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ABSTRACT

This paper is concerned with the overall performance of the weak-form collocation, a new local meshless method, for
solving two-dimensional linear elastic problems when compared to other meshless methods. Four methods are compared
in this study, namely, the Generalized-Strain Mesh-free (GSMF) formulation, also known as the weak-form collocation
meshless formulation; the Rigid-body Displacement Mesh-free (RBDMF) formulation, the Element-free Galerkin (EFG)
and the Meshless Local Petrov-Galerkin Finite Volume Method (MLPG FVM). While the RBDMF, EFG and MLPG
FVM rely on integration and quadrature process to obtain the stiffness matrix, the GSMF is completely integration-free,
working as a weighted-residual weak-form collocation. This weak-form collocation readily overcomes the well-known
difficulties of the strong-form collocation, such as low accuracy and instability of the solution. A numerical example
was analyzed with these methods, in order to assess the accuracy, the computational effort and the convergence rate. The
results obtained with all methods are in agreement with those of the available analytical solution. The numerical results
show that the GSMF, when compared to the other methods, is superior regarding the computational efficiency and accu-
racy, leading to remarkable results using only one collocation point on each boundary of the local domain.

Keywords: Local Meshless, Generalized-strain, Weak-form collocation, Element-free Galerkin, Meshless Local Petrov-
Galerkin.

1. INTRODUCTION

The meshless methods or meshfree methods have intrinsic advantages over the element-based
approaches, mostly due to the elimination of the mesh and the high-order continuity of the trial func-
tions. The main feature of these methods is that only a set of scattered nodes in the physical domain is
required to approximate the solutions, and the nodes do not need to be connected to form closed poly-
gons. In contrast with the finite element method, the meshless methods can save the pre-processing
cost of mesh generation, as no element is required for the whole model [1]. In general, their formula-
tion is based in the weighted-residual method [2].

Therefore, the meshless methods have become an important tool in computational solid mechanics,
especially for solving the problems with severe distortion, discontinuities and moving boundaries.

Although the meshless methods have received much attention in recent years, the initiation of their
application returns to the late 1970s with the Smooth Particle Hydrodynamics (SPH) for simulat-
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ing astrophysical phenomena [3]. The Diffuse Element Method (DEM) increased the publication of
meshfree methods based on a weighted-residual weak-form formulation [4]. Later, the Reproducing
Kernel Particle Method (RKPM) [5] and the Element-free Galerkin (EFG) method [6] were the first
weak-form meshless methods applied in solid mechanics.

All these weak-form meshless methods rely on background cells for the integration of the weighted-
residual weak form over the global domain, in the process of the generation of the system of algebraic
equations and therefore, they are not truly meshless methods.

To avoid the general background mesh generation, a class of meshfree methods based on local
weighted-residual weak forms, such as the Meshless Local Petrov—Galerkin (MLPG) method [7, 8],
the Meshless Local Boundary Integral Equation (MLBIE) method [9], the Local Point Interpolation
Method (LPIM) [10] and the Local Radial Point Interpolation Method (LRPIM) [11], have been
developed. The most popular of these methods is the MLPG, based on a moving least-squares (MLS)
approximation. The main difference of the MLPG method to other global meshless methods, such as
EFG or RKPM, is that local weak forms are used for integration on overlapping regular-shaped local
subdomains, instead of global weak forms and consequently the method does not require the use of a
background global mesh, but only a background local grid, which usually has a simple shape.

The MLPG method has been used in solving various engineering problems such as steady convection—
diffusion problems [12], incompressible Navier—Stokes problems [13], elastostatics in a homogeneous
solid [14] and non-homogeneous solids [15].

An implementation of the meshless Finite Volume Method (FVM) through the MLPG mixed ap-
proach was presented in [16] for solving elasto-static problems. In this approach, both the strains and
displacements are independently interpolated, at randomly distributed points in the domain, through
a local meshless interpolation schemes, in this case the MLS. Then, the nodal values of strains are
expressed in terms of the interpolated nodal values of displacements, by simply enforcing the strain-
displacement relationships directly by collocation at the nodal points. This formulation eliminates the
expensive process of directly differentiating the MLS interpolations for displacements in the entire
domain to compute the strains, leading to a high computational efficiency.

Two new formulations were proposed in order to further improve the computational efficiency, the
Rigid-body Displacement Mesh-free (RBDMF) formulation and the Generalized-Strain Mesh-free
(GSMF) formulation [17]. In the first formulation, the local work theorem leads to a weak form
that is a regular local boundary integral equation. In the second formulation, the local work theorem
generates a weak form that is completely integration free, working as a weighted-residual weak-form
collocation, leading to accurate results without compromising the computational efficiency.

In the present paper a numerical comparison between the weak-form collocation and three other
meshless methods, namely the RBDMF, the EFG and the MLPG FVM is performed, for the solution
of two-dimensional problems in linear elasticity. The results obtained in this study shows that the
GSMF performs better than the other meshless methods regarding both computational efficiency and
accuracy, as can be seen in section 6. It is expected that the GSMF framework will be implemented in
a variety of problems, including large deformations and fracture mechanics, in the very near future.

2. MLS APPROXIMATION

Let Q be the domain of a body with boundary T and let N = {x;,Xp,...,xy} € Q be a set of
scattered nodal points that represents a meshless discretization, in which some of them are located on
the boundary I', where €, represented as Qp, Qg and g, is the local compact support of a node x;,
represented as Xp, Xp and Xg; Qx is the domain of definition of a sampling point x and € is the local
weak-form domain or quadrature domain of a node x;, as represented in Fig. 1.

Circular or rectangular local supports, centered at each nodal point, can be used. In a neighborhood
of a sampling point X, the domain of definition of MLS approximation is the subdomain 2, where



VI International Symposium on Solid Mechanics - MecSol 2017
April 26 - 28, 2017 - Joinville - Brazil

o

Figure 1. Representation of a global domain € and boundary I" in a meshless discretization, with x;
nodes distributed within the body.

the approximation is defined.

2.1 Shape Functions

Let Q be the domain of definition of the MLS approximation, in a neighbourhood of a sampling
point x. To approximate the displacement u(x) € Qy, over a number of scattered nodes x; € Q,
i=1,2,...,n, where the nodal parameters ii; are defined, the MLS approximation is given by

u"(x) = p’ (x)a(x), (1)
for x € Qy, in which
P’ (x) = [p1(x),p2(x),...., Pm(X)], )

is a vector of the complete monomial basis of order m and a(x) is the vector of unknown coefficients
aj(x), j=1,2,...,m that are functions of the space coordinates X = [x ,x2]", for 2-D problems.
The coefficient vector a(x) is determined by minimizing the weighted discrete L, norm

2

100 = 5 Yo wil) [ul )~ = 5 _:wl(x) [p” (x)a(x) -], 3)
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with respect to each term of a(x), in which w;(x) is the weight function associated with the node
x;, with compact support that is w;(x) > 0, for all x in the support of w;(x). Figure 1 represents
schematically the compact support of the MLS weight functions associated with a few nodes. Finding
the extremum of J(x) with respect to each term of a(x), leads to

A(x)a(x) = B(x)d, 4)

in which

wi(x)p(x;)p” (%)), 5)

I

A(x)

B(x) = [wi(x)p(x1),w2(X)p(x2),- - -, wn (X)P(Xy)] (6)
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and

o= [, 0o, ... 0. (7
Solving Eq. (4) for a(x) yields

a(x) = A~ (x)B(x)d, )

provided n > m, for each sampling point X, as a necessary condition for a well-defined MLS approxi-
mation. In the end, substituting for a(x) into Eq. (1) results in the MLS approximation

uh(X) = Z (Pi(X)ﬁi, (9)
i=1
in which
¢i(x) = ilpj(x) [Ail(X)BO‘)Li 10

is the shape function of the MLS approximation corresponding to the node x;, schematically repre-
sented in Fig. 2. The MLS shape functions are not nodal interpolants that is ¢;(x;) # 6;;. The local

Figure 2. Respectively the typical weight function and shape function of the MLS approximation.

character of the MLS approximation is preserved, since ¢;(x) vanishes for x not in the local domain of
the node x;. The nodal shape function is complete up to the order of the basis. Also, the smoothness
of the nodal shape function is determined by the smoothness of the basis and of the weight function.
The spatial derivatives of the shape function ¢;(x) are given by

m

Ok = Z [Pj,k(AilB)ji‘f‘Pj(AilB,k_AilA,kAilB)ji} , (11)

j=1
in which () x = 9()/Jx.
2.2 Weight Functions

Weight functions w;(x), schematically represented in Fig. 2, firstly introduced in Eq. (3) for each
node x;, have a compact support which defines the subdomain where w;(x) > 0, for all sampling point
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x. For the sake of simplicity, this paper considers rectangular compact supports with weight functions
defined as

wi(x) = wi, (X) w;, (x) (12)
with the weight function given by the quartic spline function
di N o di\ L (di "
1-6| — 8l —= ) =31 —= for0<d; <
wi, (x) = (rix) N (r,-x ) n) Tl (13)
0 for d[x > Ti,
and
di,\? di\* di \*
1-6(—=2) +8(=2) =312 fOI‘OSd,‘\,Sri;
Wiy (X) = riy I”,'y I’,’y ’ Y (14)
0 for d;, > ri,

in which d;, = [|x — x;|| and d;; = ||y — yi||. The parameters r; and r;, represent the size of the support
for the node i, respectively in the x and y directions.

2.3 Elastic Field

The elastic field is now approximated at a sampling point x. Considering Eq. (9), displacement
and strain components are respectively approximated as

ay
L] o 0 . odux 0 1) A
“:LM@]:{O 0(x) ... 0 Pu(x) 5 = ou (15)
5]
and
e=Lu=L®a=Baq, 6

in which geometrical linearity is assumed in the differential operator L and thus,

(p]’] 0 ce (Pn,l 0
B=|0 ¢12 ... 0 2. 17
P12 P11 -0 Pu2 O
Stress and traction components are respectively approximated as
oc=De=DBu (18)
and
t=noc =nDBq, (19)

in which D is the matrix of the elastic constants and n is the matrix of the components of the unit
outward normal, defined as

n= [”1 0 ”2}. (20)

0 ny ni

Equations (15) to (19) show that, at a sampling point x € Qy, the variables of the elastic field are
defined in terms of the nodal unknowns 1.
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3. LOCAL FORM OF THE WORK THEOREM

This section present the development of the local form of the work theorem, first introduced in
[17].

Let Q be the domain of a body and I its boundary, subdivided in I',, and I; thatis I'=1", U
I';; nodal points P, Q and R have corresponding local domains Qp, Qp and Qg, as represented in
Fig. 3. The mixed fundamental boundary value problem of linear elastostatics aims to determine the

Figure 3. Meshless discretization of the global domain €2 and the local domains Qp, £ and g, with
boundary I' =T", UI’; represented.

distribution of stresses o, strains € and displacements u throughout the body, when it has constrained
displacements u defined on I';, and is loaded by an external system of distributed surface and body
forces with densities denoted by t on I'; and b in &, respectively.

A totally admissible elastic field is the solution of the posed problem that simultaneously satisfies
the kinematic admissibility and the static admissibility. If this solution exists, it can be shown that it
is unique, provided linearity and stability of the material are admitted [18, 19].

The general work theorem establishes an energy relationship between any statically-admissible
stress field and any kinematically-admissible strain field that can be defined in the body. Derived as
a weighted residual statement, the work theorem serves as a unifying basis for the formulation of
numerical models in Continuum Mechanics [20].

In the domain of the body, consider a statically-admissible stress field that is

L'c+b=0, (21)
in the domain , with boundary conditions
t=no=t, (22)

on the static boundary I}, in which the vector o represents the stress components; L is a matrix
differential operator; the vector t represent the traction components; t represent prescribed values of
tractions and n represents the outward unit normal components to the boundary.

In the global domain €2, consider an arbitrary local subdomain €, centered at the point Q, with
boundary I'gp = I'g; UT'g; UT'g,, in which I'p; is the interior local boundary, while I'p; and I'g,
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are local boundaries that respectively share a global boundary, as represented in Fig. 3. Due to its
arbitrariness, this local domain can be overlapping with other similar subdomains. For the local
domain €, the strong form of the weighted-residual equation is written as

/(LTG+b)TWQdQ+/(t—f)TWrdF:(), (23)
Qo Lo

in which Wq and Wr are arbitrary weighting functions defined, respectively in Q and on I'. When
the domain term of Eq. (23) is integrated by parts, the following local weak form of the weighted
residual equation is obtained

/(nG)TWQdF—/(GTLWQ—bTWQ) d£2+/ (t—1)" Wrdr =0 (24)
o Qo Lo

which now requires continuity of Wq, as an admissibility condition for integrability. For the sake of
convenience, the arbitrary weighting function Wr is chosen as

Wr =-Wy, (25)
on the boundary I'g;. Thus, Eq. (24) leads to
/ t' Wodl + / ' Wodl - / (6T LWgq —b"Wq) dQ = 0. (26)
Lo—To Lo Qg

Consider further an arbitrary kinematically-admissible strain field €*, with continuous displace-
ments u* and small derivatives, in order to assume geometrical linearity, defined in the global domain
that is

e =Lu", (27)
in the domain Q, with boundary conditions
u' =T, (28)

on the kinematic boundary I',,.
When the continuous arbitrary weighting function Wy, is defined as

Wo =u’, (29)

the weak form (26), of the weighted residual equation, becomes

/ t'u"dl + / ¢ dr+ / futdr - / (67 Lu* —bTu*) dQ =0 (30)
To—Toi—Tou Tou Tor Qo

which can be written in a compact form as

/tTu*dF+/bTu*dQ: /GTe*dQ. (31)
Q Q

I'g 0 0

This equation is the starting point of the kinematically admissible formulations of the local mesh-
free methods presented in this paper. Equation (31) which expresses the static-kinematic duality, is
the local form of the well-known work theorem, the fundamental identity of solid mechanics [21].
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It is important to notice that the stress field o, is any one that satisfies equilibrium with the applied
external forces b and t, which is not necessarily the stress field that actually settles in the body.
Also, the strain field €%, is any one that is compatible with the constraints u* = u, which is not
necessarily the strain field that actually settles in the body. This two fields are not connected by any
constitutive relationship; indeed, as a consequence of the arbitrariness of the weighting function Wgq
they are completely independent. For that reason Eq. (31) can be used under the only assumption of
geometrical linearity.

It is the independence of the two admissible fields of the Eq. (31) that allows the generation of dif-
ferent meshfree methods, when the strain field is locally defined through different options, as carried
out in this paper.

A final important remark, worth of mentioning, is that the local domain Q, is any arbitrary sub-
domain of the global domain €, of the body.

4. MODELING STRATEGY

Different formulations of local meshfree methods can be derived when the arbitrary kinematically-
admissible field €, is locally defined in the work theorem, Eq. (31). In the following section, simple
kinematically-admissible local fields will be used to derive the meshless formulation presented in this
paper, the Generalized-Strain Mesh-Free (GSMF) formulation.

On the other hand, the statically-admissible local field o, will be always assumed as the elastic field
that actually settles in the body. Not only satisfying static admissibility, through Eq. (21) and (22),
but also satisfying kinematic admissibility in this elastic field defined as

€ =Lu, (32)
in the domain Q, with boundary conditions
u=mu, (33)

on the kinematic boundary I',; in which the displacements u, are assumed continuous with small
derivatives, in order to allow for geometrical linearity of the strain field €. Therefore, Eq. (33) must
be enforced in the numerical model, in order to provide a unique solution of the posed problem.

For a meshless discretization of the body, the local weak-form domain or quadrature domain Q,
centered at a node Q, can be defined in this paper as a rectangular or circular subdomain, as repre-
sented in Fig. 3.

5. GENERALIZED-STRAIN FORMULATION

This section briefly discuss the development of the Generalized-Strain Mesh-free (GSMF) formu-
lation. For the complete and detailed development see [17].

In the local form of the work theorem, Eq. (31), the kinematically-admissible displacement field u*,
was assumed as a continuous function leading to a regular integrable function that is the kinematically-
admissible strain field €*. However, this continuity assumption on u*, enforced in the local form of the
work theorem, is not absolutely required but can be relaxed by convenience, provided £* can be useful
as a generalized function, in the sense of the theory of distributions [22]. Hence, this formulation con-
siders that the kinematically-admissible displacement field is a piecewise continuous function, defined
in terms of the Heaviside step function and therefore the corresponding kinematically-admissible
strain field is a generalized function, defined in terms of the Dirac delta function.

For the sake of the simplicity, in dealing with Heaviside and Dirac delta functions in a two-
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dimensional coordinate space, consider a scalar function d, defined as

d=0 ifx=
d=|x—xp| thatis { nx=Yo (34)

d>0 ifx+£xp,

which represents the absolute-value function of the distance between a field point x and a particular
reference point X, in the local domain Qo UI'g assigned to the field node Q. Therefore, this definition
always assumes d = d(X,XQ) > 0, as a positive or null value, in this case whenever x and xp are
coincident points. It is important to remark that, in Eq. (34), neither the field point x nor the reference

point Xy is necessarily a nodal point of the local domain.
For a scalar coordinate d D d(X,Xg), the Heaviside step function can be defined as
H(d):{l %deO(d_.OforX:xQ), (35)

0 ifd > 0thatis x # xp,

in which the discontinuity is assumed at Xy and consequently, the Dirac delta function is defined with
the following properties

o if d =0 thatis x = xp,

0 ifd+0(d>0forxxp) and /5(d)dd=1, (36)

§(d)=H'(d) = {

in which H'(d) represents the distributional derivative of H(d). Note that the derivative of H(d), with
respect to the coordinate x;, can be defined as

H(d)J' = H’(d) dﬂ' = 5((1) d_‘l' = 5(61’) n;. (37)

Since the result of this equation is not affected by any particular value of the constant n;, this constant
will be conveniently redefined later on.

Now Consider that d;, d; and dy represent the distance function d, defined in Eq. (34), for corre-
sponding collocation points Xx;, X; and x;. Then, when Eq. (34) to (36) are considered, the displace-
ment field u*(x), can be conveniently defined as

’ZHd,+ ZH +iZHdk (38)

i1 5 no =

in which e = [1 1]7 represents the metric of the orthogonal directions and n;, n,; and nq, represent the
number of collocation points, respectively on the local interior boundary I'g; = I'g — I'g; — I'g,, with
length L;, on the local static boundary I'g; with length L; and in the local domain Qg with area S.
This assumed displacement field u*(x), a discrete rigid-body unit displacement defined at collocation
points, is schematically represented in Fig. 4.

Therefore, when Eq. (37) are taken into account, the strain field £*(x), is given by

£*(x) = Lu*(x) [ ZLHdl+ ZLH +iZLHdk] =
i 13 nQ (39)

:[L'iSdl —l— 26 n+—25dk ]e,

ni (3 no =

in which n is given by Eq. (20), with arbitrary components »n; that will be defined later on.
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® Boudary Collocation
X Interior Collocation

Figure 4. Schematic representation of the displacement u*(x) of Eq. (38), a discrete rigid-body unit
displacement defined at collocation points, of the Generalized-Strain Mesh-free formulation, for a
local domain associated with a field node Q.

Having defined the displacement and the strain components of the kinematically-admissible field,
respectively with Eq. (38) and (39), the local work theorem, Eq. (31), can be written as

/ tTu*dl + / turdlr + / b u*dQ = / ole*dQ (40)
Fo—To Lo Qo Qo
that is
L;
-y /tTH(d, edF+ Z /t H(d edF+— /bTH dy)edQ —
ni | = o T nQ = 1g)
(41)

= / T5 a’knedQ
”le

Taking into account the properties of the Heaviside step function, defined in Eq. (35), Eq. (41) simply
leads to

=0 (42)

[ th,+ th, ZQka__Z /6dk0d£2
Q k=1

which, after considering the selective properties of Dirac delta function, leads to

i J L[ - S et

=Yty — nZka ——Z x;, — — 3, by (43)
=1 M i =1 nQ =

Finally, when the variable n, given by Eq. (20), is arbitrarily defined with identically null components
n; = 0, as allowed by Eq. (37), the Eq. (43) leads to

Li &

L[ n _ S no
=Yty =— "_z;txj_@;; by, . (44)

I’lll

Equation (44) states the equilibrium of tractions and body forces, pointwisely defined at collocation
points, as schematically represented in Fig. 5. It can be seen that this is the pointwise version of
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b,

Figure 5. Schematic representation of the equilibrium of tractions and body forces of Eq. (44),
pointwisely defined at collocation points of a local domain associated with a field node Q, of the
Generalized-Strain Mesh-free formulation.

the Euler - Cauchy stress principle. This is the equation used in the Generalized-Strain Mesh-free
(GSMF) formulation which, therefore, is free of integration. Since the work theorem is a weighted-
residual weak form, it can be easily seen that this integration-free formulation is nothing else other
than a weighted-residual weak-form collocation.

Equations (44), of the Generalized-Strain Mesh-free formulation, can be derived from another
kinematically-admissible displacement field, defined as a linear combination of Kronecker delta func-
tion evaluations at an arbitrary number of collocation points, conveniently arranged in the local do-
main Qo UT"p of the field node Q, as see in [17].

Discretization of Eq. (44) is carried out with the MLS approximation, Eq. (15) to (19), for the local
domain Qg, in terms of the nodal unknowns 1, thus leading to the system of two linear algebraic
equations

LY DB Ly g, - S % (45)
Y ngDBga=— Y f, - —
ni 1= R e j=1 Y ong k=1 Xk

that can be written as
Kou =Fp, (46)

in which Ky, the nodal stiffness matrix associated with the local domain Q, is a 2 X 2n matrix given
by

L &
Ko = n_: 1_21 ny, DBy, 47)

and Fg is the respective force vector given by
L ¥4 - S &
Fo=——)Y ty,—— Y b 438
[0 n, ];1 X no /;1 X ( )

Consider that the problem has a total of N field nodes Q, each one associated with the respective
local region Q. Assembling Eq. (46), for all M interior and static-boundary field nodes leads to the
global system of 2M x 2N equations

Kia=F. (49)
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Finally, the remaining equations are obtained from the N — M boundary field nodes on the kine-
matic boundary. For a field node on the kinematic boundary, a direct interpolation method is used to
impose the kinematic boundary condition as

up (%)) = Y 0i(x;) i = T, (50)

or, in matrix form as
uk:(Dkﬁ:ﬁk, (51)

with k = 1,2, where uy, is the specified nodal displacement component. Equations (50) are directly
assembled into the global system of equations (49).

6. NUMERICAL RESULTS

This section presents some numerical results for the cantilever beam, comparing the Generalized-
Strain Mesh-free (GSMF) formulation with the Rigid-Body Displacement Mesh-free (RBDMF) for-
mulation, the Element-free Galerkin (EFG) and the Meshless Local Petrov—Galerkin Finite Volume
Method (MLPG FVM). But first the effects of the size of support or quadrature domains was investi-
gated.

For a generic node i, the size of the local support € and the local domain of integration/collocation
€, are respectively given by

ro, = OsCi, (52)
and
ro, = 04 i, (53)

in which ¢; represents the distance of the node i, to the nearest neighboring node.

Usually, the ratio of the local support size rq, is greater than 1.0, to make sure that there are
enough points to support the nodes on the global boundary. While the ratio of the sub-domain or local
domain of integration/collocation size rq, is chosen to be less than 1.0 in the present study to ensure
that the local sub-domains of the internal nodes are entirely within the solution domain, without being
intersected by the global boundary. Theoretically, both ratios are very flexible [23].

As over-lapping sub-domains are used, the test-domain size (or local domain of integration/collocation)
Q, affects the accuracy of the solution and the efficiency of the method. It is very different from the
non-over-lapping methods, in which the background cells are required to partition the solution do-
main. For the applications presented in this paper, o = 2.0 ~ 3.0 and o, = 0.5 ~ 0.6 were used.
Only local meshless methods like the RBDMF, the GSMF and the MLPG FVM use local domains;
the EFG use background cells for integration purpose.

Displacement and energy norms can be used for error estimation. These norms can be computed,
respectively as

1/2
lul = /uTudQ (54)
Q
and
1/2
1
le|| = E/eTDedQ : (55)
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The relative error for ||u|| and ||€|| is given, respectively by

= Hunum_uexactu (56)
[ Uexacr ||
and
.= ||8num - gexact || (57)
|€exact|

Now consider a beam of dimensions L x D and of unit depth, subjected to a parabolic traction at
the free end as shown in Fig. 6. The beam is assumed in a plane stress state and the parabolic traction

Ty A
!
0\,
> t
>, D \ 2
| :
| )
~ L -
Figure 6. Timoshenko cantilever beam problem.
is given by
. P (D?
() =+ (T _xg) | (58)

where I = D? /12 is the moment of inertia. The exact displacement components for this problem are
given by

P D?
wy (x1,x2) = —6—2 [(6L— 3x1)x1 + (24 V) <x§ - Tﬂ (59)
and
P D?
w(x1,30) = — [3VA(L—x1) + (44 5V) = + (BL—x1)x] (60)
6E1 4
and the exact stress components are given by
P(L—x1)x
o11(x1,x2) = —%, 022 (x1,%2) = 0. (61)
and
P (D?
O12(x1,X%2) = —37 (T —x%) (62)

Material properties are taken as Young’s modulus E = 3.0 x 107 and the Poisson’s ratio v = 0.3
and the beam dimensions are D = 12 and L = 48. The shear force is P = 1000.
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Figure 9. The regular nodal distribution of 49 x 9 = 441 nodes.

6.1 Displacement comparison

To solve this problem, three regular nodal distributions, represented in Fig. 7, Fig. 8 and Fig. 9,
were considered, respectively with a discretization of 13 x 3 = 39 nodes, 25 x 5 = 125 nodes and
49 x 9 = 441 nodes.

For the local kinematic formulations, rectangular local domains were considered, with 1 collo-
cation point to compute the weak form of GSMF and 10 Gauss-quadrature points to integrate the
weak-form of RBDMEF, placed on each boundary of the local domain. The EFG considered 10 Gauss-
quadrature points on each background cell and the MLPG FVM considered 10 Gauss-quadrature
points distributed on the local domain. A first-order polynomial basis was considered in MLS ap-
proximation for all methods.

The displacements obtained with the four methods, represented in Fig. 10 for the nodal distribution
of 39 nodes, Fig. 11 for the nodal distribution of 125 nodes and Fig. 12 for the nodal distribution of
441 nodes, show very good agreement with the results of the exact solution, although the MLPG
FVM is less accurate than the others. The best results are obtained with the nodal distribution of
441 nodes with a relative displacement error of r, = 9.52 x 10~* for GSMEF, r, = 6.18 x 103 for
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Figure 10. Normalized displacements of the cantilever-beam discretization with 39 nodes.
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Figure 11. Normalized displacements of the cantilever-beam discretization with 125 nodes.
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Figure 12. Normalized displacements of the cantilever-beam discretization with 441 nodes.

RBDME, r, = 1.61 x 1073 for EFG and r, = 4.52 x 1072 for MLPG FVM. Considering the same
nodal distribution used in this study, in [16] it can be seen that the MLPG FVM performs slightly
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better when ¢; = 0.5 ~ 1 and some of the beam properties are changed.

6.2 Computational efficiency comparison

The weak-form collocation of GSMF represents a clear reduction of the computational effort when
compared to other meshless methods. The GSMF require only 1 collocation point, placed on each
boundary of the local domain, to obtain the most accurate results, see [17]; while the other methods
require at least 10 Gauss-quadrature points in order to obtain a good accuracy. This important feature
is measure through CPU time consumption and convergence rates.

In order to further the study of the computational efficiency of the presented method, three regular
discretizations with 13 x 3 = 39 nodes, 25 x 5 = 125 nodes and 49 x 9 = 441 nodes of the cantilever-
beam were considered. Only the major computational cost that is the cost of generating the global
stiffness matrix and solving the system of algebraic equations, was measured. All the routines were
compared when using MATLAB 2015a on an Intel Core 17-4700MQ computer with CPU of 2.4GHz
and 16 GB of RAM. The results obtained are presented in Table 1, where it can be seen that CPU

Table 1. CPU time measured.

CPU time (s)

Nodes | GSMF | MLPG FVM | RBDMF EFG
39 0.071822 0.60317 0.549702 | 0.62397
125 | 0.273383 1.8586 2.093391 | 2.716241
441 1.130718 6.9303 8.904841 | 11.633007

time of GSMF is always much lower than CPU time of the other methods, using the same parameters.
The CPU time consumption of the GSMF is 6.13 times faster than the second best value that is the
one obtained with the MLPG FVM. This important result clearly evidences the high computational

efficiency of GSMF.
6.3 Accuracy and convergence comparison

Another test was performed to assess the accuracy and the convergence rate of the analyzed meth-
ods, using the relative energy norm. Since the MLPG FVM obtained the least accurate result among
all methods, it was not compared in this test. The same three regular discretizations of the cantilever-
beam were considered. Figure 13 presents the results obtained for the accuracy and convergence rates,

0.25 -
-0- RBDMF 10-1
. 0.2 4 - GSMF g
= ~- EFG -
. o
S 015 £ 1072 1
‘ £
Z 0.1 =
= < 1079 -0- RBDMF
-~ EFG
0 D\k 1074 -
0 150 300 450 1 2 3 4
h= C;

Number of nodes

Figure 13. Accuracy and convergence rates respectively for the cantilever-beam discretization with
39, 125 and 441 nodes; c¢; is the distance of a generic node i, to the nearest neighboring node, as
defined in Eq. (52) and (53).

also in agreement with other comparative studies using different nodal distributions and properties
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[24]. As expected, the best results are obtained with the nodal distribution of 441 nodes, with a rela-
tive error of 7 = 8.99 x 10~ for the GSMF, re = 6.11 x 10~ for the RBDMF and re = 2.51 x 1072
for the EFG. The results show that the GSMF is more accurate than the RBDMF and the EFG, with
better convergence rates when compared to both of them.

7. CONCLUSIONS

A numerical comparison of the overall performance of the weak-form collocation and three mesh-
less methods is performed, for for solving two-dimensional linear elastic problems.

While the Rigid-body Displacement Mesh-free (RBDMF) formulation, the Element-free Galerkin
(EFG) and the Meshless Local Petrov-Galerkin Finite Volume Method (MLPG FVM) rely on integra-
tion and quadrature process to obtain the stiffness matrix of the posed problem; the Generalized-Strain
Mesh-free (GSMF) formulation is completely integration free, working as a weighted-residual weak-
form collocation.

A numerical example was analyzed with these methods, in order to compare the accuracy and the
computational effort under the same parameters. The results obtained with all methods are in agree-
ment with those of the available analytical solution. The MLPG FVM led to very fast computations,
which are compromised by the low accuracy obtained. The EFG and the RBDMF obtained very accu-
rate results with good convergence rates, although are computationally more expensive than the other
methods. Among all methods, the GSMF excel, obtaining the most accurate results with the fastest
computation.

All the numerical results obtained clearly demonstrate that this weighted-residual weak-form col-
location readily overcomes the well-known difficulties posed by the weighted-residual strong-form
collocation, regarding accuracy and stability of the solution. The results obtained using only 1 collo-
cation point led to accurate results with incredible fast computations, surpassing all the other analyzed
methods. This features make the GSMF superior when compared to the other meshless methods pre-
sented in this paper, making it a robust formulation for solving two-dimensional problems in linear
elasticity.

Finally, it is expected that the GSMF framework will be implemented in a variety of problems,
especially for large deformations, impact engineering and fracture mechanics, in the very near future.
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