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ABSTRACT 

The Lemaitre damage model is evaluated using fatigue test data from extruded AZ31B magnesium alloy. The 
experimental data were obtained from thin-walled tubular specimens subjected to tension–compression, torsion, 
proportional axial-torsion, and 90º out-of-phase axial-torsion. The Lemaitre model has a difficulty to correlate the data 
under cyclic torsion loading. A modified Lemaitre model, where the damage denominator depends on the stress triaxiality, 
correlates well all test data. A simple and fast method is described for determining the material constants in the model. 
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1 INTRODUCTION 

Wrought magnesium (Mg) alloys are attractive materials for the automotive and aircraft 
industries due to their ultra-lightweight, high specific strength, and  superior mechanical properties. 
Structural components in vehicles are often under cyclic loading, and the avoidance of fatigue failure 
is a critical design consideration. Thus, an understanding of the fatigue behavior of wrought Mg alloys 
is needed before they can be reliably applied in practice.  

Multiaxial fatigue of wrought Mg alloys have not yet been extensively studied. Most of the 
experiments reported in the literature [1‒7] were conducted on thin-walled tubular specimens under 
constant-amplitude strain-controlled axial-torsion loading. The Mg alloys studied include extruded 
magnesium‒lithium, AZ61A, AZ31B, and AM30. Castro and Jiang [8] have recently investigated the 
multiaxial fatigue behavior of extruded AZ31B using constant amplitude loading and step loading 
experiments under both stress- and strain-controlled conditions. A common conclusion found in these 
studies is that the classical critical plane and energy-based approaches predict reasonably well the 
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fatigue lives of wrought Mg alloys. Furthermore, the accuracy of the fatigue life prediction is 
comparable with that obtained for conventional metallic materials tested under similar loading 
conditions.  

The damage model developed by Lemaitre [9] can describe various damage behaviors. 
Although widely used to estimate ductile fracture, fatigue life prediction based on the Lemaitre model 
has received much less attention. A recent study [10] indicated that fatigue lives of three conventional 
metallic materials (304 and S460N steels and 6061-T6 Al alloy) under proportional and 
nonproportional, axial-torsion loading are correlated reasonably well by the Lemaitre model. 

The purpose of this work is to investigate how well fatigue lives can be predicted for an 
extruded AZ31B Mg alloy using the Lemaitre model. Strain-controlled axial-torsion experiments 
taken from Ref. [4] were employed in the evaluation. A simple and fast method is described for 
determining the material constants in the Lemaitre model. 

 

2 MATERIAL AND EXPERIMENTS 

Available fatigue tests [4] conducted on an AZ31B Mg alloy were used in the current study. 
The material was supplied in the form of extruded round bars. The Young’s modulus of the material 
is 44.8 GPa, the shear modulus is 16.9 GPa, the 0.2% offset yield stress in tension is 244 MPa, and 
the ultimate strength under tension is 298 MPa. Thin-walled tubular specimens were machined from 
the as-received bars with the longitudinal axes along the extrusion direction. Strain-controlled fatigue 
experiments were conducted at room temperature using an Instron axialtorsion servohydraulic load 
frame. The experiments were conducted until the moment when the maximum stress in a loading 
cycle dropped below 5% of the stabilized or peak value, or a visible crack was found on the outer 
surface of the specimen. In most cases, a macroscopic surface crack was detected at the end of the 
test. 

The loading paths used in the fatigue tests are shown in Fig. 1. Fully reversed tension–
compression, fully reversed torsion, proportional loading, and 90o out-of-phase loading were 
investigated. During each fatigue test, the axial and shear strains on the outer surface of the specimen 
were directly measured with a biaxial extensometer, while the axial force and the torque applied to 
the specimen were measured with the load cells of the machine. At each predefined loading cycle, 
the strains, the axial force, and the torque were recorded for a minimum of 200 data points. Averaged 
axial and shear stresses were calculated from the measured loads by assuming uniform axial and shear 
stress distributions over the wall thickness. In the calculation procedure, the cross-section dimensions 
during the test were determined considering the elastic deformation and plastic incompressibility of 
the material.  

 

 

Figure 1. Loading paths used in the fatigue tests. 
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3 LEMAITRE MODEL 

Lemaitre [9] developed a fatigue model for general multiaxial loading based on the framework 
of continuum thermodynamics. A scalar quantity ܦ is used to describe the fatigue damage at a given 
material point. Failure is predicted to occur when the fatigue damage reaches a critical value, ܦୡ. The 
damage evolution rule takes the following form: 

 

ሶܦ ൌ ൬
ܻ
ܵ
൰
௦

ሶ݌  (1)

 
where ܵ and ݏ are material constants and the superposed dot denotes differentiation with respect to 
time. The quantity ݌ሶ is the equivalent plastic strain rate defined as ݌ሶ ൌ ඥ2/3||ઽሶ ୮||, where ઽ୮ is the 
plastic strain tensor and the symbol ||	|| stands for the Euclidean norm of second-rank tensors. ܻ is 
expressed as 
 

ܻ ൌ
୯ଶୣߪ ܴఔ

ሺ1ܧ2 െ ሻଶܦ
 (2)

 
In Eq. (2), ܧ is the Young’s modulus,  ୣߪ୯ is the von Mises equivalent stress, and ܴఔ  is a scalar 
function defined as  
 

ܴఔ ൌ
2
3
ሺ1 ൅ ሻߥ ൅ 3ሺ1 െ ଶ (3)ߟሻߥ2

 
where ߥ is the Poisson’s ratio. The quantity ߟ is called stress triaxiality and is defined as ߟ ൌ  ,୯ୣߪ/୦ߪ
where ߪ୦ is the hydrostatic stress. 

The original Lemaitre model has a difficulty to correlate the AZ31B test data under tension‒
compression and torsion, as will be shown in a later section. A simple way to overcome this drawback 
is to relate the material constant ܵ to the stress triaxiality using a linear relationship, 
 

ܵሺߟሻ ൌ 3ሺܵ଴.ଷଷ െ ܵ଴ሻ|ߟ| ൅ ܵ଴ (4)
 

where ܵ଴ and ܵ଴.ଷଷ are material constants. 
 
3.1 Constant amplitude loading 

The Lemaitre model is applicable to general multiaxial loading.  For any loading history, the 
accumulated fatigue damage can be obtained by numerical integration of Eq. (1). For constant 
amplitude loading, the stabilized stress and strain responses can be used to evaluate the fatigue 
damage, and a convenient expression for fatigue life prediction can be derived as follows. The fatigue 
damage increment per loading cycle is given by 
 

ܦߜ
ܰߜ

ൌ න ሶܦ
ୡ୷ୡ୪ୣ

d(5) ݐ
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Inserting (1) and (2) in (5), and neglecting the variation of ܦ over a cycle, we have 
 

ܦߜ
ܰߜ

ൌ
1

ሺ1 െ ሻଶ௦ܦ
න ቆ

୯ଶୣߪ ܴఔ
ܵܧ2

ቇ
௦

ୡ୷ୡ୪ୣ
d(6) ݌

 
From the above relation, it follows that 
 

ሺ1 െ ܦߜሻଶ௦ܦ ൌ (7) ܰߜܫ
 
where 
 

ܫ ൌ න ቆ
୯ଶୣߪ ܴఔ
ܵܧ2

ቇ
௦

ୡ୷ୡ୪ୣ
d(8) ݌

 
The estimated number of cycles to failure, ୣܰୱ୲, is determined by integrating Eq. (7) over the whole 
loading history. When the stress and strain responses stabilize well before half the number of cycles 
to failure, the value of ܫ can be regarded as a constant. Thus, we have 
 

න ሺ1 െ ܦߜሻଶ௦ܦ
஽ౙ

଴
ൌ න ܰߜܫ

ே౛౩౪

଴
ൌ ܫ ୣܰୱ୲ (9)

 
In view of (9), the following formula for fatigue life prediction can be obtained: 
 

ୣܰୱ୲ ൌ
1 െ ሺ1 െ ௖ሻଵାଶ௦ܦ

ሺ1 ൅ ܫሻݏ2
 (10)

 
3.2 Determination of material constants 

There are three fatigue-related constants (ܵ, ܦ ,ݏୡ) in the original Lemaitre model and four 
constants (ܵ଴, ܵ଴.ଷଷ, ܦ ,ݏୡ) in its modified version based on Eq. (4). To determine these constants, the 
objective function that is minimized is based on the squared difference between estimated and 
observed fatigue lives:  
 

ܧ ൌ෍൭log ୣܰୱ୲
ሺ௜ሻ

୭ܰୠୱ
ሺ௜ሻ ൱

ଶ௡

௜ୀଵ

 (11)

 
where ݊ is the number of test data used to determine the material constants, the superscript ሺ݅ሻ 
denotes the ݅th test, ୭ܰୠୱ

ሺ௜ሻ  is the observed fatigue life, and ୣܰୱ୲
ሺ௜ሻ is the fatigue life estimated by using 

Eq. (10). To solve the minimization problem, an exhaustive search over a pre-defined domain of 
candidate constants is carried out. The method can be readily implemented in a computer and its 
computational cost is very low. 
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4 RESULTS 

Fatigue lives were calculated by using Eq. (10). The stabilized stress‒strain hysteresis loops 
were taken from the fatigue experiments at approximately half the observed fatigue lives. The 
constants in the original Lemaitre model and in its modified version were determined by best fitting 
the tension‒compression and torsion data, as described in Section 3.2. The fatigue-related constants 
used in the models are listed in Table 1. The Young’s modulus and the Poisson’s ratio for the AZ31B 
Mg alloy are 44.8 = ܧ GPa and 0.33 = ߥ, respectively. 

Table 1 Material constants used in the fatigue models 

Original Lemaitre model Modified Lemaitre model 
ܵ = 1.4 
 2.2 = ݏ
 ୡ = 0.3ܦ

ܵ଴ = 0.6, ܵ଴.ଷଷ = 1 
 2.8 = ݏ
 ୡ = 1ܦ

 
Estimated lives based on the original Lemaitre model and the observed lives are compared in 

Fig. 2. A data point with a horizontal arrow denotes a run-out test. It is seen that the original Lemaitre 
model is not capable to line up the tension‒compression and torsion data. This result reveals a 
drawback in the original model, since the capacity of a fatigue model to satisfactorily correlate 
tension‒compression and torsion data serves as a basic benchmark to critically evaluate a given model. 
The results in Fig. 2 also show a loss of accuracy in the fatigue life estimates for lives higher than 5 
× 105 cycles. The difficulty in accurately measuring small plastic strains at long fatigue lives may 
have contributed to such less desirable predictions. Since the damage increment in the Lemaitre 
model is driven by the plastic strain increment, the estimated fatigue life is affected by inaccuracies 
in the plastic strains.  

 

 

Figure 2: Observed life versus estimated life based on the original Lemaitre model.  
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Figure 3 shows the fatigue lives predicted by the modified Lemaitre model versus the observed 
fatigue lives. The baseline tension‒compression and torsion data were within the factor-of-two 
boundaries in fatigue life, the only exception being the torsion test that failed with ୤ܰ ൌ 556,020 
cycles. A significant improvement in the correlation of the baseline data was obtained as compared 
to the original model (cf. Fig. 2) and this is due to the assumption that ܵ is a function of the stress 
triaxiality. For fatigue lives below 5 × 105 cycles, the predicted fatigue lives for the proportional and 
nonproportional tests are generally within the factor-of-three boundaries, indicating a reasonable 
fatigue life prediction. Again, the loss of accuracy in the life estimates for the high-cycle fatigue tests 
( ୤ܰ ൐ 5 × 105 cycles) is possibly due to inaccuracies in the measured plastic strains.  

 

 

Figure 3: Observed life versus estimated life based on the modified Lemaitre model. 
 
The limited stress states that were employed to evaluate the modified Lemaitre model may have 

contributed to its good correlation of the fatigue lives. Thin-walled tubular specimens under axial-
torsion loading inherently experience limited values of stress triaxiality. Figure 4 shows the variation 
of the stress triaxiality with normalized time for selected proportional and nonproportional tests. 
Since identical variations of the stress triaxiality were observed in the other tests, they were omitted 
from Fig. 4. It is seen that the stress triaxiality for the tests in Fig. 4 lies in the range 0 ≤ |1/3 ≥ |ߟ. 
This is in fact a feature of any axial-torsion stress state because whenever 0 ≠ ߪ the denominator of 
the expression for the stress triaxiality, ߟ ൌ ଶߪ√/ߪ	1/3 ൅ 3߬ଶ, is always equal or greater than |ߪ|. 
Since the constants in the modified Lemaitre model were determined by using fatigue data with ߟ = 
0 (torsion tests) and |1/3 = |ߟ (tension‒compression tests), this may have contributed to the good life 
estimates. Fatigue experiments covering a wide range of stress triaxiality are needed to better evaluate 
the modified Lemaitre model.  
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  a 

 
  b 

 

Figure 4: Variation of stress triaxiality, ߟ, with normalized time, ݐ/ܶ, for selected proportional tests 
(a) and nonproportional tests (b). ݐ denotes a time instant and ܶ is the cyclic load period. The two 

digits in the annotation for a curve denote the specimen number as defined in Ref. [4]. 

 

5 CONCLUSIONS 

The Lemaitre damage model was experimentally evaluated using axial-torsion fatigue data of 
extruded AZ31B Mg alloy. The model has a difficulty to correlate the data under cyclic torsion 
loading. Fatigue life estimates made with a modified Lemaitre model, where the damage denominator 
depends on the stress triaxiality, compared well with test data. A simple and effective method was 
derived for the determination of the materials constants in the fatigue model. Fatigue experiments 
covering a wide range of stress triaxiality are needed to better evaluate the modified Lemaitre model. 
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