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Abstract. Microswimmers can be defined as self-propelled organisms capable of independent locomotion. The study of 

microswimmers has contributed significantly to advancements in various fields, including biology and biomedicine. 

Given the diverse range of fluids in which microswimmers may operate during practical applications, there is a growing 

need for computational analyses of their swimming performance in complex scenarios that closely mimic real-world 

fluid behavior. This includes non-Newtonian fluids, which can be characterized using the Carreau-Yasuda model. This 

study aims to investigate the impact of viscous parameters within the Carreau-Yasuda model on the swimming behavior 

of Najafi-Golestanian microswimmers, applying the optimal swimming policy. Numerical experiments were conducted, 

demonstrating the method's convergence with mesh refinement and time step reduction. The analysis of the Carreau-

Yasuda model's coefficient n and characteristic time λ showed that, for n<1, the average swimming velocity increases 

(for n≥0.2, it is up to 17.8% greater than the swimming velocity in a Newtonian fluid), while it decreases for n < 1. 

 

Keywords: Microswimmers, Non-Newtonian fluid, Najafi-Golestanian swimmer. 

 

1. INTRODUCTION  

 

Microswimmer analysis has been a prominent subject of study in recent decades, greatly contributing to 

comprehension of the locomotion of microscopic biological components, such as cell movement, and its applications in 

biomedicine, including drug transport (Nganglia et al., 2020). One fundamental microswimmer model was proposed by 

Najafi and Golestanian (2004). In this model, three rigid spheres (𝐵1, 𝐵2, and 𝐵3) are arranged in a linear configuration 

and interconnected by two filaments with negligible thickness and lengths 𝐿1 and 𝐿2, as illustrated in Figure 1. The 

contraction and expansion of these filaments changes the distance between adjacent spheres, allowing the microswimmer 

to move in a straight line (Najafi and Golestanian, 2004; Paz et al., 2022). 

 

 
 

Figure 1. Swimmer of three spheres by Najafi and Golestanian (2004). 

 

In practical applications, microswimmers can be subjected to diverse flow conditions, necessitating an evaluation of 

how fluid dynamic parameters impact their performance (Coclite et al., 2020). The study of swimming in non-Newtonian 
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fluids is significant as many essential fluids exhibit such behavior, including blood and mucus (Nganglia et al., 2020; 

Calejo, 2013). The Carreau-Yasuda model is a widely used approach for approximating viscosity in several applications 

documented in the literature, including the analysis of squirmer microswimmer locomotion (Nganglia et al., 2020), pipe 

flow analysis (Andrade et al., 2007), flow over a pore space (Khan et al., 2019), and the development of blood-like fluids 

(Calejo, 2013).  

According to the Carreau-Yasuda model, fluid viscosity can be approximated by 

 

𝜇 = 𝜇∞ + (𝜇0 − 𝜇∞) ⋅ [1 + (𝜆 ⋅ |𝛾̇|)2]
𝑛−1

2 , 
 

where 𝜇0 represents the apparent viscosity of the fluid at zero shear rate, 𝜇∞ is a reference viscosity, 𝜆 is a characteristic 

temporal measure, 𝑛 is an exponent characterizing the non-Newtonian behavior of the fluid, and 𝛾 is the strain rate tensor. 

Thus, this work aimed to evaluate the behavior of the three-ball microswimmer in a non-Newtonian fluid, analyzing 

the influence of the 𝑛 and 𝜆 parameters on its velocity in a swimming cycle. In section 2, the basic equations that model 

the problem are showed. Section 3 provides an analysis of the simulator's convergence. The results of the swimming 

assessment are detailed and discussed in Section 4, and the study's conclusions are summarized in Section 5. 

 

2. GOVERNING EQUATIONS 

 

Assuming no external forces act upon the microswimmer, the hydrodynamic problem is characterized as follows. It 

involves an analysis of the microswimmer's hydrodynamic behavior, taking into account the velocity field (𝑢) and 

pressure field (𝑝) within the context of an incompressible fluid. Additionally, it is assumed that the Reynolds number 

tends toward zero, signifying that inertial forces are negligible compared to viscous effects.  

Let 𝛺 be the domain containing the spheres 𝐵𝑖  (where 𝐵_𝑖 = {𝑥 ∈ 𝑅3| |𝑥 − 𝐶_𝑖 | ≤ 𝑅}, with 𝑅 representing the radius 

of the sphere centered at 𝐶𝑖, 𝑖 = 1,2,3) and the fluid 𝛺𝑓 = 𝛺 − 𝐵1 − 𝐵2 − 𝐵3. According to (Paz et al., 2022), the 

equations governing the motion of the microswimmer are given by 

 

𝛻 ⋅ 𝝈 = 𝟎 in Ω𝑓, (2) 

 

∇ ⋅ 𝒖 = 0 in Ω𝑓, (3) 

 

∫ 𝝈 ⋅ 𝒏̂ 𝑑𝑆 = 0
𝜕𝐵

, (4) 
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where 

 

𝝈 = −𝑝𝑰 + 𝜇(∇𝒖 + ∇𝒖𝑇)  (8) 

 

is the Cauchy stress of the fluid, and 𝑋 = (𝐶1 + 𝐶2 + 𝐶3)/3 is the center of mass of the microswimmer. Equations (2, 3) 

correspond to the Stokes equations, with Eq. (3) representing the incompressibility condition. Eq. (4) enforces the force-

free condition with 𝒏̂ being the outward unit normal to 𝛺𝑓. Equations (5, 6, 7) impose the non-slip condition on the surface 

of each sphere, where  𝒆̂ is the unit vector indicating the direction of motion. Boundary conditions on 𝛺𝑓 simulate an 

infinite domain. In this study, this system of equations is numerically solved using the Finite Element Method within the 

FEniCS platform, with a Python interface. The solution is obtained by applying Newton's Method to solve the associated 

nonlinear system. 

In this study, spheres with a radius of 𝑅 = 1μm were employed, where the maximum and minimum distances between 

their centers were 3.1μm and 2.1μm, respectively. The 𝛺𝑓 domain corresponds to the volume extending from 𝐵 = 𝐵1 ∪

𝐵2 ∪ 𝐵3 to a 300μm x 150μm rectangle, as shown in Figure 2. 
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Figure 2. Computational domain of the problem in the initial state. 

 

The swimming policy determines the sequence of contractions and expansions of the microswimmer's left and right 

ligaments. Figure 3 illustrates the swimming policy that ensures the maximum displacement per cycle in a Newtonian 

fluid, referred to as the optimal policy, as described in (Paz et al., 2022). 

 

 
 

Figure 3. Representation of the swimming policy adopted in this work. In the figure, 𝑎 is the action performed and 

𝛥𝑋 is the net displacement per cycle.  

 

In this study, we adopt 𝜇0 = 2 and 𝜇∞ = 1 in the Carreau-Yasuda model. If 𝑛 > 1, the viscosity increases (shear-

thickening fluid), and if 𝑛 < 1, the viscosity decreases (shear-thinning fluid). The viscosity behavior is depicted in Figure 

4, according to the variation of the product 𝜆 ⋅ |𝛾̇|. It's worth noting that for values of 𝑛 close to 1 or 𝜆 close to 0, the fluid 

behaves similarly to a Newtonian fluid with a viscosity of 𝜇0 = 2. 

 

 
 

Figure 4. Variation of viscosity according to product 𝜆 ⋅ |𝛾̇| for some values of 𝑛. 

 

 

3. CONVERGENCE ANALYSIS 

 

For the mesh analysis, two parameters were varied: the R1 parameter, which influences mesh refinement near the 

sphere, and the R2 parameter, which affects mesh refinement farther from the sphere. Smaller values for R1 and R2 result 

in a finer mesh. Additionally, variations were made to the time interval for temporal progression (𝛥𝑡) and the 𝑛 and 𝜆 

parameters of the Carreau-Yasuda model, as detailed in Table 1. In total, 2800 simulations were conducted, and for each 

simulation, data on the number of iterations required by Newton's method for solving the nonlinear system, the position 

of a swimmer's reference point over time, and the number of mesh nodes were collected. 
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Table 1. Values adopted for the analysis variables. 

 

Parameter Values used 

R1 1/4, 1/8, 1/16, 1/32 e 1/64 

R2 1/2, 1/4, 1/8 e 1/16 

Δ𝑡 0.5, 0.2, 0.1 e 0.05 

𝜆 0.8, 1, 1.2, 10 e 20. 

𝑛 0.2, 0.5, 0.8, 1, 1.2, 1.5 e 2 

 

Initially, the convergence of the Newton solver was assessed with respect to the viscosity parameters, determining 

which sets of parameters (pairs of 𝑛 and 𝜆) yielded the highest number of iterations. The results are presented in Table 2. 

 

Table 2. Average and maximum number of iterations used to solve the nonlinear system by Newton's method. 

 

  Average number of iterations Maximum number of iterations 

 𝜆 0,8 1 1,2 10 20 0,8 1 1,2 10 20 

𝑛 

0,2 3,28 3,29 3,30 3,28 3,24 5 5 5 5 5 

0,5 3,18 3,20 3,21 3,24 3,24 5 5 5 5 5 

0,8 2,94 2,97 2,98 3,10 3,12 5 5 5 5 5 

1 1,00 1,00 1,00 1,00 1,00 1 1 1 1 1 

1,2 2,99 3,02 3,05 3,26 3,29 5 5 5 6 6 

1,5 3,41 3,43 3,47 3,89 4,01 7 7 7 8 8 

2 4,02 4,13 - - - 23 18 - - - 

 

It's noteworthy that difficulties arose in solving the problem for cases with 𝑛 = 2. In contrast, the method 

demonstrated successful convergence in all other scenarios. As a result, subsequent analyses focus solely on the remaining 

2400 simulations.  

The evaluation of the relative error in the simulations, based on mesh parameters and the time step, was conducted 

regarding a reference solution. The adopted reference solution was the most critical situation of the analyzed variables 

(parameters R1 = 1/64, R2 = 1/16 and Δt = 0.05 s) with the same fluid properties. Relative error was determined by 

examining the total displacement of a reference point on the swimmer. For each swimming cycle, 𝑛𝑟 pairs of time and 

position were identified in the reference solution. An equivalent number of pairs was then located in the simulation for 

comparison, utilizing linear interpolation. This led to the quantification of simulation error according to 

 

𝐸𝑟𝑟𝑜𝑟 = √
∑ (𝑥𝑖

𝑟−𝑥
𝑖
𝑝

)
2𝑛𝑟

𝑖=1

∑ (𝑥𝑖
𝑟)

2𝑛𝑟
𝑖=1

, 

(9) 

 

in which 𝑥𝑖
𝑟 and 𝑥𝑖

𝑝
 represent the position in the reference solution and the solution being compared at time instant 𝑖. The 

results are graphically presented in Figure 5, while Table 3 provides a overview of the minimum and maximum errors 

observed across all simulations sharing the same set of parameters (R1, R2, 𝛥𝑡). 

 

 
 

Figure 5. Error obtained in the convergence analysis simulations. 
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Table 3. Minimum and maximum errors obtained in all simulations performed with the same trio (R1, R2, Δt). 

 

Δt R1 

Minimal erros Maximum errors 

R2 R2 

1/2 1/4 1/8 1/16 1/2 1/4 1/8 1/16 

0.5 

1/4 2.77E-03 1.31E-02 1.47E-03 2.05E-03 9.66E-03 2.16E-02 6.14E-03 5.31E-03 

1/8 2.71E-03 1.49E-03 1.97E-03 1.02E-03 5.71E-03 3.23E-03 2.96E-03 2.65E-03 

1/16 1.37E-03 6.27E-04 5.37E-04 8.08E-04 2.44E-03 1.44E-03 1.39E-03 1.34E-03 

1/32 5.46E-04 5.47E-04 2.55E-04 3.30E-04 1.54E-03 1.20E-03 7.44E-04 7.81E-04 

1/64 5.04E-04 3.14E-04 2.50E-04 2.51E-04 1.16E-03 7.21E-04 6.73E-04 6.44E-04 

0.2 

1/4 5.50E-03 4.10E-03 2.13E-03 1.04E-03 1.46E-02 1.25E-02 4.12E-03 4.94E-03 

1/8 1.89E-03 7.75E-04 1.36E-03 6.86E-04 4.94E-03 2.41E-03 3.26E-03 2.49E-03 

1/16 1.78E-03 7.64E-04 4.77E-04 7.18E-04 2.78E-03 1.41E-03 1.01E-03 1.06E-03 

1/32 4.96E-04 3.90E-04 7.78E-05 2.17E-04 1.04E-03 6.87E-04 3.10E-04 3.72E-04 

1/64 3.48E-04 1.40E-04 8.79E-05 4.30E-05 6.16E-04 2.63E-04 2.01E-04 9.61E-05 

0.1 

1/4 3.40E-03 5.77E-03 1.86E-03 1.22E-03 1.00E-02 1.29E-02 3.63E-03 3.91E-03 

1/8 1.12E-03 9.21E-04 1.56E-03 6.73E-04 3.76E-03 2.57E-03 2.82E-03 2.66E-03 

1/16 1.78E-03 7.66E-04 4.55E-04 6.47E-04 2.67E-03 1.35E-03 1.01E-03 1.03E-03 

1/32 4.56E-04 3.89E-04 9.88E-05 2.02E-04 1.15E-03 6.50E-04 1.97E-04 3.67E-04 

1/64 3.46E-04 1.42E-04 4.13E-05 1.62E-05 7.75E-04 2.29E-04 1.21E-04 8.57E-05 

 

It's important to observe that the relative error exhibited a higher magnitude in less dense meshes, while its sensitivity 

to the time step remained relatively modest. Table 4 presents the maximum error obtained for each mesh parameter, 

irrespective of the selected time step. 

 

Table 4. Highest error obtained in the simulations for each pair of mesh refinement parameters. 

 

 
 R2 

 1/2 1/4 1/8 1/16 

R1 

1/4 1.00E-02 1.29E-02 3.63E-03 3.91E-03 

1/8 3.76E-03 2.57E-03 2.82E-03 2.66E-03 

1/16 2.67E-03 1.35E-03 1.01E-03 1.03E-03 

1/32 1.15E-03 6.50E-04 1.97E-04 3.67E-04 

1/64 7.75E-04 2.29E-04 1.21E-04 8.57E-05 

 

Table 5 shows the average number of mesh nodes for each pair of parameters R1 and R2. This data aids in the 

identification of the optimal pair of R1 and R2 parameters. In consideration of an error tolerance of 10−3, it is worth 

noting that employing R1 = 1/32 and R2 = 1/4 yields the lowest average number of mesh nodes. This outcome implies a 

more efficient computational performance, suggesting that this parameter combination is a favorable choice. 

 

Table 5. Mesh average number of nodes according to the variation of parameters R1 and R2. 

 
  R2 

    1/2 1/4 1/8 1/16 

R1 

1/4 264 543 1410 2433 

1/8 443 715 1215 2409 

1/16 981 1544 2034 3630 

1/32 2541 3391 4932 6678 

1/64 7545 9242 12165 16935 
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The numerical analysis revealed that for values of n less than 1, the Newton's method efficiently solved the nonlinear 

system within as few as 5 iterations, with an average of approximately 3 iterations. However, for values of 𝑛 greater than 

1, the simulator required a higher number of iterations to achieve convergence. Notably, when 𝑛 equaled 2, non-

convergent results were encountered, rendering it an unsuitable choice for the implemented algorithm. It is worth noting 

that by adopting mesh parameters R1 = 1/32 and R2 = 1/4, favorable results were achieved at a lower computational cost. 

A sample mesh employed in the analysis is depicted in Figure 6. The time step demonstrated minimal impact, with the 

longest interval (0.5 s) proving sufficient. These parameters were subsequently employed in the ensuing analysis. 

 

 
 

Figure 6. Mesh with R1 = 1/32 and R2 = 1/4 at the initial instant. 

 

4. ANALYSIS OF THE MICROSWIMMER'S MOVEMENT 

 

To assess swimming performance, variations were introduced in the 𝜆 and 𝑛 parameters as outlined in Table 6. 

 

Table 6. Values adopted for the analysis parameters. 

 

Parameter Values used 

𝜆 From 0 to 20, increasing by 2 

𝑛 From 0.2 to 1.6, increasing by 0.2 

 

In each simulation, the body's displacement was recorded, enabling the calculation of the average velocity. The 

average velocity of the microswimmer for various pairs of parameters 𝜆 and 𝑛 (𝑉) was compared with the body's velocity 

in a Newtonian fluid (𝑉𝑛). Figure 7 shows the ratio between the average velocity of a swimming cycle in the non-

Newtonian fluid and the velocity in the Newtonian fluid (𝑉/𝑉𝑛) as a function of the viscous parameters. 

 

 
 

Figure 7. Variation of the 𝑉/𝑉𝑁 ratio as a function of parameters 𝜆 and 𝑛. 

 

Note that in shear-thickening fluids (𝑛 > 1) the swimmer has its velocity reduced with the increase of 𝜆, and the 

swimming velocity is always lower than in a Newtonian fluid. In shear-thinning fluids (𝑛 < 1), the average velocity is 

greater than the velocity in the Newtonian fluid. The graphical analysis suggests that, setting a value of 𝜆 between 6 and 

10, the speed presents a value of 𝜆 that confers maximum speed in shear-thinning fluids, becoming more evident at a 

lower value of 𝑛. Figure 8 highlights the velocity variation for 𝑛 = 1.6 (representing shear-thickening fluid) and 𝑛 =
0.2 (representing shear-thinning fluid). 
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Figure 8. Average swimmer speed as a function of 𝜆 for 𝑛 = 1.6 and 𝑛 = 0.2. 

 

It is also observed in Figure 7 that, for the same parameter 𝜆, the velocity decreases with the increase of 𝑛, regardless 

of whether the fluid is shear-thickening or shear-thinning, as illustrated in Figure 9. 

 

 
 

Figure 9. Variation of average swimming speed as a function of n for 𝜆 = 20. 

 

It's important to highlight that the overall displacement of the body is relatively minor when compared to the 

individual displacements in each motion of the swimmer. Figure 10 provides a visualization of the body's displacement 

for scenarios involving 𝑛 = 0.2 and 𝑛 = 1.6, while considering 𝜆 values of 0, 8, and 20. 

 

 

Figure 10. Position of the micro swimmer as a function of time, for 𝑛 = 0.2 and 1.6. 

 

The displacements following each action of the microswimmer, as presented in Figure 10, are summarized in Table 

7, including the net displacement per swim cycle. It is worth highlighting that, for 𝜆 = 8 and 𝑛 = 0.2, the swimmer covers 

a distance of 0.0637 μm, 17.8% more than a cycle in a Newtonian fluid, which registers at 0.0541 μm. This stands as the 

highest increase found in the simulations performed. 

 

Table 7. Displacement of the micro swimmer after each action of the swimming cycle, in 𝜇m. 

 

𝑛 0.2 0.2 or 1.6 1.6 

𝜆 8 20 0(1) 8 20 

Swim 

cycle 

action 

𝑎 = 1 0.6563 0.6525 0.6351 0.6115 0.6042 

𝑎 = 2 0.5201 0.5194 0.5168 0.5135 0.5126 

𝑎 = 3 -0.1274 -0.1242 -0.1103 -0.0904 -0.0847 

𝑎 = 4 -0.4810 -0.4817 -0.4842 -0.4875 -0.4884 

Net displacement per 

cycle 
0.0637 0.0621 0.0541 0.0450 0.0414 

(1) Newtonian case. 
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Figures 11 and 12 depict the evolution of fluid behavior over time and with varying 𝜆 parameters in the context of 

shear thickening. It's evident that as 𝜆 increases, regions characterized by higher viscosity emerge between the spheres, 

corresponding to areas with more significant velocity gradients. 

 

 
 

Figure 11. Fluid viscosity for 𝑛 = 1.6 according the movement action and 𝜆 parameter, in Pa s. 

 

 
Figure 12. Fluid velocity for 𝑛 = 1.6 according the movement action and 𝜆 parameter, in 𝜇m/s. 

 

Figures 13 and 14 illustrate the transformation of fluid behavior over time and with varying 𝜆 parameters in the 

context of shear thinning. It's noteworthy that as 𝜆 increases, regions characterized by reduced viscosity become 

increasingly prominent. 
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Figure 13. Fluid viscosity for 𝑛 = 0.2 according the movement action and 𝜆 parameter, in Pa s. 

 

 
 

Figure 14. Fluid velocity for 𝑛 = 0.2 according the movement action and 𝜆 parameter, in 𝜇m/s. 

 

 

5.  CONCLUSION 

  

This study presents a computational analysis of the swimming behavior of a three-sphere microswimmer in a fluid 

characterized by the Carreau-Yasuda model. The analysis involved varying the parameters 𝜆 from 0 to 20 and 𝑛 from 0.2 

to 1.6, with a comparison of swimming performance against the behavior in a Newtonian fluid. Additionally, a numerical 

assessment of method convergence was included.  

The findings indicated that shear-thinning fluids enhanced the microswimmer's speed, with the degree of enhancement 

inversely proportional to the value of 𝑛. Furthermore, for a fixed 𝑛 value, there existed an optimal 𝜆 value that maximized 

velocity. The highest observed increase reached 17.8% above the swimming speed in a Newtonian fluid.  

Additionally, in shear-thickening fluids, the microswimmer's swimming velocity in a cycle was lower compared to 

that in a Newtonian fluid. The degree of reduction intensified with increasing deviation of viscosity from Newtonian 

behavior, characterized by larger values of 𝜆 and 𝑛.  
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