalents to those obtained by [8, 17], however, we present a direct
and easier way to derive the integral representation of this tensor.

In this paper, a model for piezoelectric composite is proposed. The matrix is composed by
piezoelectric solid of crystal class 6mm and containing a uniform distribution of empty cylindrical
holes, with circular cross sections. The generalized Eshelby tensors for the electroelastic materials
are formulated analytically for ellipsoidal inclusion and together with the multiscale Mori-Tanaka
Method are applied for the limit case of circular cylindrical inclusion to obtain easy-to-implement
analytical formulae for the effective electroelastic properties of the medium at the macroscale. These
resulting formulae depend upon both the electroelastic properties of the matrix material and the
volume fraction of the cylindrical holes. By using electroelastic properties reported in [21], graphs of
the effective properties versus the volume fraction of the pores are obtained. Then it is shown that the
effective electroelastic properties of the porous medium decrease for increasing porous volume
fraction. All numerical results of effective electroelastic moduli are in good agreement with existing
results obtained via Asymptotic Homogenization Method and via Finite Element Method.

In the chapter 2 the fundamental equations for the mathematical formulation of the theory of
piezoelectricity and the notation used in this work are presented. The problem is stated and the
mathematical formulation to determine the Eshelby tensor is reviewed and presented in the chapter
3. In the chapter 4 the approach to the model the effective properties and the Mori-Tanaka Method
are presented. Numerical results are shown in chapter 5, in which, the results are compared to the
results obtained by Asymptotic Homogenization Method presented in [20] and Finite Element
Method [21]. The latest chapter is a brief conclusion.

2 GOVERNING EQUATIONS FOR PIEZOELECTRICITY
In this work, the governing equations of piezoelectricity are given by

Oyt f.=0,

j=172 1
Di,i:p! J=123, @)
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where sum of repeated indices is implied. Also, for i, j=1,2,3, o are the components of the stress
tensor o, D, are the components of the electric displacement D, f; are the components of body

force f, and pis the free charge density. The first and second expressions in (1) are the elastic

equilibrium equations and Gauss’ law of electrostatic, respectively. Observe that bold face character
denote matrices or vectors.

The stress tensor and the electric displacement depend linearly on the strain tensor ¢ and the
electric field E, i.e,

Oy = Cijmn‘c"mn _enij En’ (2)
D, =e,.&m T KinE

imn“mn in—n?

where, for m,n=1,2,3, the strain components ¢, and electric field components E_ depend on the
displacement components u,, and the electric potential ¢ through the relation

UpntUym)/2,

(B 4t/ o

P,

- and x;, are the components of elastic, piezoelectric and dielectric

Em =

E =
respectively. In (2), C;., &
moduli, respectively.

Next, we use the notation of Lothe and Barnet [16] to write the expressions in (1)-(3) in a
compact form. For this, the lower case subscripts take on the values 1,2,3, and the capital subscripts

take on the values 1,...,4. Also, repeated capital subscripts correspond to the implicit sums over the

capital subscripts. Thus, the elastic strain and the electric field are expressed as the general strain-
electric field defined by,

;e M =123, 4)
" -E, M=4.
Similarly, we have the general displacement-electric potential
U. = u,, M=123, (5)
"o, M =4,

the general stress-electric displacement
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oy =123, ©)
"D, J=4
the general body force-free charge density
f, J=123, @
pJ - _pl ‘] =41
and the electroelastic moduli
Cim» J=M =123,
£ - i J=1L2,3M =4, ®)
e | J=4M =123,
-k, J=M =4,

in?
The moduli E,,,,, are also called electromechanical coupling moduli.

By using the above shorthand notation, the equations (1)-(3) can be written compactly as

o =-py,  J=1..4, (©)

where

%o = EgmZw,  1=1..33=1..4, (10)
and

Zo=FawZy, G=1..4,h=1..3 (12)
where F,., =E ..
Furthermore,

EownZmn = EiJMnUM,n' (12)

Substituting (12) into (10) and the resulting expression in (9), we obtain
EvnImni =—25- (13)

The equation (13) is the general governing equation for linear piezoelectric materials.
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3 PROBLEM STATEMENT

In this Section, the coupled electroelastic field in an inclusion embedded in an infinite matrix
is determined following the methodology proposed by [7, 8].

Consider a piezoelectric solid occupying an infinite domain, D < R?, and containing an
inhomogeneity, Q, of ellipsoidal shape, defined by (x,/a,)* +(X,/a,)* +(X,/a,)* =1, where a,, a,
and a, are lengths of the semiaxes of the ellipsoid. The inhomogeneity can be modeled by an
equivalent inclusion [6, 7, 17]. The material inside Q is called an inclusion and the material outside
Q is called the matrix. First, consider the inclusion with the same electroelastic moduli of the matrix,
E,u, - The inclusion is allowed to be under a uniform strain free of stress, ¢, and undergo an electric

mn?

field free of electric displacement, E . Recalling the notation of section 2, we then have that the

*

general strain-electric field of the inclusion may be represented by Z,,., as illustrated in Fig. 1.

R3

Fig. 1. Zis the eigenstrain-electric field in a region € in an infinite piezoelectric medium D < R®. Adapted
from [12].

Consider zero body force, f =0, and free charge density, p =0. Thus, the present problem is:

ZiJ,i =0, (14)
;= EiJMn [ZMn - Z;An]’ (15)
EiJMnZMn = EiJMnUM,n’ (16)
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where the eigenstrain-electric field, Z,, , is given by

. Z. XeQ
Z, (x)=4_™ ’ 17
n () {o xeD-Q. a0
Substituting (15) and (16) into (14) yields
EiJMnUM,ni = EiJMnaiZ;An (X)’ (18)

where 0, is the partial differentiation with respect to x, and, by comparing (18) with (13), it is seen

that E,n0,Zy, (X) actas —p, .

On the other side, the elastic displacement and electric potential, U,,, can be determined using
the Green’s functions, G,,, (x—x'), as [7,17-18]:

Uy (X) =”‘Q‘GMJ (x—x")Z;, nidS(x')—ﬂ‘Q‘jGMJ (x=x")Zj,dV (x"), (19)
where n, is component normal to|Q|. By [17], the Green’s function in the expression (19), may be

expressed as

1 .
Gy (x—x'):mjz_lKMR5(z.t)dS(z), (20)

where 5(x) is the Dirac delta function, |z| =1 is the surface of the unit sphere centered at z=0, and

K,x is the inverse of

Kk =22,Er, =27,E, (21)

i“n—iJRn i“n—iRJn

and t is the normalized vector t =(x-x")/x-x/|

Following the works of [17] and [7], by using the properties of the Dirac delta function, the
derivative U,, , (x), can be expressed as

Ui (X):MEiJAbZ:\bJ. iz'z K (Z)dQ(Z), (22)

MJ
A VS



VI International Symposium on Solid Mechanics - MecSol 2017
April 26 - 28, 2017 - Joinville - Brazil

1
where ¢ =(afzi+ajz; +ajz; ).

Due to the linearity, the strain-electric field, Z,,, = (UM 2t )/2 , can be expressed as linear

function of Z,, , that is,

*

ZMn = SMnAbZAb in Q, (23)

where S,,,.,, IS the piezoelectric analogue to Eshelby Tensor [6], which is given by

aigjz% E”AbJ'Zlé[GmJin(z)thnJim(z)]dS(z), M =123,
Siinap = 24
23,3, ! rGaui =
472[ EuJAbL_lg[GA"Jm(Z)]dS(Z) M =4,
where
Gyiin (Z) = ZiZnKh;Iﬁ (Z) (25)

Eshelby’s tensor is known to be the key to the study of effective properties of composite materials
containing ellipsoidal inclusions.

3.1 Determination of the Generalized Eshelby Tensor
The piezoelectric Eshelby tensor is defined by [12]

1

g Eino (AinmJ + A )’ M=(m)=12,3,
Shinap = 1 (26)

E EimAnays M =4,

where
1
AnMJ =aa,a, ‘Z‘:lEGMJin (Z)dS (Z) (27)

The equation (27) can be transformed as follows
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_ Sty GHy Sl
A _Iu_leMJin[ a, ' a, ' a, de(p), (28)
where
_ 8,2 _ &2, _ &7; 29
M c 1 My iz M3 ’ ' (29)
and
dS (n)=(a2,8,/¢7)dS (z) (30)

According to [12], Green’s functions are homogenous functions of degree zero, that means,

_ M M
A _Iu—leMJi"(al , a, , a, jds(”)- (31)
Taking
u =singcosy,0<6<r,
M, =sin@siny, 0<y < 2r, (32)
Hz =COSy/,

and, dS =sin&dé&dy , then, the equation (31) can be transformed into [12, 13]

[T o MG
A _J-o jo GMJin(ai ) a, ) 2 jsm wdody. (33)
Now take
a-42-g%-p (34)
a2 a‘3

Thus, substituting (34) into (33), and using the fact that G,,;, (z) is a homogeneous function of
degree zero [12], A, IS

T 2 .
Ans :Io _[0 Gsin (/vﬁ1aﬂ2ub)ﬂ3)sml//d9d‘//' (35)
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For a circular cylindrical inclusion along the x, - axis, take « =1 and the limit of g — 0.
Substituting (25) into (35), the non-zero components of A ,,, are only

T 27 B
A :.[o .[0 /’LLZKI\_/I]:] (,LLl,ﬂz,O)Sandel//,

Ao = [ [ 12K (18 41,,0)sin Oy, MJ =11,22,33,34,44, (36)
T 27 _ .
A, = Io _[0 ﬂlﬂzKMlJ (,ul,ﬂz,O)sm wdOdy.

The above results coincide with the results by [12], except of a few typographical error, when
the inclusion is a circular cylindrical inclusion.

Now, to obtain K}, consider the problem of the piezoelectricity of a hexagonal material

belonging to the piezoelectric crystal class 6mm (see for instance [5]) subjected to electroelastic
loadings. The constitutive equations (2) for that electroelastic field are expressed as

o, c;, ¢ ¢, 0 0 O O 0 & || &

o, c, ¢, ¢, 0 0O O O 0 & || &

o, Ci C3 C O 0O 0 O 0 e || &

o, o 0 0 ¢ O O O e O0|g

oc,r,={0 0 O O ¢, 0 e O 0 & (37)
o, 0 0 0 0 0 ¢ O 0 0 &g

D, o 0 0 O e O -k, O 0 ||D,

D, 0O 0 0 ¢ O O O -k, 0 ||D,

D, [€; € & 0 0 0 O 0 Ky ||Ds

By using the definitions (8), (21) and the expression (37), K,,, is expressed as

K, .=

Cim'n:uilun eimn:uilun
M [ ‘ . (38)

enij Hi —Kin 5 1,

Calculating the contractions in (38), K,,; , reduce to

10
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C11/“12 + %(Cll —Cp )/uzz %(Cll +Cp, )ﬂlﬂz 0 0
K %(Cll +Cp ) i, %(011 —Cpp ) M +Cupy 0 0 (39)
M0 0 C44(,U“12+/122) els(,uiz"',uzz) .
0 0 €5 (:ul2+ﬂ22) _kll(ﬂ12+/‘22)
Upon inverting K,,; (n) of expression (39), K,,; (1) can be expressed as
Ki Ky 0 0
K, K, 0 0
S DA (40)
0 0 Ky Ki,
0 0 Ky Ky
where
T (:ulz +2u,° ) ~Cpp 4’ g (Cy +Cpo) 1ty
Ky = ) N2’ Ky =- ) N2’
C11(C11'C12)(/'ﬁ T4, ) C11(C11'Clz)(;u1 T H, )
a1 Cu (2/412 + 1, ) ~Cpply” a4 €5 a1
2 2 2\’ 34_(e2+ck)( 2+ 2)’ @
C11(C11‘C12)(ﬂl + iy ) 15 T oy )\ o T 1
4 Kyy KL Cyy

33

(9125 +C44k11)(:u12 +:u22) ) (e125 + C44k11)(:u12 +,u22).

Upon substituting equations (41) into (36), and calculating the integrals in (26) the Eshelby's
tensor, S,,.,, are explicitly obtained and expressed as

11
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S5, +¢, 3¢, 1 Cis 0 0 0 0 e31
8c,, 8c, 8 2cl1 2cll
3cl12 1 5cll+cl2  cl3 0 0 0 0 0 e3l
8cll 8 8cll 2cll 2cl1

0 0 0 00 0 0 0 O

0 0 0 1 0 0 0 0 O

2
1
Sinap = 0 0 0 O 5 0 0 0 O
0 0 0 00 2(§ E) 0 0 O
8 8cll
0 0 0 00 0 % 0 O
1
0 0 0 00 0 0 5 0
0 0 0 00 0 0 0 O (42)

Observe that the Eshelby tensor above coincide with that obtained by [10] and [12].

4 THE EFFECTIVE PROPERTIES

Consider that the medium is a two-phase piezoelectric composite perfectly bonded. By
following the works of [8-9], consider the statistical homogeneity of the composite and the ergodic
hypothesis. Therefore, the electroelastic moduli can be obtained by

NI M
I

V,E +V,E,, @3)
V,Z, +V,Z,,

where the subscript 1 and 2 denote the matrix and the inclusion, respectively, of the piezoelectric
composite and Z and X are defined in (4) and (6), respectively. Furthermore, v, are the volume

fraction of each phase and the overbar denotes the volume average, i.e,

E:(F):@L}ng, (44)

12
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where Q] denotes the volume of Q.

Consider that the composite is subjected to a homogeneous elastic displacement-electric
potential, or, homogeneous strain-electric field, Z°. The calculation of the volume averaged
electroelastic fields, T and Z, are related to the effective electroelastic moduli, E

X =EZ. (45)
Through the generalization of the average strain theorem of elasticity [19], it can be stated that the
perturbation of the strain and potential fields vanish by the integration over the domain of the entire

composite, thus Z is obtained as [7-9]
Z=2". (46)

By using (43) - (46) and the constitutive equations in each phase of the composite results:
E=E +v,(E,-E,)M, 47)

where M is called strain-potential gradient concentration matrix, which is related with the average
strain and potential in phase two by

Z,=MZ=MZ". (48)

The concentration matrix, M, is obtained in the next section by using the Mori-Tanaka
approach.

4.1 The Mori-Tanaka Method

The Mori-Tanaka method (MT) [1] is one of the micromechanical approaches for estimating
the concentration matrix, M, which, together with the piezoelectric Eshelby’s tensor are a key for
predicting the electroelastic moduli E .

In this method the concentration matrix is given by [8-9]
Z,=M"Z,, (49)
where

M@ =[1+SE*(E, -E, )™ (50)

13
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In the expression (50), | is the identity matrix and S is the matrix representation of the Eshelby
tensor defined in (24). By using the equations (43), (48) and (49), the concentration matrix can be
written as

MYT =M v, 1 +v,M™ T (51)
Then, upon substituting the equation (51) into (47) yields
E=E,+v,(E,-E,)M"". (52)

When the porous phase is air, the stiffness vanishes and the dielectric permittivity is
approximated by that of free space [9], x,; thus comparing x,with the permittivity of the material,

K, can be neglected and E, =0. However, it was proved in [9] that the assumption E, =0 only
works for pores that are not too slender.

In the next section we apply the above results to compare numerically the accuracy of Mori-
Tanaka Method with respect to the accuracies of the Asymptotic Homogenization Method and the
Finite Element Method.

4.2 Numerical Results

All computations reported in this section were obtained by programming the formulae
summarized in Section 4.1 with MatLab (R2015a) and Wolfram Mathematica® 11.0. In order to verify
the computational code, the analytical formulae for effective properties obtained via Mori-Tanaka
(MT) approach for empty circular cylindrical inclusion embedded in an infinite medium are compared
with data obtained via Asymptotic Homogenization Method (A) and via Finite Element Method (N)
reported by [20] and [21], respectively. The material properties used to obtain the results shown in
the figures below were taken from [21]. In Table 1 the material properties of Barium titanate (BaTiOz3)
are presented. From 50°C to 120 °C the crystal structure of a single crystal of BaTiOs belongs to the
crystal class 4mm [4]. Although the electromechanical response of this single-crystal is described
according to 4mm symmetry, the response of poled polycrystalline BaTiOs is described by 6mm
symmetry [23].

Table 1 The material properties of BaTiO3 [21]

Barium titanate ( p =5700 kg/m3 )
Cyy G Cis Cas Caa Cos Ky K33 € €3 €5
GPa | GPa | GPa | GPa | GPa | GPa | nC/(Vm) | nC/(Vm) | C/m? | C/m? | C/m?
150.4 | 65.63 | 65.94 | 145.5 | 43.86 | 42.37 12.8 15.1 432 | 174 | 114

14
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The numerical results for electroelastic effective constants are shown below in terms of the
volume fraction v, of the pores. In general, an excellent agreement between the results for

electroelastic effective constants obtained from both analytical methods, (A) and (MT), and the
numerical method (N) is observed for the whole range of the pores volume fraction. In particular, it
Is remarkable that the results of this work for the effective electroelastic constants c,, and e are

indistinguishable from those derived in [20] from (A) and exhibit better concordance to the
corresponding constants than those derived from (MT) in [21]. In [21] a factor of two in the shear
strains was not correctly accounted for in the Eshelby tensor.

In Fig. 2 and Fig. 3 the curves for the elastic effective constants are presented. Observe from
Fig. 2 that the curves for c,, and c,, obtained via (MT) are indistinguishable from the curves

obtained via (A) and (N), and the curve for c,, obtained via (MT) is indistinguishable from the curves
obtained via the (A) and (N) for small values of v,. In Fig. 3 the curve for c, obtained via (MT) is
indistinguishable from the curves obtained via (A) and (N), and the curve for c,, obtained via (MT)
is only indistinguishable from the curves obtained via (A) and (N) for small values of v, .

Similar conclusions can be drawn from the analysis of Fig. 4, where the curves for the
piezoelectric effective constants are presented. Observe from this figure that all curves for e,,,e,; and

e; obtained via (MT) are indistinguishable from the curves obtained via (A) and (N). Also, in Fig. 5

the curves for the dielectric effective constants are presented. Observe from this figure that the curves
for x,; and x;, obtained via (MT) are indistinguishable from the curves obtained via the (A) and (N).

15
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Fig. 2. Effective elastic properties for a longitudinally porous piezoelectric material. Comparison between results
derived from Mori-Tanaka Method (MT) and those derived from Asymptotic Homogenization Method (A) reported by
[20] and Element Method (N) reported by [21].
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Fig. 3. Effective elastic properties for a longitudinally porous piezoelectric material. Comparison between results
derived from (MT) and those derived from (A) reported by [20] and (N) reported by [21].
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5 CONCLUSION

The analytical solutions for coupled electroelastic fields in a piezoelectric material of crystal
class 6mm have been implemented to determine the effective properties of two-phase and porous
piezoelectric solids. The Eshelby tensor was explicitly determined for circular cylindrical inclusions,
which allowed the Mori-Tanaka method to yield explicit expressions for the effective electroelastic
moduli. The numerical results for circular cylindrical inclusions are in good agreement with results
reported in the literature, obtained from Asymptotic Homogenization Method (A) and the Finite
Element Method (N).
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