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Abstract. The derivation of differential equation models for experimentally observed dynamics has always been a chal-
lenge in any field of science. In general, two approaches are employed to do so. One derives such models from first-
principles using a heavy dose of mathematical manipulation. In this physics-driven approach, experimental data is
employed to validate the model’s accuracy. Another is based on recent developments in measurement capabilities, which
can provide a wealth of information that allows optimization methods to reverse engineer these models. Arguably the
most prominent method within this data-driven approach is the Sparse Identification of Nonlinear Dynamics, i.e. SINDy.
It takes advantage of data wealth and model sparsity to employ linear regression techniques to cheaply estimate the non-
linear differential model. Since its release, many expansions have made SINDy even more robust and flexible. However,
some obstacles still exist when trying to use this tool on experimental data. In particular, low-sampled data makes the
calculation of the time derivatives required by SINDy too inaccurate for it to provide a valid model. In order to overcome
this, a sample-rearranging technique was developed for low-sampled periodic data sets that span many periods. The idea
is based on the fact that, even for a low sampling rate, the phase portrait topology contains all the relevant information
for a periodic nonlinear regime. This technique accurately reconstructs the temporal dynamics of a single period by
accordingly rearranging the available data in all other periods into it using the dynamics characteristic period. In the
present paper, the method’s efficacy is tested using an artificially low-sampled data set from the Lorenz equations for
periodic parametric conditions. SINDy works, but only when used in conjunction with the sample-rearranging.
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1. INTRODUCTION

There is a continuous demand for new approaches that can identify differential equations that correctly describe a
phenomenon of study. That is especially true in fluid mechanics since many fluid flows represent a high-dimensional
nonlinear behavior. However, it is possible to decompose the very complex observed dynamic into a few dominant
coherent structures representing most of the total system’s energy (Holmes et al., 1996). One of the most common
methodologies for dimensionality reduction is the proper orthogonal decomposition (POD) (Sirovich, 1987). The POD
is only one of the many techniques within the Machine Learning (ML) field and can be combined with others to extract
even more information from a data set (Brunton et al., 2020), as building a reduced order model (ROM). The works
of Bongard and Lipson (2007) and Schmidt and Lipson (2009) must be highlighted as milestones in this field since
both successfully described a data-driven methodology that automatically generates a system of differential equations
using symbolic regression. While previous works that also used this type of regression were limited to linear systems or
manual insertion of nonlinear models, employing Genetic Program (Koza, 1992) was the key to reproducing nonlinear
coupled dynamical systems. However, the Sparse Identification of Nonlinear Dynamics (SINDy) is the focus of this work.
Recently proposed by Brunton et al. (2016), it forces the generation of an interpretable and parsimonious ROM by a cheap
sparse symbolic regression, simultaneously avoiding overfitting. The regression takes the form of a minimization problem
in which sparsity is enforced by different methods. In the original paper, the authors opted for the sequential threshold least
squares (STLSQ), while the LASSO (Tibshirani, 1996) was also advocated. Since then, an additional set of alternative
methodologies have been described (Boninsegna et al., 2018; Zhang and Lin, 2018; Zheng et al., 2018; Champion et al.,
2020). Other works have contributed to SINDy’s improvement through framework modifications, allowing its applications
to a wealthier range of nonlinear behaviors. The first extension of SINDy concerns the ability to produce equations with
rational functions, the implicit-SINDy (Mangan et al., 2016). After that, the works of Rudy et al. (2017) and Schaeffer
(2017) show how to discover a system of partial differential equations. Another work focused on the minimization
problem generalization: the data-driven Galerkin regression (Loiseau and Brunton, 2018). Recently, the development
of the SINDy-PI (parallel and implicit) (Kaheman et al., 2020) synthesized and optimized all the previously described
expansions into a single tool.

The range of works that employed SINDy is too large to be cited here. However, properly building the matrix of
derivatives is fundamental and one of the biggest challenges when using SINDy. There are different ways to approach
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this problem. Finite differences would be intuitive, but the noise presented in the data can be over-amplified, making this
methodology prohibitive. In the original SINDy paper, the authors advocate for the total-variation regularized derivative.
Based on previous experiences in our group we suggest first finding an analytical function for the original data via least-
squares regression and then evaluating its derivative (Lettieri et al., 2022). Here, our focus lies on the problem where the
data set available was not taken at a high enough rate to capture all the dynamics. This is very common, especially when
working with experimentally obtained data. Although the behavior associated with the fundamental frequency appears in
the original data, often, the higher harmonics ones do not. However, noticing that the phenomenon of interest is periodic,
the 2D phase portrait can present all the information needed. Based on this, we developed the sample-rearranging tech-
nique, a tool capable of reorganizing an initial low-sampled data set. After being subjected to the rearranging process, the
available low-sampled data points are reallocated into a single period domain, simulating a high-rate sampling measure-
ment. Therefore, it reduces the effort when performing the least squares regression and, at the same time, helps generate
the analytical functions that reproduce all the important dynamics and are used to build the matrix of derivatives.

In the past, the Energy and Propulsion Research Laboratory at UCLA (University of California, Los Angeles) has been
studying the flame dynamics produced by the coupled combustion of individual droplets for different liquid fuels under
different external acoustic excitation (Sevilla-Esparza et al., 2014; Karagozian, 2016; Bennewitz et al., 2018). Recently,
the research changed focus to the combustion of laminar gaseous jets emanating from single microjets (Sim et al., 2020).
From these studies, one can learn about the flame shape and structure and the transitions present in the combustion process
dynamics. These works are based on high-speed time-resolved images obtained from a well-established experimental
apparatus (Sevilla-Esparza et al., 2014; Bennewitz et al., 2018; Sim et al., 2020; Vargas et al., 2020; Vargas, 2022 - 2022).
The jet Reynolds numberRe, the acoustic forcing frequency fa, and the pressure amplitude perturbation that characterizes
the amplitude of acoustic excitation can vary. To better understand the flame dynamics, our goal is to construct a ROM
using a Snapshot POD from the available images. Unfortunately, this case belongs to a previously mentioned class of
problems in which the experimental gear available, although powerful, is still limited to a relatively low imaging frame
rate, providing only a sample unable to capture the higher harmonics dynamics. Therefore, we hope that our method can
overcome this issue.

2. METHODOLOGY

2.1 SINDy

Consider the system of ordinary differential equations in the form of

dx

dt
= f(x(t)) , (1)

where x(t) = {x1(t), x2(t), . . . , xn(t)} and f = {f1(x(t)), f2(x(t)), . . . , fn(x(t))} are the state vector and function,
respectively. To use SINDy, we first need a time-data series organized as a data matrix X = [x(t1),x(t2), · · · ,x(tm)],
where m is the sampling rate over the period τ = tm − t1. The next step is building the derivative matrix

Ẋ = [ẋ(t1), ẋ(t2), · · · , ẋ(tm)] . (2)

Then, we propose a library of candidate nonlinear functions F(X) =
[
1 X1 X2 · · · Xd

]
, where the sub matrix Xd

is formed by column vectors representing one of all possible polynomial combinations of dth-degree for all times. To
quantify how active each function is for each row of Eq. (1) we define the coefficient matrix C = [ċ1, ċ2, · · · , ċn], where
for a equation k = 1, 2, . . . , n of the system defined by Eq. (1) we would have to solve the problem

Ẋk = F(X)Ck . (3)

Since, usually Eq. (3) is an over-determined system, we must solve the following optimization problem

Ck = argmin
C

′
k

‖Ẋk − F(X)C
′

k‖2−λ‖C
′

k‖1 , (4)

where λ is a regularization parameter used to promote sparsity if we choose to use the LASSO (Tibshirani, 1996) in a
sparse regression. However, this work employs the sequential thresholded least-squares (STLSQ) method. The latter is
not only advocated in other works (Brunton and Kutz, 2022; Champion et al., 2020) but our experience suggests a better
performance to select the correct set of candidate function for the reduced order model. Thus, one must define the lowest
magnitude a coefficient vcrit is allowed to be so its associated candidate function is not dropped from the next regression
iteration. Finally, our system of ordinary differential equations can be written as xk = F(xT )Ck, where F(xT ) is a
vector of symbolic functions.
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2.2 Sample-Rearranging

Many times, we focus on employing the SINDy on experimentally obtained data of a particular nonlinear dynamics
that exhibits a periodic behavior. Often, however, the gear available can only produce a low-sampled data set and we are
not able to work with a time series taken at a high enough rate. Hence, even if the Nyquist-Shannon sampling theorem
(Nyquist, 1928; Shannon, 1948) is satisfied for the fundamental frequency of the periodic regime, we can not capture
the effect of the higher harmonics when trying to reproduce the observed phenomenon. This makes the construction of
the derivative matrix in Eq. 2 particularly difficult since we choose to find the approximated functions that better fit the
original time series first and only then build it.

To overcome this issue, we propose the sample-rearranging technique. Figure 1 illustrates the fundamental idea of
the tool. Disposing of a low-sampled data set with several points scattered along different periods over the original
time domain, we seek to compress them into a single period. Taking advantage of the periodic behavior, we construct
the algorithm to preserve the same information that a particular point offered before the arranging process. Thus, we
dynamically back the future points off to the first one immediately after we identify the number of periods a point is
further in time. Therefore, we simulate a scenario where we generate a data set in which each point is artificially taken at
a significantly higher rate. Thus, producing a set of fitted functions that capture the higher harmonics dynamics becomes
possible.

t

xn

t

xn

Figure 1: Schematic of the sample-rearranging algorithm. When applied to an artificially generated low-sampled data
set of a sine wave (blue background), we simulate a scenario with a higher sampling rate over a single period (green
background).

Moreover, it is important to note that only two requirements are necessary for a low-sampled data set to be eligible to
go through the rearranging process. Its i) behavior must represent a periodic regime, and ii) the sampling rate must be
such that we can observe a closed curve from the topology produced between the coordinates of the state vector in each
2D phase portrait.

3. RESULTS

In order to verify the performance of the sample-rearranging technique we use the Lorenz System (Sparrow, 2012) as
a reference model. It takes the form

ẋ(t) = σ (y(t)− x(t)) , ẏ(t) = x(t) (ρ− z(t))− y(t) and ż(t) = x(t)y(t)− βz(t) , (5)

where σ, ρ and β are the model parameters. As we mentioned before, our tool only works for periodic regimes. Therefore,
we set σ = 10, β = 8/3 and ρ = 400, which asymptotically develops a periodic nonlinear regime. In this case, the initial
conditions consist in a small deviation of magnitude δ = 10−5 from a set of the steady-states {xs, ys, zs}

x(0) = xs(1 + δ), y(0) = ys(1 + δ) and z(0) = zs(1 + δ) , (6)

where xs =
√
β
√
ρ− 1, ys =

√
β
√
ρ− 1 and zs = ρ− 1 . (7)
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First, we produce a numerical solution of the ODE system over t0 = 0 and tf = 200 with 40 digits of working precision,
using the function NDSolve from Wolfram Mathematica version 12.0. Figure 2 shows the 2D phase portraits after the
nonlinear periodic regime development. From the numerical solution of both x and y coordinates, we directly obtain
the dynamics characteristic period pc = 0.3630819576. On the other hand, a cycle on z(t) finishes twice as fast, then
it presents a period of half magnitude instead. While this information does not affect our definition of the characteristic
period, since the longer one is not only required to produce the topologies exhibited in Fig. 2 but also still fulfills the
objective of the sample-rearranging technique for the z−coordinate, its value is highlighted by assisting us to propose an
improved model when attempting to fit the time series of each coordinate.
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Figure 2: Periodic Lorenz system characteristic 2D phase portraits.

Our next step is artificially generating a low-sampled data set. For that, we collect 274 points employing a sampling
rate of 2.735 points per period over 100 characteristic periods. Figure 3 shows the temporal behavior of the low-sampled
data, in which any pattern from the original behavior is hidden in an almost chaotic distribution of points. Hence, iden-
tifying particular characteristics and proposing a model to fit the data of any of the coordinates would be a challenging
process. On the other hand, when displayed in the form of 2D phase portraits, the same set outlines the topology pre-
sented by the continuous one in Fig. 2. Therefore, we can assume that most of the dynamics, even those associated with
high-order nonlinearities, are present and that we dispose of the necessary information to reproduce the behavior of the
original Lorenz. This contradiction exemplifies the inspiration for the development of this technique.
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Figure 3: Temporal behavior (top) and 2D phase portraits (bottom) of the low-sampled generated data.

Finally, we rearrange the low-sampled data set based on pc. The results can be seen in Fig. 4, in which the temporal
behavior displays a completely different condition from the prior observations, simulating a scenario built by an extremely
high sampling rate over a single period. Previously hidden in a cloud of points, the rearranged data set exhibits all the
nonlinear dynamics revealed before only by the 2D phase portraits. Consequently, due to the periodic nature of the
phenomenon, all the necessary information to properly propose a fitting model that better describes it is available.

30.05 30.10 30.15 30.20 30.25 30.30 30.35
t

-40

-20

20

40

x[t]

30.05 30.10 30.15 30.20 30.25 30.30 30.35
t

-100

-50

50

100

y[t]

30.05 30.10 30.15 30.20 30.25 30.30 30.35
t

350

400

450

z[t]

Figure 4: Temporal behavior over a single characteristic period comparison: Low-sampled data after it was rearranged
(blue points) and original numerical solution (black line).
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To approximate the temporal behavior of each coordinate, we perform a nonlinear regression on the rearranged data,
evaluating the performance of different partial sums of the following set of infinite series as model functions

x(t) =

∞∑
n=0

αn sin(2πt/pc + φx,n)
2n+1 , y(t) =

∞∑
n=0

βn sin(2πt/pc + φy,n)
2n+1 and

z(t) = γ0 +

∞∑
n=1

γn cos(4πt/pc + φz,n)
n ,

(8)

where αn, βn, γ0, γn, φx,n, φy,n and φz,n are the model parameters. A relative error analysis, using the original numerical
solution as a reference, shows that we achieve a more than satisfactory accuracy when the model functions are the infinite
series truncated at n = 14.

Finally, with the approximation functions, we can proceed and construct all SINDy necessary matrices, including the
challenging data matrix of derivatives in Eq. (2). By doing so, the SINDy algorithm successfully recovers the periodic
Lorenz system. Figure 5 summarizes the results found, where we plot the 2D phase portraits comparing our initial
low-sampled data and the solution, over the original time domain, of the ROM generated by SINDy after the sample-
rearranging process based on the characteristic period.
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Figure 5: 2D phase portraits comparing the initial low-sampled data (blue points) and the solution of the SINDy generated
ROM over 100 periods (red line).

4. CONCLUSION

In this work, we presented a new method to overcome one of the most common difficulties when developing a model
for a nonlinear behavior with a data set obtained experimentally. The sample-rearranging technique takes advantage of
the dynamics’ periodicity to reorganize an initially low-sampled data set into one artificially taken at a high sampling
rate, capturing all the information carried on 2D phase portraits closed curves topology. Here, the new technique helped
SINDy to recover the Lorenz system under periodic parametric conditions.

Further evaluation of the tool is in progress, with defined future objectives. Our first intention is to test it in a more
complex nonlinear scenario, such as the same Lorenz system, but under double periodic conditions instead. Finally,
we also look to assess the robustness of the tool by applying it to cases of low-sampled data sets of diffusion jet flame
dynamics obtained experimentally. In this case, in addition to the difficulty that naturally arises when working with noise
data, precisely identifying the absent characteristic period poses another challenge.
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