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Abstract. This study aims to establish an optimal image processing for images from the oscillatory methane jet
diffusion flames experiment and its impact on proper orthogonal decomposition (POD). Modal decomposition
techniques arewidely used to characterize the behavior of unsteady dynamical systems. They provide a systematic way
to generate low-dimensional approximations of a large set of high-dimensional dynamical systems. In order to reduce
the order of the dynamic system that models oscillatory diffusion flames, it is necessary to topologically analyze the
trajectories of the POD coefficients by means of their phase portraits. However, since the input data are images from
the experiment, the signal-to-noise ratio can be quite high. Hence, filtering techniques employed on images allow the
extraction and identification of essential elements of the images, and improve the visual quality of certain structural
aspects, facilitatingtheir computational interpretation. In this paper, we present the image processing techniques known
as median filter, block-matching and 3D filtering (BM3D) and threshold filter, which aims to remove as much noise as
possible from the original data. The removal of noisy signals through such processing is fundamental for the accurate
generation of higher-order POD coefficients. Based on this statement, several filtering parameters were tested on the
images from the flamesexperiment, generating the phase portraits obtained from the POD decomposition. The obtained
results were compared with each other to evaluate which parameter provides the highest number of accurate POD
coefficients.
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1. INTRODUCTION

Modal decomposition techniques have an extensive history of development throughout the 20th century. The under-
standing of vibration modes and their effects on structural analysis have been significant for the advancement of research,
as they have played a fundamental role in analyzing the dynamic behavior of structures and their response to the dominant
mode of vibration. Normally, the space-time relationship has complex dynamics and is modeled using partial differen-
tial equations. In this situation, the use of proper orthogonal decomposition (POD) is convenient (Lumley, 1967). This
modal decomposition technique extracts the dominant modes of vibration in relation to the energy content. However,
POD is very vulnerable to noisy data, which can be captured during the oscillatory diffusion flames experiment. As a
consequence, the dominant modes and their phase portraits can be affected. In order to overcome these difficulties, image
processing techniques are being implemented prior to the modal decompositions. This enables the existing noise to be
reduced before actually evaluating the dominant modes and their phase portraits of the POD decomposition. The area of
noise filtering is an important tool in many research projects, as it allows the use of input data with refinement in terms of
discrepant data. One of the most widely used image processing methods is known as the median filter. It is a non-linear
signal processing method, which introduced the idea of using the median to smooth impulse noise in digital images (Lee,
1980). In unidimensional terms, the median filter consists of a moving window covering an odd number of pixels. The
value of the central pixel of the window is replaced by the value of the median of the pixels in the moving window (Tukey,
1971). The most notable advantage of the median filter is that it preserves characteristics of the original image, such as
edges and relevant details, while at the same time it reduces noisy signals. Another widely used filter is known as BM3D
(Block-Matching and 3D filtering), which is based on grouping of similar pixels in a digital image, in which filtering
extracts redundancies to remove noise through Mean Square Error (MSE) (Dabov et al., 2007). In situations involving
low-light experimental images, noise becomes a significant problem, as it generates dark, grainy images with very few
details. In these cases, the BM3D filter is indicated to reduce noise in experimental images, as it can more efficiently
refine the resulting quality of the dark experimental image. Lastly, the threshold filter is a technique that originates from
the earliest image processing and is used in studies to binarize an image based on a specific threshold value. This filter
highlights edges and contours, which makes the objects of interest stand out from the background. Therefore, the thresh-
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old filter simplifies the image by highlighting the regions of interest, which meet the color or intensity criteria. In this
filtering, the values of each pixel are compared with the threshold value, which assigns a new value to the pixel, which
will become white or black. In other words, a binary value is assigned to each pixel that was previously at various
levels of intensity, usually 0 (black) to 255 (white) (Parker, 2011).

Therefore, in this paper, the median, BM3D and threshold filters will be applied to the images obtained from the
oscillatory methane jet diffusion flames experiment, in order to reduce the noisy data to a minimum. The filtered
images will then serve as input data for the POD decomposition, which will generate the most energetic dominant
modes and their respective phase portraits. The filtering parameters will be analyzed and discussed throughout this
paper, which will determine the optimal set of denoising parameters.

2. MATHEMATICAL FORMULATION
2.1 Image Processing
2.1.1 Median Filter

The median filter manipulates a gray-scale digital image in which the pixels are localized by a coordinate (x, y).
The neighborhood of each pixel is defined by a moving window of integer size N x N. The values of the neighboring
pixels are collected and arranged in ascending order. Finally, the median is calculated as the value of the pixel that
occupies the central position of the sorted set. The value of the pixel processed by the median filter at position (x, y)
is given by:

Pmea(%,y) = median|[p(x’,y")], 1

where p,..q (%, y) is the value of the pixel processed by the median filter at position (x,y) and median[p(x’,y')] is
the median value of the neighboring pixels at position (x’,y").

2.1.2 Block-Matching and 3D Filtering

The BM3D filter can be mathematically summarized in 6 general steps (Dabov et al., 2009). The first stage of the
algorithm consists of dividing the original digital image into non-overlapping blocks. In the second step, for each
divided block, the block matching process is carried out on a search area in the image, with the aim of finding blocks
that are similar to each other. This can be done using the Mean Square Error (MSE). Once the blocks are similar, the
third stage begins, which groups them into blocks that share similar visual characteristics. Moving on to the fourth
stage, for each grouping of blocks formed, a set of parameters used to model the noise present in the blocks is estimated,
such as the filtering intensity. In other words, the filtering intensity parameter indicates the filtering power that will be
applied to each block grouping. In this sense, the higher the filtering intensity parameter, the greater the amount of
noise eliminated. In the fifth step, the filtered blocks are aggregated and form the restored digital image, taking into
account the overlap between the blocks and applying a weighted average to obtain the restored digital image. Finally,
the sixth step is optional, but is commonly employed in a variety of situations. In this step, a post-processing is
performed to further refine the quality of the restored digital image, which includes contrast adjustments, detail
enhancement, sharpness, among others. The following figure exemplifies the 6 general commented steps of the BM3D
filter.
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Figure 1. Schematic implementation of the BM3D filter. Image extracted from the paper of LeBrun, 2012.
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2.1.3 Threshold Filter

For the threshold filter, it is necessary to highlight the objects of interest from the background. Therefore, the
segregation of objects and background occurs through a threshold value T, which segments the image in respect of
the two-dimensional intensity characteristics. Consequently, for any pair of coordinates (x. y), the image processed by
the threshold filter is defined as:

object, fx.y)>T

background, fC.y)>T"’ @

g(x,y) = {

where f (x.y) is the two-dimensional function of the digital image, T is the value of the threshold filter and g(x, y) is
the function of the processed image.

2.2 Proper Orthogonal Decomposition

We will consider any large set of data, which are placed in a matrix X € C™™:

ol -

where the columns x,,, € C™*™ are input data, which can be obtained from experimental data, spatial or temporal data,
sensing data or numerigal simulation data.

The matrix decomposition known as Singular Value Decomposition (SVD) is a single matrix decomposition of
data, which can be represented as:

X = uxv?
(4)
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where the orthogonal columns belong to the unitary matrices U € C™™ and VT € C™ ™, The central matrix belongs
to R™™ and is symbolized by . Moreover, the matrix T is non-negative on the diagonal entries and zero off the
diagonal, representing the singular values of the decomposition.

The POD decomposition is also known as the SVD applied to Partial Differential Equations (PDE). Therefore, any
PDE can be defined as follows:

wy = N(U, Uy, gy, -+, 2, 1)

(6)

where the subscripts x and t denote partial differentiation and N represents the spatial-temporal dynamics, which is
the nonlinear evolution.

There are several methods that solve a PDE. Among them, there are the methods of separation of variables and
orthogonal basis expansion. Using such methods, the solution of the PDE can be represented as:

N

u(z, t) = Z an(t)dn(x)
=1

()

where ¢, (x) are the orthogonal eigenvectors, known as basis functions, and a,, (t) are the temporal coefficients related
to the temporal dynamics of the analyzed dynamical system.
Using this result in any PDE, the following equation is obtained:
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day,
dr Uu ( [ (jTl Oy Py 3 Ly ?)

®)

There are a few possible basis functions, but for the case of the POD decomposition, the basis functions that have
the orthonormality property will be applied. This property indicates that:

, , 0 n#+m
<f-'9n y (.'ﬁm} - ‘Snm. — { 1 ) i
. m
9)
where the term §,,,,, is the Dirac function and (¢,, , ¢,,,) is the inner product, defined as:
L
(P s Gm) = / Op by dx; x € [~ L, L]
oS —1
(10)
where * stands for complex conjugation, n is the number of rows and m is the number of columns of a matrix.
Accordingly, the PDE equation will be multiplied on both sides by ¢,,, and integrated over f_LL
L da,, , .
_L((.'a'm.j X di — P = ] {Um x N (Z Oy Prys Z OpPpy "t 50, f)
(11)

Therefore, all the terms ¢,, X ¢,, will be set to zero and the terms ¢,, X ¢,,, will be equal to 1, both due to the
inner product property:

da,

dt

= (N, ¢p);m—=1,23,--- N
(12)

There are several approaches to solving the above equation, which aim at convergence of the equation. This can
be achieved by carefully choosing the basis functions ¢ and the number of modes n. Therefore, we will consider the
input dataset of the matrix X and the SVD decomposition:

I a3

X - uzv?
(14)

In particular, regarding the POD decomposition, the SVD generates the matrix U from the input data, which has
the dominant modes of the POD in its columns. The first dominant mode is in the first column and so on, which are
orthonormal to each other. When analyzing the singular values of the ¥ matrix, it is common to find that the first few
principal modes accumulate almost all of the variation in the dynamic system. Therefore, only the first few columns
of U are needed to reconstruct the input data matrix, which will have a smaller dimension than the initial one. Hence,
it is possible to consider the truncated SVD decomposition:
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Briefly, the optimal POD basis functions are generated from a truncated SVD decomposition of the PDE. With

this, it is possible to reshape the system dynamics into the best low-dimensional structure, which can be described as
a function of the dominant modes, i.e. the most energetic ones:

U=¢=1| ¢1 ¢o - o
(16)

where r are the first truncated energy dominant modes of the matrix 0.

Most of the energy of the PDE dynamical system is concentrated in the first few modes of the POD, which
reinforces the fact that few modes are needed to achieve an efficient accuracy during the reconstruction of the
original matrix.

3. RESULTS

Each image processing presented previously was tested separately, which made it possible to visualize which
denoising parameter was the most suitable for eliminating the greatest amount of noisy data. The experimental images
filtered by separate image processing are represented below, as well as the selected optimal parameter.

(@) (b) (© (d)
Figure 2. Original image obtained from the experiment (a), Image processed by median filter with optimal denoising
parameter 3 x 3 (b), by BM3D filter with optimal denoising parameter 25 (c), by threshold filter with optimal
denoising parameter 35 (d). All images have size 256 x 256 pixels and 2000 frames per second.

The optimal parameters were selected so as not to eliminate relevant information from the experiment. If denoising
parameters are used excessively, information is lost. Therefore, for each image processing analyzed, the optimal
parameters are not redundant. Then, aiming to capture the largest possible number of POD dominant energy modes,
image processing with the respective optimal filtering parameters were applied simultaneously to the experimental
digital images of the oscillatory methane jet diffusion flames. This analysis is illustrated in the following images.

(@ (b)
Figure 3. Original experimental image (a), experimental processed image with the median filter with optimal
denoising parameter 3 x 3, BM3D filter with optimal denoising parameter 25, threshold filter with optimal denoising
parameter 35 (b). All images have size 256 x 256 pixels and 2000 frames per second.
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With the simultaneous application of image processing and their respective optimal noise reduction parameters, it
was possible to eliminate a large part of the previously existing noisy signals. This allowed a comparison to be made
of the dominant modes resulting from the POD decomposition, before and after image processing. Therefore, we can
say that the image processing applied to the images obtained by the experiment improved the result of the modal
decomposition and, consequently, the obtaining of more dominant energy modes.

E=9.40% E=1.15% E=0.34% E=0.21%

E=0.14% E=0.13% E=0.13% E=0.12%

( =y

experiment.

E=69.64% E=14.82% E=2.90%

() () ()

E=1.78% E=0.84% E=0.59% E=0.32%
" // ~\ / \ /AN
)\ i v «/ \‘ .{F V)

Figure 5. First eight dominant energy modes from the POD decomposition of the images processed of the experiment.

The dominant energy modes of the POD decomposition of the original images of the experiment accumulate only
11.62% of the total energy of the dynamic system of the diffusive flames. This percentage is not valid, as very limited
energy was captured from the original system. Therefore, it is not possible using these dominant modes to describe the
real dynamics of the system. Therefore, the POD decomposition was performed with the post-processed images of the
flames. Analyzing the first eight dominant POD energy modes, it is possible to say that the modes accumulate 93.35%
of the total energy of the methane jet flame dynamic system. This percentage of energy is valid, as it states that the
modal decomposition captured almost all of the energy of the original dynamical system in its first eight dominant
modes. Therefore, the phase portraits of the dominant energy modes of the original and processed images were
generated, as illustrated below.
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Figure 6. First eight 2D phase portraits of the dominant energy modes from the POD decomposition of original
images obtained from the experiment.
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Figure 7. First eight 2D phase portraits of the dominant energy modes from the POD decomposition of the images
processed from the experiment.

The 2D phase portraits of the dominant POD energy modes in the original images from the experiment are
surrounded by noise and do not represent the real dynamics of the observed system. In regards to the processed images
from the experiment, it can be seen that the phase portraits of the dominant energy modes are valid and have well-
defined trajectories. However, for the later modes, such as the seventh and eighth, there is still a lot of noise in the
trajectories. Therefore, for the original and processed images of the experiment, an analysis was performed up to the
sixth energy mode and its trajectories in 3D space, as illustrated below.
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Figure 8. First six 3D phase portraits of the dominant energy modes from the POD decomposition of the original
images from the experiment.
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Figure 9. First six 3D phase portraits of the dominant energy modes from the POD decomposition of the images
processed from the experiment.
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4. CONCLUSIONS

As a consequence of the image processing performed, it was possible to capture dominant energy modes of the
POD decomposition, as well as the respective phase portraits. However, just analyzing the dominant energy modes is
not enough to say whether the image processing performed was adequate. For this reason, phase portraits of these
modes were generated, both 2D and 3D. Observing the phase portraits, it is possible to affirm that the further ahead
the energy modes are, the more noise they present. Therefore, only the first six modes and the 3D phase portraits were
considered. In these portraits, most of the trajectories are defined, but there are still trajectories that are dominated by
noise, making it not possible to visualize the analyzed dynamics. Therefore, for future work, new image processing
will be applied to images obtained from the oscillatory methane jet diffusion flames experiment, which will enable
greater capture of trajectories defined in the phase portraits. With increased generation of phase portraits and
subsequent capture of POD energy modes, a reduced order model for the flames can be developed.
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