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ABSTRACT

A finite element method is applied to analyze the dynamic responses of railway track and bridge under moving
loads. The vehicle is a 9 degree-of-freedom model composed of an association of rigid bodies connected via suspension
systems. The dynamic responses of the vehicle are obtained due to the speed and tracks irregularities, which are
considered as harmonic sinusoidal functions. After that, the vehicle wheel forces are applied on the railway track-bridge
model. The dynamic behavior of the railway track-bridge model is studied integrating the rail, ballast, and bridge. The
rails are modeled as an elastic Euler-Bernoulli upper beam and the bridge as an Euler-Bernoulli lower beam. The sleepers
and ballast are modeled using Winkler foundation for translation. The Rayleigh method is used to define structural
damping. The equations of motion of both systems are integrated using Newmark’s method. Ballast influence is analyzed.

Keywords: Railways, Vehicle-Track-Bridge Interaction , Finite Element Analysis, Structural Dynamics
1 INTRODUCTION

The dynamic response of railway bridges subject to moving loads has long been an interesting
topic in field of civil engineering. A historical review in this topic can be found in reference [1].
Railway bridges are often composed of short-span isostatic bridges, which have been shown to
originate high levels of vibration exceeding the limits for comfort and safety.

Railways with better dynamic performance are essential for safe and stable running of trains.
Vehicles with better dynamic performance will reduce their damage to railways in the interactions
between vehicles and railways. One effective approach to model the dynamic behavior of railway
structures as well as for assessing the riding comfort of passengers is to simulate the dynamic vehicle-
track-bridge interaction, which remains an open problem if realistic modeling and if high accuracy
levels are to be attained. Computational simulation has been adopted by many researchers in several
countries in order to perform a close study on the dynamic characteristics of railway structures to
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replace the costly and time-consuming physical tests. Different models have been developed and
great progress achieved [13].

This paper describes a finite element model for investigating the interactions among a moving
train and a track-bridge system. The moving train is modeled with nine-degrees-of-freedom (9-DOF)
vehicle consisting of 8 sprung masses (wheels) and 3 unsprung masses interconnected. The vehicle
forces are applied at discrete points of the bridge. The rail is modeled as an upper Euler-Bernoulli
beam and the bridge as a lower Euler-Bernoulli beam. The two beams are interconnected by a series
of springs and dampers. Three-dimensional models to represent the railway bridge and vehicle are
developed, and they are numerically implemented in a MATLAB code. Numerical applications are
performed. Mid span displacement is analyzed and compared. The ballast stiffness and damping
adopted are obtained from other research works [2]-[13] and displacement results associated to those
different values of data are compared.

2 THEORY AND FORMULATION

This section describes the mathematical models adopted for the vehicle, bridge and track
irregularities. Also, it describes the model adopted for the interaction of the track and the bridge,
which takes into account the ballast effect.

2.1 Vehicle Modeling

Figure 1 illustrates the three-dimensional vehicle model adopted in this study and shows the
prestressed concrete bridge longitudinal view and cross-section. The vehicle program model is taken
from [14] and implemented in this study.

The vehicle consists of a car body, two bogie frames and four wheel sets. The vehicle model is
capable of representing bouncing (Z), rolling (¢ and pitching (6) movements in each rigid body,
totalizing nine degrees-of-fredom (9 DOF). These three movements are vertical displacement and
rotations around the Y and X axes, respectively, as shown in Figure 1. The model is composed of an
association of the rigid bodies connected by suspensions systems. These rigid bodies have
homogeneous mass m and moments of inertia Ix and Iv. The primary suspensions, located between
wheels and bogies, are represented by linear springs and dampers with coefficients Kp and Cp, and the
secondary suspensions, located between the bogies and the car body, are represented by linear springs
and dampers with coefficients Ks and Cs. The vehicle moving with constant speed over the bridge is
subject to track irregularities, which produces harmonic sinusoidal displacements O on the
suspensions.
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Figure 1: Vehicle model

2.2 Bridge Modeling

The top view of the finite element bridge model is shown in Figure 2. The numbers 1 to 63 are
the Euler-Bernoulli elements used in the model, and Pw1 to Pw8 represent the wheel-track contact
points, which are the points where the vehicle forces are applied onto the bridge.
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Figure 2: Finite element bridge model top view

Figure 3 shows a lateral view of the model of Figure 2, which represents the interaction between
rail, ballast and bridge for each element of the model. A typical track-bridge element is highlighted
in the figure. In such element, the rail is represented as an upper beam with 3-DOF per node (Ug;,
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V&Ri, MRri), the bridge is represented as a lower beam with the same 3-DOF per node (Usgi, Vgi, Msi),
and the ballast between both beam elements is represented springs and dampers of longitudinal and
transverse actions.
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Figure 3: Finite element: track-bridge interaction

2.3 Vehicle Equations

The vehicle equations of motion are obtained using the dynamic equilibrium of the system
forces and can be written as:

[Mr1{U} + [Cr}{U} + [Kr{U} = {Fr(6)} (1)

where:

[Mr] denotes the vehicle mass, [Cy] denotes the vehicle viscous damping, [K;] denotes the
vehicle stiffness, and {F(t)} denotes the vehicle force vector due to rail irregularities. The nine
equations of motion are shown explicitly below:
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where:

The symbols (-) and (--) above the variables, represents the first and the second
differentiation with respect of time.

mcs, mw and mp represent the car body mass, wheel and bogie mass, respectively;

Iy s Ixeps Iy pgo Ixpp » Iyp @nd Iy, Tepresent the moment of inertia of the car body, the front
bogie and the rear bogie for Y and X direction, respectively;

Zcs, Zrp and Zgs represent the translations along the Z axis of the car body, the front
bogie and the rear bogie, respectively;

¢cg, Preand ¢gp represent the rotation along the X axis of the car body, the front bogie
and the rear bogie, respectively;

8¢5, Orp, and O represent the rotation along the Y axis of the car body, the front bogie
and the back bogie, respectively;

Ir (t) are the vertical track irregularities indicated in equations (4) and (5).

Kp and Cp are the linear springs and dampers of the primary suspensions, located
between wheels and bogies.

The vehicle forces are transmitted to the bridge structure at the contact points (Pw). These
forces are obtained from the contribution of vehicle weight and inertial forces, that is

Mcp mpg . .
FRL'(t) = (_ +—+ mwl)g‘}‘mWLIRl(t) + Cpiapl + kpiapi(t) +

Cs;0s,

8 4
n k5i55i(t)
2

3)
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where:

Fr (t) are the forces applied on the bridge from every vehicle wheel;

mcs, mw and mp represents the car body mass, wheel and bogie mass, respectively;

Ir (t) is the acceleration caused by the track irregularities, that is, the second derivative
with respect to time of Ir (7);

cp and cs represent viscous damping of primary and secondary suspensions, respectively;
kp and ks represent stiffness of primary and secondary suspensions, respectively;

o and o5 represent displacements at the primary and secondary suspensions,
respectively. The symbol (-) above the displacements, represents the first differentiation
with respect to time.

2.4 Track Irregularities

The track irregularities Ir are represented by harmonic functions which are described by the
equation and figure below:

Z
Are Aro
X
: fw }
Figure 4: Vertical track irregularities
Ig,,(t) = Aggsen [ZILWV (t + W/—_PWZl)] fori=1,...,4 4)
I, (t) = Aposen [Zl% (t + M)] fori=1,..4 (5

where Aro, Are and lw are the amplitude and length of the sine waves, respectively. Time and velocity
are represented by t and v, respectively. The time lag of the wheels is defined according to the contact
points distances (see Figure 2) and velocity.
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2.5 Track-Bridge Equations

The track-bridge element in Figure 3 is composed by the rail upper-beam and the bridge lower-
beam connected by the ballast stiffness and damping elements. The formulation is based on chapter
6 of Xiaoyan Lei’s book [15]

The stiffness, damping and mass matrices of the system depend on the following shape
functions:

( x z
1__
L
L 3x?% 2x3
Uq IEE
V4 2x2  x3
M x——+7
(Ny={71% = L=t (6)
UZ 1_f
v, | L
kMZJ 3x2  2x3
2 I3
x% x3
L1z

This vector can be divided into the axial degrees-of-freedom shape functions vector:

1
Ny={ L (7
=7

and into the bending degrees-of-freedom shape functions vector:

[ 3x% 2x3
2x2+x3
L L2 {
3x%  2x3 (8)
123

x% x3

.

X —

{Nv} = 9

The stiffness matrix of the rail can be obtained with the equation:

L L L
[kpl® = Enly jo (N, (N, Yelx + ErAg fo (NY (N Yl + K jo (N {N}dx ©)
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The mass matrix of the rail can be obtained with the equation:

L
[mgle = mg f (VYT {N}dx (10)
0

The viscous damping matrix of the rail can be obtained with the equation:

L
[cal® = [cal + ca f (VYT {N}dx (11)
0

where [cr]¢ is obtained using Rayleigh’s method:

[cr] = aglmg] + a;[kg] (12)
Qg = E—
0 (,k)i(,k)]'
2
a; = % (14)
i0j

where § represents the damping ratio and w; and wj are the first and second natural rail frequencies.
Similarly, the stiffness [kg]¢, mass [mg]¢ and damping [cz]¢ matrices can be obtained. The stiffness
matrix of the prestressed concrete bridge can be obtained with the equation:

L L L
[kple = Eyly jo N,V (N} dx + Eg A jo NV (N} dx + K fo (V)T (N}dx (15)

The mass matrix of the prestressed concrete bridge can be obtained with the equation:

L L
[mple = my jo (VYT (N}dx + mp, fo (V)T {N}dx (16)

The viscous damping matrix of the prestressed concrete bridge can be obtained with the
equation:

L
[cs]° = [cs] + o j (N} (N} dx (17)
0
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where [cp] is obtained using Rayleigh’s method:

[cg]l = aolmg] + a4[kg] (18)

The stiffness [kg;]¢ and damping matrices of the ballast [cg; |¢ are computed in the following
way, respectively:

L
[kau* = oy | (NY7 Wy
0 (19)
L
[cpL]® = CBL] {N}{N}dx (20)
0

Equation (19) and equation (20) serve to interpolate the discrete value kg; and cg; in the finite
elements of the bridge and the rail.

The result of fOL{N}T{N} dx is:

(140 0 0 70 0 0 1
| 0 156 22L 0 54 —13L
Lo 220 4> o0 131 -3I? @1
20070 0o 0 140 0 0
lo 54 13L 0 156 -—22L]
| 0 —13L -3L> 0 —22L 4lI? |
The result of EI [['{N,"}T{N,"Ydx + EA [ {N,/}"{N,'}dx is:
4 o Moy 0
L L
12EI  6EI 12EI  6EI
= T ' T o
o GEL 4B 6EI  2EI
12 L 12 L 2
EA . . (22)
L L
12EI  6EI 12EI 6El
T3 Tz 7
6EI 2B 6EI  4EI
12 L 12 L

The interaction of the vehicle model is uncoupled, that is, the vehicle’s force is calculated in
order to obtain the force applied on the structure. After that, the bridge structure is calculated
considering the influence of the ballast and the rail.
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The equation of motion of the track- bridge interaction is given by:

[MI{T (O} + [CHU®} + [KI{U(®)} = {Fr, (D)} (23)

[M] = [mg] + [mg] (24)

[C] = [cr] + [cp] — [cp1L] (25)

[K] = [kg] + [kp] — [kp.] (26)
Where:

® kg, is the discrete value of ballast stiffness;

mp, is the discrete value of ballast mass;

cpy, 1s the discrete value of ballast damping;

Apg, Eg, Iy are the rail area, Young’s modulus and moment of inertia, respectively;
Ap, Eg, I are the bridge area, Young’s modulus and moment of inertia, respectively;

{FRi(t)} is obtained in equation (3).

10
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3 PROGRAM DESCRIPTION

The program is described briefly in Figure 5.

[ Vehicle dynamics ) . _[ bridge/track dg,rnamics)
l []
. input
input arguments
argumeants 1
1 inzart shape functions
calculato vehicla matrices {
Mt, Kt Cf calculale displacomeonis at primary
1 and sacondary suspensions
Opi e Osi
apply boundary P T
conditions calculate structuras forcas
| in each wheal (Fai)
calculate rail iragularity (1x) j
for aach whaal calculate nodal forcas
1 using shape funclions
i
calculate vehicle axternal forcas calculate bridgetrackrail
for each DOF dua fo rail iregularities matricas and vactors
T i
i [ apply boundary conditions
calculata moda shapa n:gn] i
and natural frequancy ({n} calculata
Rayleigh's damging
! ]
apply Newmark's apply Mewmark's
diract intagration methad direct integration method
i
" output displacemant, accalaration [ output EiSpl&EEI!IEI‘It. accaleration ]
L and velocity responsa and velocity rasponsa

Figure 5: Flow chart illustrating vehicle-track-bridge interaction

11
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4 NUMERICAL EXAMPLE

This section presents the dynamic response of the bridge as well as the bridge, vehicle and track
properties considered in this study.

4.1 Vehicle analysis

Table 1 Dynamic properties of rigid body

Rigid bodies Parameters Symbols Values Units
mass mcs 44420 kg
Car body Moment of inertia in X IXc 1816726.269 kg/m?
Moment of inertiain Y Ivcs 57925.731 kg/m?
mass mrs 14000 kg
Front bogie Moment of inertia in X IXrB 26469.468 kg/m?
Moment of inertia in Y Ivrs 11150.037 kg/m?
mass mrs 14000 kg
Rear bogie Moment of inertia in X IXrp 26469.468 kg/m?
Moment of inertia in Y IYrp 11150.037 kg/m?
Wheels mass mw 750 kg

Table 2 Dynamic properties of the suspensions system

Itens Symbols Values Units
Kp 1606.09 kN/m
Primary suspension
Cr 31.152 kNs/m
Ks 429.51 kN/m
Secondary suspension
Cs 17.089 kNs/m

Table 3 Geometric distances

Distances Symbols Values Units
longitudinal distance of center of bogies 2a 15 m
longitudinal distance of center of wheels 2b 3 m
cross distance of center of wheels 2c 1.6 m

12
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Table 4 Irregularities properties

Itens Symbols Values Units
vehicle velocity v 50 km/h
amplitude of the sine waves on the rail RO Aro 0.01 m
amplitude of the sine waves on the rail RE Are 0.01 m
lenght of the sine waves lw 1.0 m
4.2 Bridge analysis
Table 5 Bridge Properties Ec; = 25187 MPa (fu = 28 MPa)
Moment of
Element Length Area Inertia Mass
m m? m* kg/m3
1-3/28-30/31-33/58-60 1.0 2.822 2.948 2500
4-27/34/57 1.0 1.911 2.563 2500
61/63 2.1 1.1007 0.388 2500
62 2.1 1.1007 0.388 2500
Where:

e Ecsis the Young’s modulus of the bridge concrete
e fck is the bridge concrete resistance in 28 days
The bridge total length is 30.0 m and the considered damping is 1.0 % when considering ballast
influence and 2.5 % when not considering ballast influence.

4.3 Ballast analysis

Table 6 Ballast properties

Stiffness (kst) Damping (CpL)

Vertical

Horizontal

Vertical

Horizontal

6x10*kN/m?2

6x10*kN/m?2

50 kNs/m?

50 kNs/m?

13
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4.4 Rail analysis

Table 7 Rail properties

Geometric properties of the rails Symbols Values Units
cross sectional area A 8.63E-03 m?
moment of inertia in Z Iz 3.95E-05 m*

The rail damping considered is 0.5%.

S RESULTS

The dynamic response analysis of the bridge is performed on the mid span, considering the
vehicle velocity of 50 km/h. Figure 6 shows the influence of the ballast and of track irregularities on
the vertical displacement of the mid span during the passage of the vehicle.

1,0E-04
-1,0E-04
=
o AEn
E= 2,004
[-5)
= Mo rail irregular ity, with
]
=] ballast consideration
‘m -3,0e04
=
=
= Mo rail irregular ity, no
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4 0E04
With rail rregularity,
5 0D with ballast
e consider aion
with rail irregularity, no
-6.0E-02 ballzst consideration
0 0.5 1 1,5 2 2,5 3 3,5 4
Time (s)

Figure 6: Track irregularities and ballast influence on the vertical displacement

As it can be observed from these results, when considering the influence of the ballast on the
calculation the displacement on the bridge reduces.

In this case, the ballast stiffness ks considered is 6xE+04 kN/m? and the ballast damping caL
considered is 50 kN.s/m2, which are average of the values in references [2]-[13]. The maximum mid
span deflection is 9.10xE-04 m (yellow dotted line) and is obtained at 2.21 seconds, considering rail
irregularities. With no rail irregularities the maximum mid span deflection reduces to 6.54xE-04 m
at 2.62 seconds (orange dashed line), which represents a reduction of 27%.

14



VI International Symposium on Solid Mechanics - MecSol 2017
April 26 - 28, 2017 - Joinville - Brazil

When not considering the ballast influence, the maximum mid span deflection, which occurs at
1.75 second, is 5.1xE-04 m (gray axis line). With no track irregularities consideration, the maximum
mid span deflection reduces to 5.0xE-04 m at 1.75 second (orange dashed line), which represents a
reduction of 1%.

The mid span deflection has more variation when considering track irregularities and ballast
stiffness as it can be observed at the yellow dotted line.

The deflection decreases around 82% - 87% when considering ballast stiffness.

These percentages are obtained dividing the maximum mid span deflection with ballast
consideration by the mid span deflection without ballast consideration.

Figure 7 shows the influence of the ballast stiffness on the vertical displacement. The ballast
stiffness varies from 1.0xE+03 kN/m? to 1.0xE+05 kIN/m?2, and the effect of this variation is depicted
in the figure.
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Vartical deflection (m)

-2,0E-04
kBL=1,0xE+03 kN/m*
-3,0E-04 kBL =5,0xE+03 KN/m*
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-4,0E-04 _ -
kBL =5, 0xE+04 kN/m*
kBL =1,0E+05 kN/m?*
-5,0E-04
0 0,5 1 15 2 25 3 3,5 4
Time (s)

Figure 7: Ballast stiffness influence on the vertical displacement

The figure compares the influence on the mid span vertical displacement adopting five
different ballast stiffness values from other references [2]-[13] .

As it can be observed, the higher is the ballast stiffness, the lower is the mid span deflection
and the higher is the track irregularity influence (higher amplitude).

15
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Table 8 Ballast stiffness influence

Ballast stiffness | Ballast stiffness Line Maximum Time (s) Displacement
(KN/m2) reduction® displacement (m) reduction®
1.0xE+03 99% 4.54x-04 1.77 0.00%
5.0xE+03 95% 3.25x-04 1.77 28.51%
1.0xE+04 90% 2.40x-04 1.77 47.03%
5.0xE+04 50% — 9.25x-05 1.99 79.63%
1.0xE+05 0% | aessess 9.91x-05 1.23 78.16%

*The reductions are obtained comparing the values on the table with the maximum value of
the column.

Figure 8 shows the influence of the ballast damping on the vertical displacement. The ballast
damping values have been obtained from references [2]-[13] and their values are 0 kN.s/m?, 25
kN.s/m2, 50 kN.s/m2, and 80 kN.s/m2. No significant effect is observed which leads to the
understanding that ballast damping has not great influence on the bridge’s displacement.
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Figure 8: Ballast damping influence on the vertical displacement
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6 CONCLUSION

This work aims to analyze the dynamic responses of railway track and bridge under moving
loads. The dynamic behavior of the railway track-bridge model is studied integrating the rail, ballast,
and bridge. The rails are modeled as elastic Euler-Bernoulli upper beams and the bridge as an Euler-
Bernoulli lower beam discretized by finite elements. The sleepers and ballast are modeled using
Winkler foundation for translation.

The vehicle is a 9 degree-of-freedom model composed of an association of rigid bodies
connected via suspension systems. The dynamic responses of the vehicle are obtained due to the
speed and tracks irregularities, which are considered as harmonic sinusoidal functions. After that, the
vehicle wheel forces are applied on the railway track-bridge model. The vector of the external forces
is composed by arranging vehicle mass and inertial forces.

The equations of motion of both systems are integrated using the Newmark’s method.

The displacements at mid span have been analyzed and compared. The ballast stiffness and
damping values considered have been taken from other works [2]-[13], and results due to value
variations are also compared here.

Vertical displacements at the mid span reduce when ballast effects are considered. The first
verification uses an average value for ballast stiffness and damping and compares it with a no-ballast
situation. The deflection reduction varied from 82% to 87%. It is also observed that track irregularities
have higher amplitudes when ballast is stiffer.

The second verification compares the effect of different ballast stiffness values. It is observed
that deflection reduces considerably as well as the influence of track irregularities amplitude increases
as ballast stiffness increases.

Finally, different values of damping are compared but no significant results are obtained. It
appears that ballast damping may not be important in the bridge dynamic behavior. However, further
investigations would have to be conducted to allow for a sound conclusion.

From this research, we can conclude that ballast stiffness has great influence on the results.

Track irregularities also have an important role on dynamic analysis. For more realistic
responses, the authors shall consider random track irregularities instead of harmonic track
irregularities.
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