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Abstract. Resolvent-based analysis combined with Spectral Proper Orthogonal Decomposition (SPOD) provides a robust
framework for understanding near-wall coherent structures in turbulent boundary layers. This study focuses on the low-
and high-frequency interactions that shape the dynamics of these structures. Resolvent analysis, grounded in linearized
Navier-Stokes equations, identifies key flow structures by treating nonlinear terms as a forcing mechanism, while SPOD
decomposes the turbulent flow into energy-optimal modes. By applying these methods to boundary layer data, we uncover
dominant coherent structures responsible for energy transfer and momentum transport. The results demonstrate how
resolvent modes correlate with SPOD modes, offering insights into the spatio-temporal behavior of near-wall turbulence.
These findings enhance our understanding of wall-bounded turbulence mechanisms and offer potential pathways for
turbulence control strategies.
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1. INTRODUCTION

Understanding the dynamics of near-wall coherent structures in turbulent boundary layers is critical for improving
predictions of skin friction, heat transfer, and drag, which are essential for various engineering applications, including
aerospace and energy systems. Despite significant progress in the field of turbulence research, the underlying mechanisms
responsible for the formation, maintenance, and interaction of these structures remain complex and elusive (Abreu et al.,
2019). Near-wall turbulence is characterized by the presence of self-sustaining structures such as streaks and vortices,
which dominate momentum and energy transfer. A detailed understanding of these structures and their dynamics can
potentially lead to more effective turbulence control strategies, improving efficiency in practical systems.

One promising approach for studying such complex flow phenomena is resolvent analysis, a framework derived from
the linearized Navier-Stokes equations (McKeon, 2017; Towne et al., 2018). In this formulation, the nonlinear compo-
nents of the flow are treated as an external forcing, and the system’s response is analyzed as a linear amplification problem.
This approach provides insight into the most amplified flow structures, which often correspond to coherent structures ob-
served in the turbulent boundary layer. Resolvent analysis identifies the forcing-response pairs that dominate the system’s
behavior, making it a powerful tool for dissecting the dynamics of turbulence.

To complement resolvent analysis, Spectral Proper Orthogonal Decomposition (SPOD) is employed to extract energy-
optimal modes from the turbulent flow field (Abreu et al., 2017; Towne et al., 2018). SPOD, a data-driven technique,
identifies spatial structures associated with specific frequency bands, making it ideal for decomposing the flow into co-
herent structures across a wide range of scales. By combining resolvent analysis with SPOD, we aim to bridge the gap
between theoretical predictions and empirical observations, offering a comprehensive view of near-wall turbulence.

This paper investigates the interaction between resolvent and SPOD modes in the context of a turbulent boundary lay-
ers. Specifically, we focus on the near-wall region where turbulent production and dissipation are most intense. Through
this analysis, we seek to identify key flow structures that govern the dynamics of near-wall turbulence and provide a
deeper understanding of their role in energy transport and momentum transfer. The insights gained from this study may
also contribute to the development of novel strategies for turbulence modeling and control.



F. Pinheiro; D. P. S. Santos; L. I. Abreu
Resolvent-based analysis of near-wall coherent structures in turbulent boundary layer

101 102 103
0

5

10

15

20

25

30

100 101 102 103 104
0

2

4

6

8
Re   300

Re   730

Figure 1. Turbulence statistics of the zero-pressure-gradient turbulent boundary layer (Eitel-Amor et al., 2014) showing
(a) the mean streamwise velocity profiles and (b) the variance of the streamwise velocity fluctuations at Reτ ≈ 300 (black
solid line) and 730 (black dashed line), both scaled in viscous units. In (a) the green solid line represents the linear law,

ū+ = y+; and the red solid line is the log law, ū+ = (1/κ) ln y+ +B, where κ = 0.41 and B = 5.2.

2. Database description

The large-eddy simulation (LES) database employed in this work were produced in Eitel-Amor et al. (2014) for a zero-
pressure-gradient turbulent boundary layer. The corresponding Reynolds numbers based in inner units are Reτ ≈ 300
and 730, respectively.

2.1 Turbulence statistics and spectral analysis

Using standard Reynolds decomposition and considering velocity in inner units, u+ = ū++u′+, the mean streamwise
velocity profiles ū+ and the variance profiles of the streamwise velocity fluctuations (u′+)2 are shown in Figures 1 (a)
and (b) respectively, for the turbulent boundary layer database (Eitel-Amor et al., 2014), for the friction Reynolds numbers
Reτ ≈ 300 and 730. The mean velocity profiles exhibit the characteristic form typical of wall-bounded turbulent flows
when plotted against the wall distance scaled by inner variables y+, following the linear and log laws (Millikan, 1938;
Marusic et al., 2013). The variance profiles display the typical pattern found in wall-bounded turbulent flows, featuring a
peak near the wall in the buffer layer at y+ ≈ 15. This peak becomes more pronounced as the Reynolds number increases,
as expected (Eitel-Amor et al., 2014; Monkewitz and Nagib, 2015).

To examine the turbulent structures found in the buffer layer, Figure 2 shows the two-dimensional inner-scaled pre-
multiplied power-spectral density of streamwise velocity fluctuations kzE

+
uu for Reτ ≈ 300 and 730, where kz refer

respectively to cross-streamwise wavenumber. For both Reynolds numbers, the results show a highly energetic peak
located near the wall for the wavelength combination (y+, λ+

z ) ≈ (100, 100). This combination of wavelengths charac-
terizes the typical pattern of the near-wall cycle, consisting of streaks and streamwise vortices, a phenomenon that has
been widely examined in numerous studies across various Reynolds numbers and flow conditions (see for instance Refs.
Hoyas and Jiménez (2006); Monty et al. (2009); Smits et al. (2011)).

3. Mathematical model

3.1 SPOD

The present SPOD was employed following the procedure outlined in Ref. Towne et al. (2018). In the present
study, SPOD is applied to the velocity fluctuations q′ = [u′,v′,w′] to extract orthogonal modes that optimally represent
turbulent kinetic energy. We first perform a Fourier transform in time to obtain the field for a specifc frequency ω. For the
present case the DNS uses periodic boundary conditions in the x and z directions, which are homogeneous and therefore
Fourier modes become optimal. Thus, we also perform a Fourier decomposition in the x and z directions to obtain a field
for specific streamwise and spanwise wavenumbers.

Once we have the transformed field for a specific frequency-wavenumber combination, q̂′ = q̂′(kx, y, kz, ω), where
hats denote Fourier-transformed quantities and q̂′ = [û′, v̂′, ŵ′] are the state variables, it is possible to apply the SPOD
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Figure 2. Two-dimensional inner-scaled premultiplied power-spectral density of the streamwise velocity kzE
+
uu, at y+ ≈

15, for the two Reynolds numbers under study.

to this transformed field, which is equivalent to solving the integral equation:∫
y′
C(y, y′)Ψ(y′)dy′ = λΨ(y), (1)

where Ψ are the SPOD modes, λ is the corresponding eigenvalue and C is the two-point cross-spectral density between
the three velocity components, the dimension of which is 3Ny × 3Ny , where Ny is the number of points in the wall-
normal coordinate. Note that C is Hermitian, thus eigenvalues are real and positive, and eigenfunctions are orthogonal.
The eigenvalues are arranged in descending order, ensuring that the modes with the highest kinetic energy come first. As
a result, the leading modes correspond to large-scale flow structures.

3.2 Resolvent Analysis

In turbulent flow, the Navier-Stokes equations can be divided into linear and nonlinear components related to flow
fluctuations. The linear terms are derived by linearizing the system around the mean velocity profile, which serves as
the base flow. The nonlinear terms are treated as external forcing, and resolvent analysis focuses on identifying the
forcings that most effectively drive the linearized flow responses. In this study, we have used the mean flow averaged
over all homogeneous directions as the base flow, shown in Figure 1 (a) for the channel flow at both Reynolds numbers,
to linearise the Navier–Stokes equations.Since the system is time-invariant, all quantities in the Navier-Stokes equations
can be decomposed using a Fourier transform in time, resulting in a problem formulated in the frequency domain. This
approach follows the methodology outlined in Ref. Cavalieri et al. (2019) we can rearrange the equations, leading to the
linearised Navier–Stokes system in the input-output form:

q̂′ = Rf , (2)

where f = [fx, fy, fz] is the input, or resolvent forcing modes; q̂′ = [û′, v̂′, ŵ′] is the output of the selected flow variables,
or associated response modes; and R is the resolvent operator.

The singular value decomposition of the resolvent operator, discretised as a matrix R leads to optimal forcing modes,
causing maximum amplification between input and output,

R = UΣV†, (3)

where the superscript † denotes conjugate transpose of a matrix. The above equation decomposes R into two orthonormal
bases U = [u1,u2, ...,un] and V = [v1,v2, ...,vm], where n and m are the output and input dimensions, respectively.
Note that U†U = I and V†V = I. Here U and V are respectively output and input bases. The matrix Σ is diagonal, with
real, positive values, in decreasing order σ1 ≥ σ2 ≥ ... ≥ σn. If the forcing is f = v1, the flow response is q̂′ = σ1u1,
and since σ1 is the maximum gain between input and output, (u1, v1) is thus the optimal forcing and associated response,
which is the most amplified one.

4. Comparisons between SPOD and resolvent analysis

Figure 3 shows the comparisons between the first SPOD mode and the optimal response from resolvent analysis for
(a) Reτ ≈ 300 and (b) Reτ ≈ 730. These comparisons highlight the effectiveness of resolvent analysis in capturing the
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Figure 3. First SPOD mode (black solid line) compared with the response associated to the optimal forcing from resolvent
analysis (red dashed line) for (a) Reτ ≈ 300 and (b) Reτ ≈ 730.

dominant structures in turbulent flows across different Reynolds numbers. At Reτ ≈ 300, the optimal resolvent response
closely matches the first SPOD mode, indicating a strong alignment between the linear amplification mechanisms pre-
dicted by resolvent analysis and the energy-optimal structures identified by SPOD. This suggests that for lower Reynolds
numbers, the near-wall coherent structures are well captured by the leading resolvent mode, which corresponds to key
flow features such as streaks and vortices that are central to the dynamics of near-wall turbulence.

At the higher Reynolds number, Reτ ≈ 730, the comparison reveals more complex interactions. While there is still
a notable similarity between the first SPOD mode and the optimal resolvent response, the higher Reynolds number intro-
duces additional scales of motion and more intricate flow features. The first SPOD mode captures the dominant energetic
structures, but the resolvent analysis identifies broader forcing-response interactions that may not be fully captured by
a single mode. This suggests that as the Reynolds number increases, the flow becomes more multiscale, and additional
resolvent modes might be needed to account for the full range of dynamics.

5. Conclusions

This work has shown that resolvent-based analysis can be effectively coupled with spectral proper orthogonal decom-
position (SPOD) for studying near-wall coherent structures in turbulent boundary layers. Information from the resolvent
analysis indicates the linear amplification mechanisms of coherent structures, while SPOD identifies modes optimally
energetic at different frequencies, thus providing a fine filter between decomposed components of the dynamics. Results
reveal a very good match of resolvent modes with SPOD modes, especially in the near-wall area, where streaks and
vortices are important by being large convective structures carrying momentum and energy.

The analysis showed that resolvent modes capture the essential features of coherent structures driving turbulence
production and its subsequent dissipation. The findings help contribute a refined insight into the self-organization of
turbulent boundary layers sustaining near-wall turbulence. Moreover, this work highlights the potential of resolvent-
based analysis and SPOD as complementary tools in modeling and predicting turbulence structures to fill the gap between
theoretical and experimental observations.

The knowledge obtained from this research is the first step in further studies toward effective flow control strategies
that reduce drag and improve aerodynamic performance. Enhancing our understanding of near-wall coherent structures
and the mechanisms producing these structures paves the way for developing alternative strategies that are more efficient
in controlling wall-bounded turbulence, in terms of practical applications.
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