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Abstract. Slot coating is a widely used and highly precise manufacturing method that applies a thin liquid film onto a
solid surface, also known as the substrate, at a constant velocity. We employ the equations of motion for incompressible
Newtonian liquids in bulk flow coupled with the Boussinesq-Scriven constitutive equation for viscous interfaces in the
dynamic boundary condition at the liquid-air free surface. The problem is then solved using Finite Element Method with
elliptic mesh generation and Galerkin’s weighted residuals. We conduct a parametric study of slot coating flows with a
viscous liquid-gas interface in order to determine the viscous interface influence for different Capillary and Boussinesq
numbers at different flow rates. The results reveal that when the interfacial viscosity increases, the meniscus curvature
reduces regardless of capillary number, i.e., surface tension. As the free surface bends less, it also requires more substrate
length for the film to achieve rigid-body movement, thus influencing the streamwise velocity and the liquid acceleration
along the free surface.
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1. INTRODUCTION

Multiphase interfaces, particularly fluid-fluid interfaces, appear in all kinds of processes, from natural and biological
ones to those used in industry. We can find complex fluid-fluid interactions for example in food, environment, living
systems, and industrial processes. Free surface flows at fluid-fluid interfaces are particularly important in manufacturing
processes like extrusion flow and liquid coating.

Slot coating is a well-known high-precision manufacturing method that is commonly used on a broad variety of
products such as adhesive, magnetic tapes, and flexible displays. Recent studies have also showcased the capability of slot
coating in producing high-performance coatings for energy devices, ranging from lithium-ion batteries (Schmitt et al.,
2013, 2014, 2015) to perovskite solar cells (Rong et al., 2018; Whitaker et al., 2018; Verma et al., 2020). It entails
continually depositing a thin liquid film over a solid surface known as the substrate while moving at a constant velocity.
A slight vacuum is applied to the gas from the upstream meniscus as a means to stabilize the coating bead at higher
velocities (Beguin, 1954). This technique falls under the category of coatings known as pre-metered coatings, in which
the thickness of the coated layer can be determined based on the substrate speed and the flow rate of the liquid fed into
the coating die, both of which are independent of the rheological properties of the coating liquid (Sartor, 1990).

Modeling coating flows is a challenging task. This assertion is supported by factors such as menisci and moving
boundaries at gas-liquid interfaces, static and dynamic contact lines where different phases meet, and the fact that coating
is widely used with non-Newtonian fluids with complex rheology. Despite the fact that computational solutions have
proven to be effective and trustworthy, the effects of interfacial rheology of processing flows have yet to be thoroughly
investigated in the literature. In this regard, the rheological behavior of fluid-fluid interfaces should play a significant
role in these applications, which this work intends to study. A review of computational rheology and fundamentals and
applications of interfacial rheology are presented in Jaensson et al. (2021), Fuller and Vermant (2012) and Jaensson and
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Vermant (2018).
Previous theoretical, experimental, and computational studies extensively examined the fundamental aspects of slot

coating flows, focusing on Newtonian liquids (Lee and Liu, 1992; Carvalho and Kheshgi, 2000; Chang et al., 2007; Lee
and Nam, 2015; Benkreira and Ikin, 2016; Yoon et al., 2022; Kwak and Nam, 2022; Silva et al., 2023) and several non-
Newtonian systems (Pasquali and Scriven, 2002; Romero et al., 2004, 2006; Bajaj et al., 2008; Lee et al., 2011; Lee and
Nam, 2017; Khandavalli and Rothstein, 2016; Campana et al., 2017; Siqueira et al., 2017; Rebouças et al., 2018; Siqueira
and Carvalho, 2019; Kwak and Nam, 2020). These investigations firmly established the significance of the coating liquid’s
rheology in slot coating flows. However, existing analyses have been mostly limited to flows with rheologically simple
interfaces. In practice, many coating liquids contain surface-active components like nanoparticles and surfactants, leading
to rheologically complex interfaces. These complex interfaces exhibit viscous, elastic, and/or plastic responses under
deformation, which impact the stress balance and the stability of free surfaces. Therefore, understanding the rheology
of fluid interfaces is crucial for slot coating applications. For example, recent studies have already shown that viscous
interfaces have a substantial effect on planar extrudate swell flows (Mendes Junior et al., 2021) and on slot coating flows
and its coating window (Silva et al., 2023).

In this study, we conduct a computational investigation into the behavior of free surface flows, focusing on the for-
mation of a liquid film within the downstream segment of a slot coater. Our model incorporates the equations governing
the motion of incompressible Newtonian liquids within the bulk flow, coupled with the Boussinesq–Scriven constitutive
equation (Boussinesq, 1913; Scriven, 1960), designed for purely viscous interfaces resembling Newtonian behavior. This
model stands as one of the earliest constitutive relationships for complex interfaces, presenting a surface analogy to the
conventional Newtonian model applied to bulk fluids and has been extensively applied in studying a wide range of in-
terfacial flow phenomena, such as dynamics involving droplets (Narsimhan, 2018, 2019; Singh and Narsimhan, 2020),
threads (Martínez-Calvo and Sevilla, 2018, 2020; Wee et al., 2020), and fingering instabilities in porous media (Li and
Manikantan, 2021; Conrado et al., 2023; Coutinho et al., 2023). A mixed finite element approach is then used to solve
the equations of motion and boundary conditions for free surface flows after they are further connected with the elliptic
mesh generation method.

2. PROBLEM FORMULATION

2.1 Governing equations

Figure 1. 1. Sketch of the problem (not to scale)

It is a reasonable assumption to model slot coating as a planar two-dimensional problem. Since the important flow
events which we are interested in only take place after the coating bead, we will only use the downstream section of the
flow. We assume the flow is isothermal and incompressible and that the inertial and gravitational effects are negligible
due to the small length scales in slot coating flows. Thus, the equations of mass conservation and momentum balance for
an incompressible Newtonian fluid are:

∇ · u = 0 (1)

∇ ·T = 0 (2)

T = −pI+ µ(∇u+∇uT ) (3)
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where, in the equations above, u is the velocity field, T is the liquid stress tensor, p is the modified mechanical pressure, I
is the identity tensor and µ is the bulk fluid viscosity.

The boundary conditions used to solve the continuity and momentum equations are:

1. No-slip and no-penetration boundary conditions at solid walls. Thus, u = 0 at die walls and u = V ê1 at the substrate,
where ê1 is the unit vector at the x direction.

2. Imposed velocity profile at the inlet, where u is a contribution of a Couette and a Poiseuilli flow: u = [[6( q
H −

V
2 )

y
H + V ](1− y

H )]ê1

3. No-flow boundary condition at the outlet, as detailed in Papanastasiou et al. (1992).

4. At the free surface interface, the interfacial force balance is given by n̂ ·σs = −p0n̂+∇s ·σs, as per Mendes Junior
et al. (2021) and Silva et al. (2023). Where, in the boundary condition equation, n̂ is the local unit normal vector,
σs is the interfacial stress tension, p0 is the outer gas pressure, the gradient interfacial operator ∇s = Is · ∇ and the
projection tensor Is = I− n̂n̂.

In addition, kinematic boundary condition n̂ · u = 0 is enforced at the free surface in the mesh, such as there is no
mass flux across the interface, and the static contact line location is specified in order to solve the mesh equation (Pasquali
and Scriven, 2002).

2.2 Boussinesq-Scriven model

A constitutive equation for the interfacial stress tensor at the free-surface boundary condition is required. Because
most slot coating research uses simple interfaces, several stress-related interfacial effects are often overlooked. The
Boussinesq-Scriven model, an early constitutive model proposed by Boussinesq (1913) and later formalized by Scriven
(1960), is used in this work and can be interpreted as an equivalent of the Newtonian constitutive equation for bulk fluids
at the interface. The interfacial stress tensor, in this model, is given by:

σs = ζI+ κs(∇s · us)Is + 2µsD
dev
s (4)

where ζ is the interfacial tension and κs and µs are the coefficients of interfacial dilatational viscosity and interfacial shear
viscosity, respectively, in which dimensions differ from fluid viscosity.

In equation 4, the term Ddev
s refers to the deviatoric part of the rate-of-strain interfacial tensor, that can be writen as:

Ddev
s = Ds −

1

2
(∇s · us)Is (5)

where the surface velocity divergence ∇s · us = Is : Ds and the surface rate-of-strain tensor is Ds =
1
2 (∇sus · Is + Is ·

∇su
T).

The flow is modeled as a two-dimensional planar flow, simplifying the constitutive model and its associated interfacial
traction. In this case, the fluid-fluid interface is one-dimensional, the basis vectors can be set at any point located at
the interface and the arclength coordinate along the interface (s) is introduced. It results in the following mathematical
simplifications (Mendes Junior et al., 2021; Silva et al., 2023):

1. The interfacial velocity is written as u = utt̂, where ut = u · t̂ is the velocity component tangent to the interface;

2. The projection tensor takes the form Is = t̂t̂ + k̂k̂, where t̂ and k̂ are respectively the local unit tangent and
spanwise direction vectors.

3. The surface gradient operator is ∇s(...) = t̂ d
ds (...), where s is the arclength coordinate along the interface, previ-

ously introduced.

4. As a consequence of the previous item, the surface velocity divergence becomes ∇s ·u = dut

ds and the rate-of-strain
and its deviatoric part becomes Ds =

dut

ds (̂tt̂) and Ddev
s = 1

2
dut

ds (̂tt̂− k̂k̂) respectively.

Using the simplifications above, the interfacial stress tensor and its surface divergent in the Boussinesq-Scriven model
is given by

σs = [ζ + (κs + µs)
dut

ds
]̂tt̂+ [ζ + (κs − µs)

dut

ds
]k̂k̂ (6)

∇s · σs = (ζ + ηs
dut

ds
)
dt̂

ds
+ (

dζ

ds
+

dηs
ds

dut

ds
+ ηs

d2ut

ds2
)̂t (7)
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In equation 7, ηs is the sum of the dilatational and shear interfacial viscosities, turning out to be the only material
property on two-dimensional planar flows. It is assumed that both the interfacial stress tensor and the total interfacial
viscosity are constants. As a result, the interfacial force balance is reduced to:

n · σ = −p0n̂+ ηs
d2ut

ds2
t̂+ (ζ + ηs

dut

ds
)
dt̂

ds
(8)

We notice here that the presence of a viscous interface has contributions in the normal (in addition to surface tension)
and tangential directions.

2.3 Dimensionless numbers

A dimensionless analysis of the problem indicates the convenience of the introduction of four dimensionless numbers
to describe the coating flow:

1. The Reynolds number: Re = ρV H/µ

2. The Capillary number: Ca = µV/σ

3. The Boussinesq number: Bq = ηs/µH

4. The dimensionless flow rate: Q = h/H

Here, ρ is the density of the coating liquid, and µ its bulk viscosity. V and H are the characteristic scales of velocity
and length, respectively, whereas h is the film thickness. As stated before, we are interested in free surface flows that
occur on a small scale and often exhibit minimal inertial effects; hence, the flow is inertialess and Re is assumed to be
zero.

2.4 Numerical Formulation

To solve the free surface, the elliptic mesh generation method (De Santos, 1991) was used, which involved coupling
the equations of motion and boundary conditions. This method is extensively employed in solutions of Newtonian (Car-
valho and Kheshgi, 2000; Soares and Thompson, 2009; Freitas et al., 2011b; Mendes Junior et al., 2021; Silva et al.,
2023) and Non-Newtonian (Pasquali and Scriven, 2002; Romero et al., 2004, 2006; Bajaj et al., 2008; Freitas et al.,
2011a; Thompson and Soares, 2012; Freitas et al., 2013; Siqueira et al., 2017; Siqueira and Carvalho, 2017) liquids.
The resulting system consisted of nonlinear partial differential equations for velocity, pressure, and mesh position. To
discretize this system, a mixed finite element formulation was employed. Each unknown field variable is expressed as
a linear combination of a finite number of basis functions: linear discontinuous for pressure and Lagrangian biquadratic
for velocity and mesh position. Galerkin’s weighting functions are employed in the residual formulation of all equations,
namely mass conservation, momentum balance, and mesh generation. The integrals are solved element by element using
Gaussian quadrature, and the fully-coupled solution is computed using Newton’s method and a numerical Jacobian matrix.
At each iteration, the linear system is solved with a LU frontal solver (Duff et al., 1989) and the tolerance on the 2-norm
of the global residual vector. The last Newton’s update is set to 10−6 and solutions at different values of parameters are
achieved with a first-order pseudo-arc-length continuation scheme (Bolstad and Keller, 1986). Since Newton’s method
requires an adequate initial solution, the first solution used was a fixed boundary flow field with a slippery wall in place
of the free surface (Romero et al., 2004).

The flow domain was discretized into 1782 quadrilateral elements, consisting of 7327 nodes and 34,654 degrees of
freedom. Readers can find a detailed description of the mesh and the mesh convergence test in Silva et al. (2023).

3. RESULTS

As previously stated, the flow is inertialess, and the results reported in this section are dimensionless, with capillary
and Boussinesq numbers being the key parameters varied in the results below. The effects of a viscous liquid-gas interface
at the free surface of the downstream meniscus in a slot coating flow are investigated using the Boussinesq-Scriven model.
In this study, we showcase a series of results that illustrates how viscous interfaces influence the dynamics of slot coating
flow for Newtonian bulk liquids. Downstream of the die lip, the flow in the film assumes rigid-body motion while upstream
of the die lip the flow can be summarized as a combination of pressure-driven (Poiseuille) and boundary-driven (Couette)
flows. As the film thickness decreases, the contribution of the adverse pressure gradient-driven flow increases, increasing
the curvature of the downstream meniscus, intrinsically depending on the Ca and Q. For Newtonian fluids, it is observed
that at Q = 1/2, there is no contribution due to an adverse pressure, and the flow under the downstream slot die is a
pure drag flow. In contrast, at Q ≤ 1/3 for example, there is a large contribution from the adverse pressure gradient, and
backflow occurs close to the meniscus. This arises from an integral mass balance applied around the slot coater and it



27th ABCM International Congress of Mechanical Engineering (COBEM 2023)
December 4-8, 2023, Florianópolis, SC, Brazil

is noteworthy that this kinematic constraint remains valid for Newtonian bulk liquids regardless of liquid properties and
interfacial rheology.

Figures 2 and 3 depict the velocity field and flow streamlines towards the end of the downstream slot die for various
Ca and Bq values, with the dimensionless flow set at Q = 0.3 and Q = 0.5. In the first column, we can observe the
recirculation zone at the upper section of the flow near the meniscus since the flow rate is less than 1/3 while in the second
column, where the flow rate is equal to 1/2, there is no backflow. As the capillary number rises, the viscous forces in
the bulk liquid outweigh the surface tension forces, and the meniscus’ curvature increase as the surface tension fall - this
effect is less pronounced for high Bq. On the other hand, when we fix Ca and increase Bq, we observe that the curvature
of the meniscus reduces and the flow slows down and is developed at a later point, as illustrated in figure 3.

Figure 2. Magnitude of velocity field and flow streamlines at the beginning of the film formation region (−0.5 ≤ x ≤ 2;
0 ≤ y ≤ 1) for Q = 0.3 and Q = 0.5 at Ca = 0.01

Figures 4, 5 and 6 depicts the position y, the streamwise component of the velocity u, and the surface divergence of the
interfacial velocity along the interface dut/ds of the downstream meniscus for a set of Ca and Bq for the adimensional
flow rate of Q = 0.3 and Q = 0.5. The plot begins at the static contact line, and the relationship between the meniscus’
curvature and the capillary and Boussinesq numbers, as previously discussed, is readily seen in figures 2 and 3. The liquid
acceleration along the free surface is prevented by the interfacial viscosity and in order to maintain the mass flow rate
imposed at the inlet, the free surface must increase since the liquid flows more slowly when the liquid-gas interface is
viscous. This is consistent with previous research on extrudate swell flows (Mendes Junior et al., 2021) and slot coating
(Silva et al., 2023). It should be noted that the film thickness in the fully developed region is known a priori as the slot
coating is a pre-metered method.

Figure 5 shows the u velocity at the free surface for Q = 0.3 and Q = 0.5 and we can notice some backflow, i.e.,
velocities where u < 0 exactly at the meniscus’s commencement but only when Bq = 0 and Q = 0.3. Because of the
no-slip condition, the interfacial velocity starts at zero and grows along the substrate until it reaches its maximum value
as the flow develops and assumes rigid body motion, where the velocity of the meniscus equals the substrate velocity.
As expected, as Ca increases, the meniscus bends more and becomes more flexible as its surface tension lowers, causing
the film flow to be fully developed at earlier positions. This effect is less noticeable on high Bq numbers, as the viscous
interface slows down the flow and requires longer substrate length to develop the film flow.

At last, figure 6 illustrates a significant jump of values of the interfacial velocity’s derivative along the arc length at the
beginning of the free surface when the interface is simple (Bq = 0) for both dimensionless flow rates. As the interface
becomes more viscous, the acceleration of the fluid as it leaves the downstream die lip becomes smaller, indicating greater
resistance to surface deformations. In this sense, the surface stretches and it takes longer lengths for the surface velocity
gradient to become null, leading to the film flow developing at longer lengths.
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Figure 3. Magnitude of velocity field and flow streamlines at the beginning of the film formation region (−0.5 ≤ x ≤ 2;
0 ≤ y ≤ 1) for Q = 0.3 and Q = 0.5 at Ca = 0.1.

Figure 4. Shape of the free surface for Q = 0.3 and Q = 0.5 for different Ca and Bq numbers.

4. CONCLUSIONS

Slot coating is a pre-metered coating process highly used in various manufacturing processes. Although numerous
research in literature have addressed the role played by the rheology of the bulk coating liquid, it is still not entirely
clear how rheologically complex interfaces influence free surface flows such as slot coating. In this study, we extend the
existing literature by conducting a computational investigation of free surface flows with viscous interfaces in the film
formation region, specifically focusing on the downstream section of a slot coater.

The current study conducted a numerical investigation of the slot coating flow and its operating conditions while mod-
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Figure 5. Streamwise velocity along the free surface for Q = 0.3 and Q = 0.5 for different Ca and Bq numbers.

Figure 6. Interfacial velocity divergence along the free surface for Q = 0.3 and Q = 0.5 for different Ca and Bq numbers.

eling its free surface as a liquid-gas interface defined by the Boussinesq-Scriven model with an incompressible Newtonian
bulk liquid. To capture the free surfaces, Galerkin’s finite element method was used in conjunction with the elliptic mesh
generation method to solve the resulting set of equations governing the steady, two-dimensional slot coating flow coupled
with an appropriate viscous, Newtonian-like interface boundary condition.

The results showed that, for both dimensionless flow rates, the viscous interface leads to a less curved meniscus and
more required substrate length to develop the film flow as the flow in both the bulk flow and the interface is hindered by the
interfacial viscosity. The parametric study revealed that this behavior was consistent for different capillary numbers and
for higher capillary numbers, the free surface bends more but it leads to less required substrate length to develop the film
flow. This behavior also influences other variables studied, namely the streamwise velocity and the interfacial velocity
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divergence as both of these parameters show less influence from the surface tension as Boussinesq numbers increase.
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