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Abstract. Understanding the flow regime, whether laminar or turbulent, is crucial in several scientific and industrial
applications, especially in the laminar-turbulent transition process. This phenomenon, often triggered by sources of
physical instabilities in the flow, can be observed in the boundary layer, where small amplitude disturbances, such as
Tollmien-Schlichting waves, gradually amplify, resulting in the transition to turbulence. Given the importance of the
effect of viscosity on the boundary layer and considering that this is also an important property of viscoelastic fluids,
investigating and understanding the transition phenomenon in these flows is relevant and essential for several industrial
applications. Therefore, the objective of this work is to investigate the hydrodynamic stability in a two-dimensional and
isothermal boundary layer flow, considering an incompressible and non-Newtonian fluid represented by the Giesekus
viscoelastic model, through the analysis of Tollmien-Schlichting wave convection using the Linear Stability Theory.
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1. INTRODUCTION

In several scientific and industrial applications, understanding the flow regime, whether laminar or turbulent, is ex-
tremely relevant, especially when it comes to the transition from the laminar regime to the turbulent state. This process,
known as laminar-turbulent transition, is generally triggered by physical sources of instabilities present in the flow, such
as structural vibration, noise, surface roughness, or external turbulence.

In the boundary layer, the laminar-turbulent transition can be triggered by the growth of small-amplitude disturbances,
such as Tollmien-Schlichting waves (Xu et al., 2016). These waves are slowly amplified until they can eventually grow
large enough that nonlinearities take control and the flow transitions to turbulence. Since the existence of Tollmien-
Schlichting instability waves was confirmed by Schubauer and Skramstad (1948), many studies have been carried out to
further explore and explain the transition.

The Linear Stability Theory is an already established technique, which consists precisely of obtaining the response of
the flow to disturbances, with due interest in infinitesimal disturbances (Gennaro, 2012). It is therefore a suitable tool to
investigate how the evolution of these disturbances is related to the (Zhang et al., 2013) transition phenomenon.

On the other hand, many rheologically complex fluids, such as polymer solutions, soups, blood, shampoo, and ketchup
cannot be described by the constitutive equation of the Newtonian model. These fluids exhibit a variety of non-Newtonian
behaviors that cannot be captured using the Navier-Stokes equations (Cracco, 2019). It is for this reason that it is necessary
to add a constitutive equation that represents the behavior of the non-Newtonian extra-stress tensor.

Even though the boundary layer theory has many applications, such as calculating the frictional drag of bodies in
(Schilichting, 1979) flow, there are still many questions to be investigated. For example, there are studies on the investi-
gation of the transition process from the boundary layer to Newtonian fluid (Souza et al., 2002) and also on the transition
of viscoelastic flows in other geometries, such as flow between parallel plates (Brandi et al., 2019). However, especially
with regard to the instability of viscoelastic fluids in the boundary layer, there is still much to explore.

In particular, non-Newtonian laminar boundary layer flows are observed in several domains, including biological and
chemical systems, food processing engineering systems, or pharmaceutical processing (Amoo and Fagbenle, 2020). Since
most of the differences between categories of non-Newtonian fluids are related to their viscosity, a dominant physical
property within the boundary layer region, a thorough understanding of these flows is of considerable importance for
various industrial applications (Amoo and Fagbenle, 2020).

Therefore, this work uses the Linear Stability Theory to investigate the convection of Tollmien-Schlichting waves in a
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boundary layer flow over a flat plate, considering a viscoelastic fluid represented by the Giesekus model. The investiga-
tions were conducted by observing the behavior of the maximum spatial growth rates and the unstable regions delimited by
the stability diagrams. Several cases were considered, obtained from the variation of dimensionless parameters character-
istic of non-Newtonian flow. In this way, it was possible to analyze how the elastic forces and the polymeric contribution
of the fluid influence the spatial stability of the viscoelastic flow, comparing them with Newtonian fluid flows.

2. MATHEMATICAL FORMULATION

Considering that the flow is two-dimensional and unsteady, then the continuity and momentum equations that govern
the flow for an incompressible and non-Newtonian fluid, in its dimensionless form, are given by
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where u denotes the velocity field, ¢ is the time, p is the pressure and T is the non-Newtonian extra-stress tensor (Symme-
. . A
tric), given by T = Ty Ty
The dimensionless parameter Re;, = Uy, L/v is associated with the Reynolds number, where L and U, denote

length and velocity scales, respectively, and v is the kinematic viscosity of the fluid. The amount of Newtonian solvent
is controlled by the dimensionless solvent viscosity coefficient 8,,, = 1s/n0, where 19 = 71, + 7, denotes the total shear
viscosity, being 7, and 7,, the Newtonian solvent and polymeric viscosities, respectively.

In this paper, we worked with viscoelastic fluid flow governed by the non-linear Giesekus constitutive equation
(Giesekus, 1982), which is given by
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where a is the mobility parameter that regulates the shear thinning behavior of the fluid (0 < ag < 1), T - T is a tensor
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v
product and T is the upper-convected derivative. The dimensionless parameter Wi = AU, /L is called Weissenberg
number, being A the relaxation-time of the fluid.

3. LINEAR STABILITY THEORY

Through the Linear Stability Theory (LST), it is possible to obtain answers regarding the growth or decay of infini-
tesimal disturbances imposed on the base flow. Therefore, the instantaneous flow components can be decomposed into
base flow, considered two-dimensional and non-parallel in this work, plus a disturbed part

q(z,y,t) = q(z,y) +a(z,y,t), “4)

where q(z,y) = (U, V, P, ’i‘) describes the components of the base flow, while q(z, y,t) = (4,7, P, T) represents small
amplitude disturbances. Replacing Eq. (4) in the conservation equations and non-Newtonian tensors (Egs. (1) — (3)),
we obtain a system of linearized equations for the disturbances, as long as non-linear terms are ignored, due to the
infinitesimal amplitude of the disturbances (Schilichting, 1979).

Thus, the modal disturbances to be introduced are of the form

az,y,t) = q(y)e' ==, (5)

where q refers to the velocity, pressure and tensor components, i = +/—1 and q(y) represents the amplitude of the
disturbances. These equations indicate that disturbances propagate as waves with frequency w, wavelength A = 27/«
and wave speed ¢ = w/a, where « is the wavenumber in the z direction.

Thus, using the method of separating variables by normal modes, the system composed of conservation equations and
non-Newtonian tensor equations is reduced to a system of differential equations
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In particular, for two-dimensional disturbances, if « is a real number (o; = 0 and « = «,.) and w is a complex number,
then the amplitude of the disturbance is increasing by the function of time. The components «.,., w;, and w; represent,
respectively, the wave number, frequency, and temporal growth rate, and this case consists of a temporal analysis of
instabilities.

Now, if w is a real number and « is a complex number, we have the amplitude of the disturbance increasing in the
direction of the mean flow z. In this case, the answer will be a spatial analysis of the instabilities, and «; is the spatial
growth rate. In this work, in particular, the focus is on carrying out a spatial stability analysis in the boundary layer, and
the classification of instabilities, based on temporal and spatial analyses, is presented in Tab. 1.

Table 1. Instabilities classification.

Type of analysis  Amplification rate Amplitude Classification

a; <0 increase unstable
Spatial analysis a; =0 constant neutral
a; >0 decreases stable
w; <0 decreases stable
Temporal analysis w; =0 constant neutral
w; >0 increase unstable

The process of linearizing the system of equations and introducing normal modes leads to a system of differential
equations in terms of the disturbance variables, which can be written as a generalized complex eigenvalue problem, of the
form

LT LT
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where £ and R are matrices constructed in such a way that Eq. (12) is equivalent to the system composed of
Egs. (6) — (11), and are subject to appropriate boundary conditions. In particular, we adopt the no-slip wall condition for
velocities

=0 para y=0 e y=-4o0. (13)
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Thus, the instability modes are obtained by solving an eigenvalue problem, for which the first and second derivatives
with respect to y (d%, %) are applied via differentiation matrices (Dy, D?y) calculated based on the Chebyshev spectral
method. The solution that follows from Eq. (12) is called spatial modes.

4. BASEFLOW

In the present article, we adopt a base flow that consists of a flat plate boundary layer with zero angle of incidence, as
we can see in Fig. 1. A spatial numerical simulation code, implemented based on the vorticity-velocity formulation, was
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Figure 1. Computational domain for the flat plate boundary layer.

used to obtain this flow. The initial condition for the velocities and vorticity is defined by the Blasius similarity solution
(Schilichting, 1979). The components of the non-Newtonian tensors are initialized as zero and the flow evolves until it
reaches a steady state.

In particular, the choice for the vorticity-velocity formulation occurs due to the lack of need to deal with the pressure
component and, therefore, simplifying the problem. Then, the two-dimensional vorticity w, is defined by

ou Ov
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Based on this formulation, the simulation consists of solving the system composed of Egs. (15) — (20),
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where Eq. (15) is the continuity equation, Eq. (16) is the Poisson equation for the V' velocity component, obtained
deriving Eq. (14) with respect to . Equation (17) is obtained by deriving the momentum equation in direction y
with respect to x and subtracting the derivative of the momentum equation in direction = with respect to y. Finally,
Egs. (18) — (20) are the Giesekus model equations for the non-Newtonian tensor in two-dimensional cartesian coordi-
nates.

The temporal integration of the equations that describe the flow and the components of the extra-stress tensor in the
context of viscoelastic flow is performed by a classical fourth-order Runge-Kutta scheme. Specifically, aiming to optimize
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the numerical resolution in the region close to the rigid boundary in the y direction, we implemented a mesh stretching
strategy. Furthermore, to deal with spatial derivatives, high-order compact finite difference schemes are applied, which
require the solution of tridiagonal linear systems. We also incorporate methods to filter high-frequency oscillations in the
flow direction. To solve the Poisson equation, we employ the FAS (Full Approximation Storage) scheme together with a
Line Successive Overrelaxation (LSOR) method.

5. NUMERICAL RESULTS

The following results regarding the analysis of the stability of viscoelastic flows in a boundary layer on a flat plate
were obtained through the Linear Stability Theory, with the base flow being generated from a spatial numerical simulation
using the Blasius solution as the initial condition. The simulation parameters were selected such that U, = 5.2667m/s,
L =0.1mand v = 1.59 x 10~°m? /s, resulting in a Reynolds number Re;, = 33124.

The domain of numerical integration in the flow direction extends from xy = 1.0 to x,,4, = 16.8 and goes from
Yo = 0 t0 Ymaz = 0.36 in the direction normal to the wall. The following parameters were adopted for the numerical
simulation: the number of points in the streamwise and normal directions is imax = 633 and jmaz = 225, respectively,
being the distance between two consecutive points in the direction x, Az = 0.025. The discretization in the y direction
was performed using a mesh with a stretch factor of 10%.

Figure 2 illustrates the evolution of the velocity profile U along the flow, presenting velocity profiles at several fixed
positions in the = direction for non-Newtonian flows. This specific case considers Wi = 5 and ag = 0.2 for 3,,,, =
0.90,0.80 and 0.70. As the flow develops, it is possible to observe the influence of the fluid’s viscoelasticity on the behav-
ior
of the velocity U. Each spatial position in the domain in z corresponds to a value of Re, such that

Re = \/Rep+/z.

0.35 =

—£$,=0.90 x=1.975 x= 4.475 x= 6.975 x= 9.475 x=11.975
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Figure 2. Evolution of streamwise velocity profiles U considering Wi = 5 and different values of (.

To verify the influence of dimensionless parameters on flow stability, a variation of these parameters that characterize
the viscoelastic fluid is carried out. Initially, the parameter e was set at 0.20 and then 5,,, = 0.90,0.80 and 0.70 was
varied for Wt = 1,2, 3,4, 5 and 6. The numerical simulations provide the values of the spatial growth rates («;) for each
of the cases considered.

In the case of a spatial analysis, growth rates less than zero (c; < 0) indicate instability in the flow, while growth
rates greater than zero («; > 0) indicate stability. Furthermore, as w is a real value, the frequency F' can be defined as
F = (w/Rey,) x Re and the value used in the simulations was F' = 4.

Figure 3 shows the spatial growth rate of the disturbances as a function of the flow direction «. It can be seen that the
range of unstable frequencies is greater for flows with higher values of Wi, respectively, and increases even more as we
decrease the value of 3,,,,.

Furthermore, cases where [3,,,, is smaller, that is, those with greater non-Newtonian contributions, achieve the highest
growth rates. This is confirmed by Fig. 4, which shows the maximum growth rates for each of the tested cases. It is noted
that the highest growth rates occur in flows with greater viscoelastic contribution and higher values of W7i. Furthermore,
the decrease in f3,,,, further intensifies the growth of maximum growth rates with the increase in the value of W4, which
can be observed by the greater slope of the lines.

Still using the Linear Stability Theory, numerical simulations were carried out to determine the spatial growth rates
(av;) for different values of w and Re (corresponding to each position in the flow direction), aiming to find the neutral
stability curve, where c; = 0. In this diagram, growth rates less than zero (o; < 0, unstable) are inside the curve, while
growth rates greater than zero (a; > 0, stable) are outside the curve.
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Figure 3. Spatial growth rate (—«;) as a function of streammwise direction for: (a) 3, = 0.90; (b) B,,, = 0.80; and (c)
Bnn = 0.70.

Figure 5 presents the neutral stability curves obtained by the LST analysis for viscoelastic flows, compared with the
neutral curve in the Newtonian case. It is observed that in Fig. 5(a), the behavior of the curves for non-Newtonian cases
is closer to the Newtonian case. On the other hand, Figs. 5(b) and 5(c), which represent the cases in which 3,,,, = 0.80
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Figure 4. Maximun spatial growth rate (—ay).
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Figure 5. Stability diagrams considering W7 variations with: (a) 3,,,, = 0.90; (b) 8, = 0.80; and (c) S5,,, = 0.70.

and 0.70, show regions of greater instability. These regions increase as the value of W3 grows.

Furthermore, it is noted that the tip of the curve moves increasingly to the left as the value of Wi increases. The
value of Re below which disturbances of any frequency are stable is called the critical Reynolds. Figure 6 confirms
these observations, presenting the approximate values of critical Re. It is observed that this critical value increases with
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Figure 6. Approximate critical Reynolds values.
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the increase of Wi and is even greater for the smallest values of (3,,,. In other words, the greater the non-Newtonian
contribution in the fluid, the lower the Reynolds value required for unstable regions to begin to emerge.

6. CONCLUSIONS

In this work, the Linear Stability Theory was used to investigate the hydrodynamic stability of a boundary layer
flow over a flat plate, considering a viscoelastic fluid represented by the Giesekus model. The spatial growth rates of
the disturbances were evaluated based on the results of several simulations, carried out by varying the dimensionless
parameters characteristic of non-Newtonian fluid flow.

The results found allow us to verify that the variation of the constant (3,,,, which is directly related to the non-
Newtonian contribution in the fluid, interfered in the range of unstable frequencies of the flows, with flows with lower
values of 3, reaching the highest growth rates. The variation in the Weissenberg number (W) also significantly influ-
enced flow stability, especially in fluids with a greater polymeric contribution.

The destabilizing effect of viscoelastic parameters was also confirmed by the results obtained for the neutral stability
curves. It can be seen that flows with greater non-Newtonian contributions and higher values of W73 have larger unstable
regions, which begin to emerge for much lower Reynolds values compared to the Newtonian case.
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