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ABSTRACT 

Pressure vessel is the name given to a receptacle designed to retain fluids at a pressure substantially different 

from the ambient pressure. Gases or liquids can be confined under pressure, either internally or externally. Due to safety 

and operational reasons it is mandatory that pressure vessels stresses are accurately determined. Currently there are two 

ASME available formulations to estimate pressure vessels stresses. The first one considers that thin walled pressure 

vessels experience null transversal stress. The second one considers that thick walled pressure vessels experience all 

stress components. This article presents the development of analytical model to estimate pressure vessel stress. Finite 

Element Method analysis and ASME formulations were used to validate model results.  An additional outcome of this 

article is to outline technical recommendations a designer must take into account whenever the thin walled formulation 

is used.  

 

Keywords: Pressure vessel, Thin walled cylinder, Thick walled cylinder.  

 

1 INTRODUCTION 

Pressure vessel (PV) is a term used to describe an equipment that contains and withstands any 

fluid (gas or liquid) under internal or external pressure. This kind of equipment is used in several 

branches of the industry and in all economic sectors such as Hydrogen, which is expected to 

contribute greatly to creating a low carbon society [1]. In this case it is required that the gas is 

stored and transported under high pressure [2]. One example of technical application would be an 

on-board high-pressure storage of Hydrogen gas and compressed natural gas. This situation is 

critical to the widespread adoption of alternative gaseous fuel to reduce CO2 emissions in 

transportation [3]. Compressed gas tank and liquefied gas container are the most notable storage 

methods for Hydrogen applications.   

Assessing the structural integrity of the tank is a key factor to prevent vessel failure [4]. For 

instance, the International Thermonuclear Experimental Reactor (ITER) is an international nuclear 

fusion research and engineering megaproject, located in France, which will be the world’s largest 
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magnetic confinement plasma physics experiment [https://www.iter.org/]. The reactor Helium 

cooling system is shown in Figure 1. 

 

Figure 1: ITER Helium cooling system [5]. 

 

In case of an accident in ITER several human loses would occur [5]. An example of possible 

failure would be the inner surface of a reactor pressure vessel (RPV). It is known that RPV is 

subjected to pressurized thermal shocks (PTSs) caused by the injection of emergency cooling water. 

The downstream is not homogeneous but typically in a plume shape coming from the inlet nozzles. 

RPV components are shown in Figure 2. 

 

Figure 2: RPV components [6]. 
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Typical components of PV could be described as: shell (also referred in the literature as wall; 

PVs could have cylindrical or spherical shells), formed heads, blind flanges, cover plates, openings 

and nozzles. Some of the typical PV parts are shown in Figure 3. 

 

Figure 3: Typical components of PV. 

 

Due to safety reasons, the design, development, testing and operation are standardized and 

defined by Design Guides, Codes and Standard [7]. In Brazil, the most used code is the ASME 

Code, Section VIII, Division 1. Although the design of this equipment must be made according to 

the ASME Code, it is important to understand the preamble conditions and the inputs that will be 

used in the formulations.  

Generally the literature presents two models to calculate PV stresses. Their difference is 

based on PV wall thickness. This work investigates and compares the difference between these 

models. Additionally it is shown that misapplication of the models can result in significant 

differences between equipment’s estimated and real stresses. Components other than the PV wall 

will not be considered in this study. There are other studies that take them into account [8]. 

2 MATHEMATICAL MODEL 

Cylindrical pressure vessels are used in various fields such as chemical and nuclear industries, 

rocket motor case manufacturing and production of many weapon systems. Evaluation of failure 

pressure that a cylindrical pressure vessel could withstand is an important consideration in the 

design of PVs [9]. While predicting failure of PVs [10], it is necessary to consider the stresses 

presented in Figure 4. 
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Figure 4: PV stresses and main dimensions [11]. 

 

Where, 

“  ” is the Hoop stress [12];“  ” Longitudinal stress; “  ” Radial stress [13], which is the name 

given to the transversal stress in cylindrical geometries [8, 9, 11]; “ri” Internal radius; “t”    

thickness. 

 

 

 Fatigue life and dimensional stability due to deformation are influenced by residual stresses 

caused by welding. [14]. It is well accepted that the cylinder wall of a PV is under in-plane pre-

stress induced by the vessel’s internal pressure. There is a stiffness change that should be 

considered to accurately assess the wall’s impact response and eventual damage. However, no 

analytical result that considers the stiffness change has been identified so far [15].  

 Traditionally fracture is characterized by a single parameter:  the critical value of the stress 

intensity factor. In the literature this factor is commonly used to determine the initiating conditions 

of fracture emanating from notches in the brittle materials. However, T-stress is an important 

parameter of the fracture. It is used to determine the stability of crack propagation from notch or 

crack (sharp stress concentrators) [16]. 

PVs are commonly designed by two different mathematical models depending on the ratio of 

internal radius (“ri”) and the wall thickness (t), as expressed in (1) [11, 17]: 

 

   
 

 
 

(1) 

 

If this ratio is greater than or equal to 10 the PV is considered a thin walled cylinder. If the 

ratio is less than 10 so it should be considered a thick walled cylinder [18]. 
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2.1 Thin walled cylinder formulation 

By assuming a PV as a thin walled cylinder, it is also assumed that the hoop and longitudinal 

stress are constant. It means that the stresses do not vary along the thickness of the wall. Another 

simplification is done by assuming that the radial stress is so small that can be disregarded. The 

assumptions are shown in Figure 5, where “L” is the shell length. 

 

Figure 5: Hoop and longitudinal stresses in a thin PV model. 

 

Since the wall is axisymmetric all the force components are caused by the internal pressure. 

Thus, the force component in “y” direction is null. So the problem can be solved using a static 

boundary condition when the sum of all forces in the “x” direction is null. 

 

                    
 

   
     
 

 

 

 

 

 

(2) 

The model taking into account the longitudinal stress is shown in Figure 6. 
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Figure 6: Longitudinal stress in a thin PV model. 

 

In this case, the sum of forces in the longitudinal direction must be null, and L is expressed 

as:   

 

                      
 

   
       

 

        
 

 

   
     
   

 

 

 

 

 

 

 

 

(3) 

Since the PV is subjected only to internal pressure the hoop, longitudinal and radial stresses 

have to be considered the principal stresses. As per the classic literature [17] Von Mises criteria 

(“   ”) is applied to estimate the equivalent uniaxial stress.  
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“  ” is always two times greater than “  ” and “  ”. So it will not be taken into account in 

equation (4). So the result will be as follows. 
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2.2 Thick walled cylinder formulation 

By considering a PV as a thick walled cylinder, all the simplifications applied to the thin 

walled formulation are not valid. That means the hoop and radial stresses vary along the thickness 

of the wall and the radial stress cannot be considered null. 

The mathematical model applied to calculate the stress in a thick walled cylinder was 

originally proposed by Lamé [19]. The stress components in a thick walled PV are shown in Figure 

7. 

 

 

Figure 7: Stresses in a thick walled PV. 

 

The stress state in a cylinder specific point is shown in Figure 8. 
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Figure 8: Stress state differential element of a thick walled PV. 

 

Where, 

 “   ” is Radial stress differential increment; 

 “   ” Longitudinal stress differential increment; 

 “   ” Hoop stress differential increment; 

 “  ” radius differential increment; 

“  ” length differential increment; 

 “  ” angle differential increment. 

 

In the stress state differential element the sum of forces in any direction must be null. On the 

“  ” direction the following equation applies. 

 

 
(       )  (     )                              ( 

  
 
 )     

 

(6)  

 

Using the small-angle approximation in the equation (6) it is possible to perform a 

simplification, resulting in equation (7). 
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(7)  

 

Both    and     represent infinitesimals. So the “        portion of the equation (7) results 

in an infinitesimal and can be considered null, allowing another simplification (equation 8)..  
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(8)  

 

Equation (8) has three unknowns, “r”, “  ” and “  ”. Radius “r” would be the main variable. 

So there will be 2 unknowns left. Hence, another equation is required to find its solution. Due to the 

load axisymmetric form and by assuming that the material is isotropic and homogeneous, it is 

reasonable to infer that the longitudinal deformation and stress are constant. If this assumption was 

not true the vessel would experience distortions. The longitudinal deformation is expressed as 

follows.  

 

    
 

 
 [     (     )]             (9)  

 

Where, 

 “  ” is the longitudinal deformation; 

 “ ” is the modulus of elasticity; 

 “ ” is Poisson’s ratio. 

 

All the terms of equation (9) are constant. Therefore, the sum of radial and hoop stress must 

be also constant. 

 

                   
 

          

 

 

(10)  

 

Combining equations (10) and (9) a first order differential equation will be obtained. 
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(11)  

 

The solution of equation (11) can be obtained through the integrating factor. This article will 

not develop this solution. More details can be found in other technical reference [20]. 

 

  (      )

  
     

 

 
 

 

        
  
 

 
   

 

    
 

 
 
 

  
 

 

 

 

 

 

 

 

(12)  

 

Boundary conditions must be defined in order to determine the unknowns “ ” and “ ” of the 

equation (12). Pressure, either internal or external, is the only load that could be applied along the 

wall of a PV. The loading conditions are presented in Figure 9. 

 

Figure 9: Loads applied to the wall of a thick walled PV. 

 

It can be assumed that “ ” is equal to “  ”, and “  ” is equal to internal pressure “  ”.   
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As it can be inferred from Figure 9, “ ” is equal to “  ” and “  ” is equal to the outside 

pressure “  ”.   

 

 
     

 

 
 
 

   
 

 

(14)  

 

Solving the linear system based on equations (13) and (14) it is possible to express the 

unknown “ ” as a function of known quantities. 

 

  

 
 
     

       
 

        
 

 

(15)  

 

And the “ ” unknown can be obtained with the following equation. 
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Radial stress can be determined by substituting equations (15) and (16) in equation (12). 
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Hoop stress can be determined by replacing equations (15) and (16) in equation (10). 
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Longitudinal stress can be determined by adopting the loading conditions shown in Figure 10. 

 

 

 

Figure 10: Longitudinal loads applied to a thick walled PV. 
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The sum of forces in the longitudinal direction must be null, resulting in the following 

equation to describe L. 
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Substituting equations (17), (18) and (19) in the Von Mises Stress equation result in the 

following equation.   
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From equation (20) it can be seen that Von Mises stress is inversely proportional to “ ”. The 

maximum stress will be experienced when the inside radius “ ” is equal to “  ”. Equation (20) can 

be rearranged as a function of thickness “ ”. 
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(21)  

 

2.3 Comparison between thin and thick walled models 

Mathematical and physical aspects distinguish the two models presented, as can be noticed by 

comparing equations (5) and (21). Quantifying the difference between model’s predictions is the 

main objective of this work. The mathematical strategy to estimate the differences was to consider 

all variables as being known and constant. Only the thickness was assumed to be unknown. 

Numerical values used in stress estimation are shown in Table 1. 
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Table 1: Properties used during the assessment of model’s differences. 

   1 MPa 

   0 MPa 

     
   1000 mm 

 

Von Mises stress estimation was done by both methods by varying thickness from 1 to 1000 mm. 

The difference between thin and thick models was also calculated. Results are shown in  

Table 2 and Graph 1. 

 

Table 2: Differences between PV thin and thick walled models based on thickness “t”. 

t 

(mm) 

 Stress (MPa) 
Difference 

  t 

(mm) 

 Stress (MPa) 
Difference 

Thin Thick   Thin Thick 

1 866.03 867.32 0%   100 8.66 9.98 13% 

5 173.21 174.51 1%   200 4.33 5.67 24% 

10 86.60 87.90 1%   300 2.89 4.24 32% 

20 43.30 44.60 3%   400 2.17 3.54 39% 

30 28.87 30.17 4%   500 1.73 3.12 44% 

40 21.65 22.96 6%   600 1.44 2.84 49% 

50 17.32 18.63 7%   700 1.24 2.65 53% 

60 14.43 15.75 8%   800 1.08 2.51 57% 

70 12.37 13.69 10%   900 0.96 2.40 60% 

80 10.83 12.14 11%   1000 0.87 2.31 63% 

90 9.62 10.94 12%           
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Graph 1: Modeled stress and percentage difference for thin and thick PV per thickness “t” 

considering ri=1000mm. 

 
Percentage difference and thickness are directly proportional to each other. By limiting the 

thin PV wall thickness to 1/10 of the internal radius (t  100 mm), i.e. thin wall VPs, the maximum 

percentage difference is approximately 13%. From these results, one can conclude that the model 

proposed for thick walled can provide accurate results even for thin walled PVs. It indicates that 

equation (21) tends to equation (5) when the wall is thinned. Moreover, when the thickness has the 

same value of the internal radius the difference results in 63%. 

 

3 FINITE ELEMENT METHOD (FEM) 

Estimating structural integrity of PVs using finite element analysis is very common in 

literature. Fossil fuels, which are considered as conventional energy sources, are being depleted and 

produce high levels of air pollution. Ongoing studies to develop alternative energy sources [21] 

present Hydrogen energy for fuel cell vehicles (FCV) as being a promising alternative. Different 

storage arrangements [22-24] for Hydrogen gas such as Hydrogen storage alloys have been refined. 

However, high pressure vessels are generally used for commercial scopes because of the low 

energy density of Hydrogen gas [25,26]. FEM stress analysis of the Hydrogen PV mounted on cars 

is important due to the possibility of collisions [27].  
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3.1 Thin walled cylinder finite element model 

It is common to use a shell element when carrying out structural analysis of a thin walled 

cylinder under internal pressure. The comparison between the Von Mises Stress calculated by a 

simulation using a shell element and the analytical method developed in section 2.1 is shown in 

Table 3, and shows the accuracy of the model to predict the stress in PVs.  
 

Table 3: Thin walled cylinder analytical and FEM comparison for different thicknesses “t”. 

t 

(mm) 

 Stress (MPa)   t 

(mm) 

 Stress (MPa) 

Analytical  FEM   Analytical  FEM 

1 866.02 866,03   100 8.66 8.66 

5 173.20 173.21   200 4.33 4.33 

10 86.60 86.60   300 2.89 2.89 

20 43.30 43.30   400 2.17 2.17 

30 28.87 28.87   500 1.73 1.73 

40 21.65 21.65   600 1.44 1.44 

50 17.32 17.32   700 1.24 1.24 

60 14.43 14.43   800 1.08 1.08 

70 12.37 12.37   900 0.96 0.96 

80 10.83 10.83   1000 0.87 0.87 

90 9.62 9.62         

 

The FEM simulation was carried out using the same boundary conditions that were adopted in 

section 2.1. The results show that the element used in simulations appropriately represents the 

mathematical model developed. An example of the stress obtained for the minimum thickness is 

represented in the Figure 11. 

 

Figure 11: Thin walled cylinder stress obtained through FEM. 
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3.2 Thick walled cylinder finite element model 

When simulating a thick walled cylinder under internal pressure, it is not appropriated to use 

shell elements as explained in section 2. Solid elements are more suitable due to their intrinsic 

formulation. Solid elements usage results in more complex models and consequently more 

simulation time. The comparison between the Von Mises Stress calculated by a simulation using a 

solid element and the analytical method developed in section 2.2 is shown in Table 4. Considering 

FEM results as reference, the maximum difference does not reach 0.3% for the thinner wall 

considered. 

Table 4: Thick walled cylinder analytical and FEM comparison for different thicknesses “t”.   

t 

(mm) 

 Stress (MPa)   t 

(mm) 

 Stress (MPa) 

Analytical  FEM   Analytical  FEM 

1 869.90 867.32   100 9.98 9.98 

5 174.66 174.51   200 5.67 5.67 

10 87.93 87.90   300 4.24 4.24 

20 44.61 44.60   400 3.54 3.54 

30 30.18 30.17   500 3.12 3.12 

40 22.97 22.96   600 2.84 2.84 

50 18.63 18.63   700 2.65 2.65 

60 15.75 15.75   800 2.51 2.51 

70 13.69 13.69   900 2.40 2.40 

80 12.14 12.14   1000 2.31 2.31 

90 10.94 10.94         
 

The FEM simulation adopted the same boundary conditions that were used in section 2.2. 

Results shown that the used element appropriately represents the mathematical model developed. 

An example of the stress obtained for the minimum thickness is presented in Figure 12. 

 

Figure 12: Thick walled cylinder stress obtained through FEM. 
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4 CONCLUSION 

Two classical mathematical models to estimate PV stresses were presented, considering thin 

and thick wall conditions. Despite the fact the formulas are very different, the obtained results for 

the stresses is similar for small thickness. These differences must be taken into account when 

performing FEM structural analysis of PVs.  

Simulations have been carried out to verify the adherence of finite element used in each 

situation. The presented results have shown that shell elements are suitable to model thin PVs, 

whereas solid elements suitably represent a model to thick PVs. In both cases, the proposed models 

have shown to accurately describe both thin and thick-walled PVs, with differences smaller than 

0.3%.  
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