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Abstract. For feasibility analysis of a wind power plant, knowing the probability density function (PDF) of wind speed
of the geographical location involved is relevant for an estimate of energy generation. Thus, this work compared the
PDFs Weibull of two parameters, a two-component mixture Weibull, Gamma, Log-Normal, and Log-Logistic. - The wind
speed data at 50 m height, acquired from NASA Power, with the hourly average for the sites of Aparecida de Goiania
and Itumbiara in Goias state, and Fortim in Cear4 state were used for analysis. To obtain more relevant indicators,
which allow inferring which of the PDFs is the best fit for the distribution of the actual wind speed data, a new procedure
was implemented to determine the PDF for different analyses (hourly, monthly, and annual). Finally, it is determined
that the two-component mixture Weibull is the best fit for the wind speed distribution, giving a more reliable visibility of
the real frequency of wind speed distribution, but this significant visual improvement is not reflected in the calculation
of the average power density available, average energy and when compared to a real sample, compared to the Weibull
of two parameters PDF.

Keywords: Two-component mixture Weibull, Mixture Weibull, Brazil's wind resources, Wind Power Density, Wind
Energy.

1. INTRODUCTION

Understanding the probability density function (PDF) of wind velocity with the highest possible accuracy for the
location under consideration in the feasibility analysis of a wind farm is of great importance to obtain a reliable estimate
of the energy the farm will produce. Typically, the PDF is determined for the specific location, and based on this, the
choice of turbine type is made. The wind potential of the location is then determined using the turbine's power curve or
power coefficient (CP). In most cases, the two-parameter Weibull distribution is the chosen function. However, according
to Dhiman et al. (2020), the Weibull distribution does not accurately estimate all wind regimes, especially cases with
bimodal behavior. For this reason, other PDFs have been proposed in the literature, such as the two-component mixture
Weibull (or two-component Weibull), extended generalized Lindley, and combinations of density functions. For unimodal
wind distributions, in addition to the Weibull PDF, the Rayleigh, Log-normal, and Gamma PDFs are considered, as
highlighted by Ali et al. (2022), who analyzed nine types of two-parameter PDFs at three different locations in Libya,
Africa, showing that the PDFs that best fit the wind velocity data distribution were different at each location (Gamma,
Inverse Gaussian, and Log-Normal).

These are not the only comparative studies using different PDFs. Akdag et al. (2010) compared the two-component
Weibull PDF with the original two-parameter Weibull PDF and found a better fit to the data for the mixture PDF. Kollu
et al. (2012) showed that the Weibull-Generalized Extreme Value (GEV), Weibull-Lognormal, and GEV-Log-Normal
mixture probability functions are better alternatives than Weibull, two-component Weibull, Gamma, and Log-normal for
describing wind speed characteristics. Nevertheless, new research continues to be conducted, adding types of proposed
PDFs to be compared with the original Weibull PDF. Recently, Khaled Khamees et al. (2022) compared various types of
PDFs fitted to wind speed data collected from a Texas site over 5 years. The results indicate that the two-component
Weibull PDF provides the best fit among the Weibull of two parameters and other two-component mixture PDFs.
However, the three-component mixture Weibull distribution provides the best fit among all the PDFs but requires a more
complex parameter estimation method due to the higher number of parameters. Therefore, it necessitates using an artificial
intelligence optimization method for estimation. However, as Reid (2022) points out, even though some data distributions
may not be optimally fitted by a Weibull distribution when compared to others, it is unlikely that a mixture of data from
two distributions (particularly if they are overlapping) would be noticeably better fitted by other types of combinations
than by a combination of Weibull PDFs.
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In the study by Arslan et al. (2017), the authors explore PDFs that have been relatively unexplored in wind resource
modelings, such as the generalized Lindley PDF and power Lindley PDF. However, Han et al. (2018) propose the use of
non-parametric PDFs, highlighting that they provide a better fit to the joint wind speed and direction data.

Mechanisms that contribute to increasing the accuracy of the calculation of the energy potential of the site or to
improve the accuracy in the calculation of the PDF are of great relevance (Herrera, 2016), in this sense, works presenting
new methods that improve the estimation of the parameters of the different PDFs, or comparing different estimation
methods are proposed to improve the accuracy of the PDF adjustments (Abbas et al., 2023; Indhumathy et al., 2019;
Indhumathy. et al., 2021; Khaled Khamees et al., 2022; Sumair et al., 2022).

While the two-parameter Weibull PDF is recommended by the international standard IEC 61400-12 for estimating
annual energy production, numerous studies have emphasized the increased accuracy achieved by using other PDFs. This
raises the question whether the use of alternative PDFs could be applied to wind resource analysis in Brazil, and whether
improvements in data fitting are truly relevant for calculating the power density and energy production of a specific
turbine specified for a wind project.

It is important to note that a bimodal distribution can be considered a mixture of data from two distributions.
Therefore, in this study, the Weibull PDFs with two parameters, two-component Weibull, Gamma, Log-Normal, and
Log-Logistic PDFs were chosen based on literature and ease of implementation, which is not a less relevant factor. The
objective is to obtain more relevant indicators that allow determining which PDF is the most suitable for modeling the
distribution of real wind speed data, and to verify if there is a significance that justifies its choice over the two-parameter
Weibull PDF. A new procedure is proposed and implemented using the Reliability and SciPy APIs in the Python compiler
to achieve this goal.

2. MATERIAL AND METHODS

To carry out this study, wind speed and direction data at a height of 50 m were obtained from NASA Power (The
POWER Project supported by NASA Earth Science - https://power.larc.nasa.gov) for the following sites: (i) Aparecida
de Goiania (lat.: -16.7961, lon.: -49.2313), (ii) Itumbiara (lat.: -18.4084, lon.: -49.1010) in the state of Goias, and (iii)
Fortim (lat.: -4.4154, lon.: -37.8167) in the state of Ceara. The data consists of hourly averages from the years 2002 to
2020, as shown in Figure 1.
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Figure 1. Temporal series of the three locations.

It is known that wind speed can be modeled as a non-stationary time series, and the additive model is commonly used
for its analysis. The additive model is represented as Y, = {...,y1,¥2, V3, ...} = Y¢ + Ty + S, + C, + &, Where ¥, is the
mean of the series and represents the baseline level of the series. T, is the trend component that describes the long-term
behavior, which can be increasing, decreasing, or changing direction, but not frequently. S,.; = { S15 S2¢ S31, - } IS the
seasonal component, which can have a unique or multiple character or may not exist at all. It represents different periodic
variations of the series and is related to different frequencies (hourly, daily, weekly, monthly, etc.). C, is the cyclic
component, which can be described as a sequence of repeatable events in time. A cycle is defined by an initial and final
point that belongs to consecutive local minima of the series. The final point of one cycle represents the initial point of the
subsequent cycle. Unlike seasonality, cyclic variations are of low frequency and their amplitude can vary from one cycle
to another. Lastly, &, is the stochastic component, also known as white noise, error, residual, innovations, or shocks.

Formally, white noise is defined as an independent and identically distributed (iid) stochastic process with mean u
(not necessarily zero, but ideally equal to zero) and variance o2, &,~ iid(u, 02). Although the aim of this study is not to
model time series, it is important to understand the type of model that describes the behavior of the wind, as it allows for
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visual inference of some characteristics of the wind resource. Figure 1 shows the time series for the locations of Fortim,
Itumbiara, and Aparecida de Goiénia, along with their means values. A pronounced annual seasonality is observed in
Fortim, which is also present in Itumbiara and Aparecida de Goiania, albeit with less intensity. In the case of the latter
two, a higher standard deviation of data can be predicted compared to Fortim. Table 1 presents the characteristics of the
locations and basic statistics related to the wind speed data, while Figure 1 indicates the geographical location of the
analyzed sites.

Table 1. Site statistics.

Site Region type Mean [m/s] Median [m/s] Mode [m/s]  Variance [m/s]
Fortim Coastal 6.73 6.75 6.19 2.47
Itumbiara Savannah/Lakeside 4.75 4.68 4.93 4.59
Ap. de Goidnia  Savannah/Periurban 4,53 4.34 3.93 4.79

To perform the calculations, the Enercon E48/800 wind turbine model was chosen, which has the power curve

Illustrated in Figure 2.
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Figure 2. Turbine power curve - Enercon E48/800.

To obtain a more relevant indicator to determine which of the PDFs best represents the distribution of real wind speed
data, the following procedures were implemented: 1) the complete time series (2002-2020) is grouped by month; 2) for
each new grouping, different PDFs (for each month) are obtained, which are used to determine the energy generated by
the chosen turbine (E;,,5)- 3) the original time series is then separated into samples (new time series) representative of
each month of each year (X, ,,,), which are used to determine the respective (E¢yp o.m). Based on the values of Eyyypp g 1

and Ey,,, for each PDF, the root-mean-square error (RMSE), mean absolute error (MAE), and mean absolute percentage
error (MAPE) are determined. The procedure described is illustrated in Figure 3.

Full Time Serie Wind Speed

January data e o ® December data
grouping grouping
Monthly statistical samples

I Decen
poEs M\ R Pors A Ham

T N°bins
Eturb =1 f P(v)p(v) av Erurb =n Z P(Ut)p(vt) Av
1] B

RMSE - MAE - MAPE

Figure 3. The new method for validation of the PDFs.
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2.1 Theoretical framework

In this section, we present the equations of the probability density functions (PDFs) used to calculate the average
available power density [W /m?] based on the time series of wind velocity at the selected locations.
»  Two-parameter Weibull Distribution (W):

B-1  ,t\B B-1 ¢
PDFy = f(t) _B @ =E<£) ' e‘(E)ﬁ, 1)

af a\a

with the scale parameter & > 0, shape parameter § > 0 and t > 0.
«  Weibull distribution with two components (W-W) can be defined:

PDFyyc = f(t) = p PDFy, + (1 — p) PDFy,, )
PDFy, PDFy,
B Byt (B1-1) _(aL)ﬁl Bt (B2-1) —(aL)Bz (3)
PDFWZC_p[a_1<a_1) e 1 +(1-p) a_z(a_z) e 2 ,

the two-component Weibull model or Weibull mixture model consists of two Weibull distributions with scale
parameters a; and shape g; with i = 1,2 and the proportionality parameter 0 < p < 1.
e Gamma distribution (G):

th-1 t

PDF; =f(t) = We_a'

(4)

where the scale parameter a > 0, the shape parameter 8 > 0,t > 0andI'(B) = fo°° th~1e~tdt is the Gamma function.
»  Log-Normal Distribution (LN):

_l(ln(tg—u )2

PDF,y = f(t) = e 2 , ®)
w = f(©) oy
where the scale parameter —co < u < oo, the shape parameter ¢ > 0 and t > 0.
»  Log-Logistic distribution (LL):
O™
PDFLL = f(t) = %’em (6)

()

where the scale parameter a > 0, the shape parameter § > 0 and ¢t > 0.

The maximum likelihood estimation (MLE) method is used to fit the PDFs to the wind speed data, which works by
calculating the probability of occurrence for each data point (we call this the likelihood) for a model with a given set of
parameters (those we wish to estimate). These probabilities are summed for all data points. An optimizer is then used to
change the parameters of the model to maximize the likelihood (sum of probabilities). Thus, MLE does not require the
equation to be linearized (which is necessary for least squares estimation) for any equation to be modeled, however, least
squares estimation is usually used to give an initial estimate for the parameter values.

The equation Eq. (7) was used to calculate the average available wind power density (DPV — W /m?) with the time
series data,

1 ¥ v
WPDgata =§p tT(l] t, @)

where n is the number of samples of the time series used, p the density of the air [kg/m?], and v, is the wind speed
[m/s] of the sample t of the time series. To calculate the average power density based on the different PDFs, Eq. (8)
was used,

1 Umax
WPDp = 50 [ PGV dv, (®)
0

where v, the maximum wind speed [m/s ]that introducing the time series and p(v) is the chosen PDF.
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The calculation of the energy generated by the turbine E,,,,, is based on Eq. (9) using directly the hourly values of
the series and Eq. (10) for the different PDFs,

N° bins

Fary =1 ) P p(v) b, ©

where P (v,) the power curve of the chosen turbine evaluated at v, for a given p, and Av is the width of the histogram
bins.

VYmax

Barn =T [ POIP@)dv, (10)
0

where P (v) the power curve function of the chosen turbine for a given p.

To choose the PDF that best fits the data, different indicators of the quality of the fit must be compared, the chosen
ones being Log Likelihood (Loglik), Akaike Information Criterion (AlCc), Bayesian Information Criterion (BIC), and
Anderson Darling corrected statistic (AD). AICc and BIC are based on Loglik, and both penalize the score based on the
number of parameters to be estimated in the PDF, and the closer to zero their values are the better the fit obtained. Loglik
value can be between -co to 400 so its value does not give any indication. However, Loglik is useful to compare several
fitted models. It should be noted that models with more parameters to estimate or more complex tend to increase the value
of Loglik, this means that only models that have the same number of parameters should be compared. The AD statistic is
a modification of the Kolmogorov-Smirnov test and is shown to be an alternative to chi-squared and Kolmogorov-
Smirnov that considers the specific PDF and emphasizes the tails, presenting the advantage of allowing a more sensitive
test. The better the PDF fits the data, the lower the AD statistic. Eqs. (11) - (14) describe the different tests or indicators,

* Log Likelihood (Loglik):

. — . . — 27TR
Loglik = —2In(Likelihood) = n1n (T) 1)

where n is the number sample of the time series, and R is the model-dependent estimate of the sum of squares error.
»  Akaike Information Criterion (AICc)

2(p+ D(p +2
AlCc = Loglik+2(p +1) + %, (12)

where n is the number sample of the time series, and p is the number of coefficients in the PDF (the number of
estimated parameters in the PDF), including the constant. AICc is not calculated when (n —p — 2) < 0.
»  Bayesian Information Criterion (BIC)

BIC = Loglik + (p + 1) In(n), (13)

*  Anderson Darling corrected statistic AD
n
1
AD = —n— ;Z(Zi — D[InFx) +1In(1 = Ftp_iz)], (14)
i=1

where {x(1) < x(2) <--< x(n)} denotes an ordered sample size (arranged in increasing order), and F represents the
cumulative distribution function (CDF) of the PDF in question.

3. RESULTS AND DISCUSSIONS

Figure 4 illustrates the histograms and PDFs fitted to the wind speed data for each month of the year for the Fortim
region. The dataset for each month is constituted by the data of each month corresponding to each year of the total time
series. It is observed that the PDF that best fits the data is Weibull two-component (W-W), presenting a closer fit for both
the peak and both troughs of the histogram. However, there is a deficiency in achieving a good approximation of the peak
in the months of March, April, and May. This is due to the increase in the standard deviation because of the increase in
the right tail, indicating a greater record of low speeds. It can be concluded that none of the PDFs achieve a good fit when
there is an increase in the histogram skewness with a bias to the left (negative skewness = negative asymmetry)
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Table 2 presents the average values of the quality of fit indicators for the different PDFs and through these, the greater
accuracy of the W-W PDF is validated for the adjustment of monthly data for Fortim.
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Figure 4. Monthly Fortim PDFs - Two-component Weibull (orange), Weibull (red), Gamma (blue), Log-Normal
(green), and Log-Logistic(yellow).

Table 2. Average values of the Goodness of fit indicators of the monthly PDFs - Fortim.

Goodness of fit

PDF Loglik AlCc BIC AD

W-W -24511.7  49033.45  49071.69  13.42929
w -24737.9  49479.82 4949512  51.83251
G -25376.7  50757.43  50772.72  129.0855
LN -26098.5 52201.06  52216.35 217.6773
LL -25215.1  50434.19  50449.49  83.73141

Table 3 shows the values of the average power density calculated based on Eqgs. (7) and (8), WPD 4+, and WP Dppp
respectively (in this case the whole data was used) and the energy values per month for the dataset of the year
2020 (X;020,m)- Datain the Table 3 represents actual wind speed measurements.

As explained in the previous section, to obtain a more relevant indicator to verify which of the PDFs better represents
the distribution of the real data, the procedure illustrated in Figure 3 was implemented, with the results obtained being the
MAE, MAPE, and RMSE both for the comparison with the power density and for the energy generated by the turbine. It
is again concluded that the two-component Weibull (W-W) PDF is the best fit for all samples of each month.

To exemplify how to obtain the samples X, ,,,, and Ey, 4, are presented in Table 3 on the right side, with the
respective energy values (E;,,p 2020.,) for the different monthly samples for the year 2020 (X,420.,,). It should be noted
that these can be determined for any year of the series. Through this procedure, it is possible to verify that the two-
component Weibull does not present a considerable improvement concerning the original Weibull (W) when we consider
a single sample. However, the W-W better represented the power density data considering the total set of each month of
the time series, which is equivalent to determining the average between the errors of each month.
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Table 3. Wind Power Density and Energy per month of the year 2020 Fortim.

Wind Power Density - KW/m? Energy per month of the year 2020 - MWh

Month Data ~ W-W w G LN LL | X5020m W-W w G LN LL

January  153.14 153.06 153.06 155.84 158.95 16297 | 11580 113.88 113.88 11595 11826  121.25

February 122.78 122.38 122.15 126.07 131.36 132.01 | 81.97 82.24 82.09 84.72 88.27 88.71

March 92.38 91.39 91.45 96.62 103.17 104.97 | 64.65 68.00 68.04 71.89 76.76 78.10

April 83.47 81.85 81.93 89.14 99.31 99.11 | 66.85 58.93 58.99 64.18 71.50 71.36

May 101.80 101.31 100.42 107.63 116,32 116,78 | 60.83  75.37 74.71 80.08 86.54 86.89

June 141.60 141.25 14119 14498 149.36 150.21 | 62.25 101.70  101.66 104.39 10754 108.15

July 196.00 19597 196.62 197.87 200.56 201.73 | 111.16 145.80  146.28 14722  149.22  150.09

August 260.90 260.98 262.09 261.04 261.66 265.68 | 178.11 194.17  195.00 19422  194.67 197.67

September 304.22 30452 305.22 303.73 303.77 308.36 | 175.10 219.25 219.76 218.68  218.71  222.02

October ~ 304.28 304.39 305.14 303.43 303.63 309.73 | 182.28 226.46  227.03 22575 22590 230.44

November 270.80 270.93 27146 270.63 270.95 276.13 | 150.19 195.07 19545 194.85 195.09 198.81

December 22219 222.17 22233 22321 22450 230.62 | 156.40 165.29  165.42 166.07  167.03 171.58

MAE[KW/m?] 0.38 0.79 2.47 6.02 8.73 1.09 1.10 1.12 1.23 1.34
MAPE [%] 0.36 0.56 2.16 5.44 6.73 3.75 3.74 4.23 4.97 5.19
RMSE[KW/ m?] 0.59 0.90 3.15 8.03 9.51 6.23 6.28 6.34 6.64 7.09

The PDF results for the Itumbiara and Aparecida de Goiania sites are presented in Figure 5 and Figure 6. The behavior
of the wind speed data distribution is similar in both sites. However, Aparecida de Goiania presents a well-defined
bimodal distribution in June, July, and August. The distribution of September presents a greater complexity with three
peaks. For the site of Itumbiara, also in these months, there is a displacement of the peak without defining a bimodal
distribution. This behavior signals an increase in the mean and standard deviation of wind speed. At both sites, the months
of April and May mark a transition.

Table 4 presents the mean power density errors for the Itumbiara and Aparecida de Goiania sites together with the
mean values of the adjustment indicators for each PDF in each month. In these two cases, it is also determined that the
W-W PDF performs better than the others. Comparing the errors related to the average power density (MAE, MAPE, and
RMSE) of these two sites with the errors of the Fortim site, a significant increase in the errors related to the W, G, L, N,
and LL PDFs is observed. On the other hand, the W-W PDF keeps the errors almost constant, and the metrics undergo a
simultaneous increase and decrease that is not very significant, which allows us to infer a better performance of the W-
W PDF in cases with a bimodal distribution and in cases in which there is a marked asymmetry with a shift of the peak
to the right. When the distribution has a slight asymmetry (close to a normal distribution), as is the case of the Fortim
data, the Weibull PDF can be considered without significant error in the calculation of energy or average power density.
Another advantage of the W-W PDF is its flexibility to convert into a W PDF as observed in the months of February for
the Itumbiara and Aparecida de Goiénia sites.
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Figure 5. Monthly Itumbiara PDFs - Two-component Weibull (orange), Weibull (red), Gamma (blue), Log-Normal
(green), and Log-Logistic(yellow).
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Figure 6. Monthly Aparecida de Goiania PDFs - Two-component Weibull (orange), Weibull (red), Gamma (blue), Log-
Normal (green), and Log-Logistic(yellow).

Table 4. Metrics (errors and goodness of fit) of the PDFs — Itumbiara and Aparecida e Goiania.

Itumbiara Aparecida de Goiania
Metrics  W-W W G LN LL | Ww W G LN LL
Wind MAE 038 138 552 1358 1626 | 042 178 439 12,61 12.82
gg’r‘]’g‘f& MAPE[%] 048 172 753 2105 2359 | 051 180 6.62 20.89 21.94
KW/m RMSE 044 146 611 1504 1697 | 051 252 476 1351 14.26
Loglik  -30469 -30774 -31673 -33167 -32357 |-34911 -35339 -36134 -37041 -37699
Goodness  AICc 61552 61552 63351 66339 64719 | 69834 70682 72273 74086 75402
of fit BIC 60987 61568 63367 66354 64734 | 69875 70699 72290 74103 75419
AD 256 51.96 193.63 389.85 232.04 | 159 61.84 168.35 233.72 363.13

The above analysis is applied to the annual data set for the three sites as shown in Figure 7 and for all data, the
W-W PDF is the best fit visually. Table 5 shows the average power density and annual energy produced with the selected
turbine for the three sites, with the best results achieved by the W-W PDF. The column Data represents the average annual
value obtained with the real data. Table 6 shows the errors in the annual energy produced by the turbine at each of the
sites. An inexpressive difference is observed between the W-W PDF and the W PDF, determining that there is an
advantage in using the original Weibull PDF due to its simplicity of implementation and the quantities of parameters to

be determined.
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Figure 7. Yearly PDFs of Fortim, Itumbiara and Aparecida de Goiénia - Two-component Weibull (orange), Weibull
(red), Gamma (blue), Log-Normal (green), and Log-Logistic(yellow).
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Table 5. Energy density and annual energy per PDF.

Wind Power Density — kW/m? Annual Energy - MWh
Site Data W-W W G LN LL | Data W-W W G LN LL
Fortim 187.42 187.31 186.77 191.22 196.47 199.05|1649.151640.811636.131675.051721.091743.66
Itumbiara 90.03 90.06 89.44 9561 102.60 103.51|800.62 791.09 785.61 839.83 901.23 909.27

Gp(\)piéﬁiea 84.06 83.63 83.33 87.63 93.85 94.15|743.69 732.63 729.95 767.68 822.12 824.72
Table 6. Annual energy errors.
Fortim Itumbiara Ap. de Goiénia
PDF RMSE MAE MAPE | RMSE MAE MAPE | RMSE MAE MAPE
[MWh]  [MWh] [%] | [MWh]  [MWh]  [%] [MWh]  [MWh] [%]

W-W  171.12  146.67 9.09 | 90.17 75.29 9.47 87.20 68.46 9.23
w 171.41  146.67 9.07 | 90.91 75.58 9.44 87.58 68.46 9.20
G 172.87  148.04 9.36 | 97.86 79.31 10.54 89.76 73.21 10.37
LN 185.44 157.25 10.17 | 134.77 111.34 15.08 118.52 98.49 14.34
LL 195.31 161.77  10.57 | 140.87 118.10 15.96 116.76 96.71 14.08

4. CONCLUSION

The two-component Weibull distribution provides the best fit to the wind speed distribution in different analyses
(monthly and yearly), offering a more accurate representation of the frequency distribution of wind speed. This improved
visibility is reflected in the calculation of the average available power density and the calculation of the average energy.
When compared to a random sample from a specific month of a particular year, there may not be a substantial difference
in the use of the two-parameter Weibull distribution function (PDF), but on average, it is superior.

The comparative analysis of PDFs using annual data sets showed that the Weibull PDF may be a more interesting
alternative to the two-component Weibull PDF, as the latter is more complex and has more parameters, albeit with slightly
superior performance.

Both Weibull PDFs, when compared to other PDFs, are significantly more suitable for describing the behavior of
wind speed in cases where data exhibit a nearly symmetrical distribution in the positive or negative direction (Fortim) or
a positive symmetry. However, for cases with a bimodal distribution or negative symmetry (Itumbiara and Aparecida de
Goiania), the two-component or mixture Weibull PDF is superior and provides a more realistic view of the data, allowing
for the inference of wind behavior without the need for a deep analysis of the time series and its components.

Finally, greater flexibility is determined for the two-component Weibull PDF, as it can assume the behavior of a two-
parameter Weibull PDF.
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