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Abstract. Nuclear fusion is regarded as a clean and safe solution to the growing global energy demand. The most
promising device for achieving fusion energy is the tokamak, which confines a plasma using magnetic fields. However,
turbulence dominates the radial transport at the edge region of tokamak plasmas, reducing magnetic confinement in
fusion experiments, and its control remains a challenge in physics and engineering. The spectral entropy is a useful tool
from information theory that can characterize the degree of order/disorder of turbulent fluids and plasmas. We analyze
numerical simulations of a fluid model of fusion plasmas in tokamaks. By varying a control parameter we construct a
bifurcation diagram of a transition from a turbulent regime to a regime dominated by zonal flows, in which turbulence is
suppressed. This transition is then characterized by computing the normalized spectral entropy of the turbulent patterns
observed in the numerical simulations. Our results show that the turbulent regime displays a higher degree of entropy,
the regime dominated by zonal flows is characterized by lower values of entropy, and the transition from the low-to-high
confinement occurs abruptly.
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1. INTRODUCTION

Thermonuclear fusion refers to a reaction that commonly occurs in stars, such as the Sun, and is regarded as a clean and
safe solution to the growing energy demand as the global population evolves and finite resources such as fossil fuels are
depleted (Dewhurst, 2010). In this reaction, the nuclei fuse together, releasing energy. For this to occur an electrostatic
barrier must be overcome, due to the integration of attractive nuclear forces with the positively charged nuclei, thus
causing mutual electrostatic repulsion. The nuclear fuel is heated to high temperatures and completely ionized. The
resulting plasma can be then confined by means of a magnetic field.

Maintaining the confinement of fusion plasmas is a major engineering challenge. A significant experimental break-
through in the field of nuclear fusion research involved the detection of a low-to-high (L-H) transition of plasma confine-
ment (Wagner et al., 1982). This transition markedly diminishes particle and energy losses from the core of magnetically
confined plasma, thereby enhancing the prospects for successful nuclear fusion. Subsequently, L-H transitions have
become commonplace observations in numerous contemporary tokamaks and stellarators. The designs of advanced fa-
cilities such as ITER place significant importance on achieving H-mode operation, largely influenced by these findings
(Pushkarev, 2013).

One of the explanations the L-H transition involves the suppression of turbulence through E⃗ × B⃗ flow shearing.
This suppression effect can be attributed to mean E⃗ × B⃗ flows and/or to zonal flows (Burrell, 1997). The theoretical
characterization of the L-H transition and non-linear turbulent states in fusion devices is a considerable challenge since
this complexity arises from the multitude of crucial physical parameters, scales of motion and intricate magnetic field
geometries (Krommes, 2012).

Aiming to improve plasma confinement, the understanding of the low-to-high (L-H) confinement transition is fun-
damental for controlling plasma in fusion experiments, since it enhances the confinement by suppressing anomalous or
turbulent plasma particles as well as heat fluxes. In particular, emergent zonal flows are known to be of fundamental
importance for the high-confinement regime, because they reduce anomalous transport by absorbing energy from drift
waves and sorting out eddies that mediate turbulent transport (Diamond et al., 2005).

Employing a simplified model of turbulence in tokamak plasmas, the L-H confinement transition can be derived from
the interaction of three energy subsystems, namely, the kinetic energy of turbulence as well as shear flow, and the potential
energy arising from density or pressure gradients (Numata et al., 2007). Characterized by processes such as the generation
of turbulence by drift waves, destabilization, and self-organization of zonal flows, the instabilities resulting from these
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changes are called a bifurcation of the equilibrium solution (Numata et al., 2007). These instabilities can be classified into
primary instabilities that originate from an accumulation of potential energy generating turbulence, secondary instabilities
that feed the shear flows as well as the zonal flows using the kinetic energy of the turbulence, and finally, the tertiary
instabilities that destabilize both flows (Numata et al., 2007).

This article aims to characterize the degree of order/disorder of turbulent fusion plasmas during its transition from low-
to-high confinement through numerical simulation of a simplified model. We apply the spectral entropy from information
theory, to quantify the degree of disorder in the spatial patterns in the numerical simulations. This paper is organized as
follows. The model is presented in section 2, followed by the numerical results obtained and explained in section 3, and
section 4 presents the concluding remarks.

2. METHODOLOGY

2.1 Hasegawa-Wakatani equations

The Hasegawa-Wakatani equations describe a simplified model of the drift wave turbulence behavior in the edge region
of tokamak, considering a plasma magnetically confined and a non-uniform backgroud density. Therefore, the equations
can be obtained from the derivatives of the Braginskii fluid equations (Braginskii, 1965). Thus, the Hasegawa-Wakatani
model is described by

∂

∂t
ζ + [φ, ζ] = α (φ− n)−D∇4ζ, (1)

∂

∂t
n+ [φ, ζ] = α (φ− n)− κ

∂φ

∂y
−∇4n, (2)

being ζ is the vorticity, α is the adiabacity operator described by Eq. (4), and D is the dissipation coefficient. The square
brackets indicate Poisson bracket notation, and represent nonlinear terms. For two scalar fields A and B, this notation
represents

[A,B] =
∂A

∂x

∂B

∂y
− ∂A

∂y

∂B

∂x
. (3)

The parameters α and κ in Eqs. (1) and (2) are

α =
Tk2

n0e2ηωci
, κ = −∂ lnn0

∂x
, (4)

where α is the adiabaticity operator associated with the resistive coupling force between density, n, and the electrostatic
potential (φ) of the plasma. In Eq. 4, T represent the plasma temperature, k is the wave number in the parallel direction,
n0 is the equilibrium plasma density, e elementary charge, η is the resistivity, ωci is the cyclotron frequency, and the
parameter κ corresponds to the background density gradient.

2.2 Modified Hasegawa-Wakatani

Restricted to two dimensions, the model proposed by Hasegawa and Wakatani (1983) does not take into account the
presence of zonal flows. Numata et al. (2007) present a modified model that emphasizes the presence of these flows.
Thus, the zonal and non-zonal components of any variable f are given by

zonal : ⟨f⟩ ≡ 1

Ly

∫
fdy, (5)

non− zonal : f̃ ≡ f − ⟨f⟩. (6)

The square brackets ⟨...⟩ denotes an average in the poloidal direction, and ( ˜ ) represent the fluctuating quantity from
which the averaged component has been removed. Therefore, the modified Hasegawa-Wakatani equations can be written
as

∂

∂t
ζ + [φ, ζ] = α (φ̃− ñ)−D∇4ζ, (7)

∂

∂t
n+ [φ, ζ] = α (φ̃− ñ)− κ

∂φ

∂y
−∇4n, (8)

In this paper we set D = 10−4 and κ = 10−1, and choose α as a control parameter. Equations (7)-(8) are solved using
the finite-differences method for the spatial derivatives, and the fourth-order Runge-kutta method for the time integration.
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A spatial grid of 256x256 in 2D allows for accurately solving the equations while maintaining a reasonable computing
time. The solver is implemented in Fortran language. The Poisson brackets are solved using the Arakawa method, which
conserves energy and entropy with a 3rd order accuracy. The initial conditions are set as small amplitude random noise.
Equations (7)-(8) are solved for 108 time steps, which is enough to reach a steady-state solution.

2.3 Analysis Tools

2.3.1 Fourier Transform

The Fourier transform is a fundamental component of signal processing, enabling the representation of periodic func-
tions through Fourier series. According to Press (2007) a physical process can be described either in the spatial domain,
using a quantity u as a function of x, u(x), or in the wavenumber domain, where the process is characterized by a complex
variable Û as a function of wavenumber k, denoted as Û(k). Therefore, u(x) and Û(k) are two distinct representations
of the same function. It can be described as

Û(k) =

∫ ∞

−∞
u(x)eikx dx (9)

u(x) =
1

2π

∫ ∞

−∞
Û(k)e−ikx dk. (10)

2.3.2 Spectral Entropy

The Shannon entropy is defined in the context of information theory as the quantization of the information contained
in a message, relating it to the occurrence of groups of transmitted symbols (Shannon, 1948). Applying to the present
context, the spectral entropy employs the information of amplitudes of Fourier modes to measure the degree of spatial
disorder (Rempel et al., 2007). It can be written as

S(t) = −
N∑

k=1

pk,t ln pk,t (11)

where pk,t is the relative Fourier weight of mode k, which is represented by

pk,t =
|Û(k, t)|2∑
k |Û(k, t)|2

(12)

where Û(k, t) is a real function obtained from the Fourier transforms (Eq. (10)). Normalizing Eq. (12) we infer that
pk,t ∈ [0, 1] and

∑N
k=1 pk,t = 1. Thus, we can conclude that entropy will be maximum when p(k, t) = 1/N , that is,

when the distribution is uniform.
For a better understanding of the concept, Figure 1 depicts a distribution of energy among five wavenumbers. The

left-side panel of Figure1 shows that all the energy is contained in a single wavenumber, therefore, the entropy in this case
is zero, because the resulting signal will be a sinusoidal function with k = 1, which is fully predictable. The right-side
panel of Figure 1 displays a uniform distribution of energy among modes. In this case the entropy is maximum (the
degree of disorder is maximum), because the resulting signal will have fluctuations in all wavenumbers, resulting in an
unpredictable series.

Figure 1. Examples of energy distribution among five wavenumbers. The left-side distribution corresponds to zero
entropy, whereas the right-side distribution represents maximum entropy.
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3. RESULTS

The electrostatic potential φ is shown in figure 2 for two different values of α, namely α = 0.01018 and α = 0.01104.
For α = 0.01018 (left-side panel), φ displays turbulent patterns with the presence of vortices that can be recognized
as regions of local minima and maxima of φ. For α = 0.01104 (right-side panel), a large-scale pattern can be easily
recognized, due to the presence of zonal flows. The zonal flows can suppress turbulence and radial mass flow towards the
walls of the tokamak, enhancing plasma confinement. The first regime (α = 0.01018) is called the turbulent regime, and
the second regime (α = 0.01104) is called the zonal-flow regime. In this model, the transition between these two regimes
is regarded as a L-H confinement transition.

Figure 2. Plasma electrostatic potential obtained from the numerical simulations. On the left is the turbulent regime, on
the right is the zonal flow.

We study the L-H confinement transition in detail by constructing a bifurcation diagram. This diagram is obtained by
setting an initial value of α, solving Eqs. (7)-(8) from small amplitude random initial conditions, and then increasing α
using small step values to solve (7)-(8) again. The transition from the turbulent regime to the zonal-flow regime can be
clearly elucidated by computing the ratio between the kinetic energy of the zonal flow KZ and the total kinetic energy
KT (Numata et al., 2007). The energy of zonal flows can be obtained by

KZ =
1

2

∫ (
∂ ⟨φ⟩y
∂x

)2

dx, (13)

where ⟨φ⟩y represent the average of φ in the y direction. The total kinetic energy by

KT =
1

2

∫ ∫
|∇φ| dxdy. (14)

The upper panel of Figure 3 shows the average of 500 values of KZ/KT , computed from each value of α after reaching
a steady-state. From this panel it is clear that, in the turbulent regime (α < 0.0103), KZ/KT displays relatively low
values, whereas in the zonal-flow regime (α > 0.0103), KZ/KT displays values close to unity, which confirms that
this regime is dominated by the zonal flows. Therefore, the transition between the turbulent and the zonal-flow regimes
occurs at approximately α ∼ 0.0103. The vertical lines represent the error bars, which are obtained by computing the
standard deviation of the 500 values of KZ/KT . Note that the error bars in the turbulent regime are larger than those in
the zonal-flow regime. This indicates that the variability of the kinetic energy is larger in the turbulent regime than in the
zonal-flow regime.

The lower panel of Figure 3 shows the average of 500 values of the normalized spectral entropy applied to the elec-
trostatic potential φ, for the same values of the parameter α shown in the upper panel of the same figure. The averaged
spectral entropy has low values (less than 0.3) in the turbulent and the zonal flow regimes, which indicates that the
electrostatic potential displays ordely patterns in both regimes. Since Eqs. (7)-(8) do not have stochastic terms (i.e.,
deterministic), the degree of disorder of the numerical solutions (e.g., the disorder of the spatial patterns of φ) is expected
to be low. A comparison of the averaged spectral entropy before and after the L-H transition (α ∼ 0.0103) shows that the
turbulent regime is characterized by values of the entropy higher than the values of the zonal-flow regime. This demon-
strates that the emergence of zonal flows for α > 0.0103 results in a decrease of the degree of disorder of the electrostatic
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potential. This is in agreement with the fact that zonal flows are responsible for the suppression of turbulence, acting as
barriers against the flux of plasma particles in the horizontal direction, therefore enhancing plasma confinement.
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Figure 3. Bifurcation diagram of the ratio between the kinetic energy of zonal flows and the total kinetic energy, and the
spectral entropy, as a function of the control parameter α.

4. CONCLUSION

In this paper we studied numerical solutions of the Hasegawa-Wakatani equations, which is a model of drift-wave
turbulence in tokamak plasmas. By changing the value of a control parameter related to adiabaticity, a transition from a
low-confinement regime to a high-confinement regime has been identified. The low-confinement regime displays turbulent
patterns of the electrostatic potential, whereas the high-confinement regime is dominated by zonal flows that suppress
plasma transport in the radial direction.

We have quantified the degree of spatial disorder of the electrostatic potential φ by applying the spectral entropy, which
is the Shannon entropy applied to the amplitudes of Fourier modes. A bifurcation diagram of the transition was constructed
by varying the value of the control parameter in small steps. The bifurcation diagram shows that the ratio between the
kinetic energy contained in the zonal modes and the total kinetic energy increases abruptly during the transition between
the turbulent regime and the zonal-flow regime. The turbulent regime displays higher values of entropy compared to the
zonal flow regime. This is in agreement with the spatial patterns of the electrostatic potential φ, in which the turbulent
regime displays disordered patches of φ, whereas the zonal-flow regime is characterized by a large-scale coherent structure
that suppresses turbulence and acts as barriers of horizontal flux.

The dynamics of turbulent flows and the transition to turbulence in fluids and plasmas has important applications to
mechanical engineering. Therefore, we believe that the tools described in this paper can contribute to the understanding
of the turbulent patterns obtained from experiments and numerical simulations of fluids and plasmas.
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