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Abstract. Linear stability theory is used to investigate the hydrodynamic stability of viscoelastic jet flows, particularly two-
dimensional, planar, incompressible, submerged jets discharging from a nozzle into a medium of the same fluid as the jet.
The constitutive stress relations considered in this study are those of the Oldroyd-B and Giesekus models. This work aims
to provide additional information on the stability of viscoelastic jets, with a specific focus on absolute instability. The study
involves comparing the spatial growth rates of the instability modes and analyzing the frequency ranges associated with
unstable behavior. Additionally, an examination of the dimensionless parameters that contribute to absolute instability is
conducted. It has been observed that the mobility parameter, denoted as g, in the Giesekus model has a damping effect
on absolute instability. However, increasing this parameter leads to a broader range of instabilities.
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1. INTRODUCTION

Studying flow stability is crucial for understanding and predicting the behavior of various fluid systems, ranging from
natural phenomena like ocean currents and atmospheric flows to industrial processes such as oil and gas transport and
chemical reactor design. Flow stability analysis helps identify critical points where instabilities may arise, leading to
significant changes in flow patterns, turbulence, and even catastrophic events. By investigating stability characteristics,
researchers can develop strategies to control and optimize flow conditions, enhance efficiency, and reduce the risk of
failures.

Many researchers have studied the hydrodynamic stability for several non-Newtonian laminar flows, for example, the
Poiseuille flow (Iﬂz];tmus_and_llenﬂ, U&Zﬂ; |Br_andi_e_ml.|, |2QJ_Q; |Zh_ang_aLaL|, |2Q]_?gl) and the jet flow. For the investigation
of viscoelastic jet flows m M) used the Oldroyd-B model. They found that the elastic effect increased the critical
Reynolds number for instability, enhancing stability. Additionally, they identified a new mstablllt mechanism called elas-
tic instability, which emerged at low Reynolds numbers due to viscoelasticity. However, Zhang ) did not consider
the distinction between varicose and sinuous modes. |Sterza et all (2023) focused on the hydrodynamic stability of vis-
coelastic jet flows, specifically incompressible, two-dimensional, planar, submerged jets discharging into a medium of the
same fluid. The constitutive stress relations were based on the Oldroyd-B model. The results showed that non-Newtonian
effects were significant at low Reynolds numbers. However, some results were inconsistent and potentially spurious for
the varicose mode at high Weissenberg numbers.

Absolute stability enables the identification of the most critical modes of instability in a system, meaning those that
grow unbounded with time. In the context of jet flows, the research conducted by [Ray and Zaki (2013) stands out for
investigating this aspect. Ray and Zaki (2015) used a spatiotemporal linear stability analysis to investigate local absolute
instability in planar FENE-P jets. They found that the region of absolute instability shifts towards thin shear layers, and
the influence of viscoelasticity is destabilizing.




R. L. Sterza, L. F. Souza, A. V. G. Cavalieri, M. T. Mendonga, A. C. Brandi
Stability Analysis of Oldroyd-B and Giesekus Fluids in a Planar Jet Flow

In the current investigation, linear stability theory is used to investigate the hydrodynamic stability of viscoelastic
jet flows, specifically two-dimensional, planar, incompressible, submerged jets discharging from a nozzle into a medium
consisting of the same fluid as the jet. The constitutive stress relations employed are derived from the Oldroyd-B and
Giesekus models. Under the assumption of laminar base flow, the theory assumes the flow to be parallel and computes
the stress tensor using a canonical velocity profile. In particular, the theory of local absolute and convective stability is
employed to assess the influence of viscoelasticity on absolute instability in the flow, as mentioned above. This proposal
aims to offer further insights into the stability of viscoelastic jets by employing different models in the constitutive stress
relations and examining the disparities between the two viscoelastic models

2. MATHEMATICAL FORMULATION

Considering that the flow is two-dimensional, incompressible, isothermal, and of a non-Newtonian fluid. The equa-
tions for mass and momentum balance in the dimensionless form are given by

V.u=0, (1)
ou B B o
aJrV-(uu)f VerReV u+V-T, 2)

where u denotes the velocity field, ¢ is the time, p is the pressure, 3 is the dimensionless coefficient of the solvent viscosity,
Re is the Reynolds number and T is the extra-stress tensor. The stress tensor is modelled by constitutive equations that
allow the study of viscoelastic fluids. In this paper, the Oldroyd-B and Giesekus models were considered

W4 WiRe 1-p)

T+WzT+aG1_B(T-T): =

(Vu+ (Vu)"), (3)

where W4 is the Weissenberg number, ’Y‘ is the upper-convected derivative of T, a,g is the so-called mobility parameter
(0 < ag < 1),if ag = 0 the constitutive equation returns the Oldroyd-B model.

We study viscoelastic plane jet flow where = and y represent the streamwise and normal directions. The laminar base
flow is assumed to be parallel. The streamwise jet base flow is the same used by Wedet (@), and the non-Newtonian
extra-stress tensor components of the base flow are given by

dUu

Uly) ! {1 4 tanh 2 (R _ y)] L TP =0, TV = A=pdu 4 Te® = QWin””yd—y, (4)

2 10\y R Re dy

where R denotes the jet half-width and ¢ the momentum boundary layer thickness.
2.1 Linear Stability Theory

The linear stability theory analyzes the behavior of a flow in response to infinitesimal amplitude disturbance. The flow
is decomposed into a base flow, which is assumed to be stationary and parallel, and a disturbed flow. The disturbances are
expressed as normal modes

P(z,y,t) = p(y)eer =), (5)

where 5 represents the magnitude and phase of the disturbances, i = V-1, & = a, + iy is the wavenumber in the z
direction (cv,-) and the spatial growth rate («;) and w = w,. + iw; represents the angular frequency and the temporal growth
rate. Substituting the normal mode solution (@) into the disturbance Navier-Stokes and non-Newtonian extra-stress tensor
equations (for the Oldroyd-B model o = 0), omitting the superscript from the notation we have

tou + v =0, (6)
dy
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For a two-dimensional plane jet, without body forces and with constant properties, the boundary conditions are speci-

fied as follows (Kundu and nghgﬂ, 21!1!1)

u=v = 0, for y— +oo,
v = 0, for y=0, (varicose mode),
p = 0, for y=0, (sinuousmode).

3. NUMERICAL FORMULATION
3.1 Stability Analysis

It is common to use the system of equations (@) to (II) to derive the Orr-Sommerfeld equation. However, matrix
stability analysis provides a way to determine the stability properties of any system when combined with its boundary
conditions. In other words, it is necessary to write equations (@) to (IT)) in matrix form, resulting in the matrices L and F,
where

Lu ou v av p T TV TWT=aFu ou v av p T TY T,

In this case, the points and Chebyshev differentiation matrices were employed since they were required to compute the
derivatives. It is essential to mention that the matrix stability analysis is applied in a velocity profile characterized by a
hyperbolic tangent function (tanh), which exhibits steep gradients near the jet and extends infinitely in the y direction.
However, Chebyshev’s points are not uniformly spaced and are within the [—1, 1] range. To address this issue, a mapping

function was introduced, as described in previous studies by Reddy ez all (1999); Juniper ez all (2014):
ly

Yy=— /71_'_5_@27

where I = 0.8, 5 = (I/500)?, 500 = 25 and § € [—1, 1] refers to the Chebyshev points. When using mapping, the domain
becomes y € [—Sco, Soo|- The constant [ is the refinement parameter chosen from the tests performed. The numerical code
was implemented in the Matlab software, and the eigenvalues and eigenvectors were obtained using the Matlab command
eig. This paper used 251 numbers of Chebyshev collocation points and y € [—25, 25].

Furthermore, our objective is to identify saddle points characterized by g—‘; = 0. These points correspond to the
pinching of spatial branches propagating upstream and downstream. The long-term asymptotic behavior of the impulse
response of the jet is determined by the complex wavenumber and frequency (g and wy, respectively) at these saddle
points, as discussed in a study by [Huerre and Monkewitz (1990) and Ray and Zaki (2014). To obtain a value wp, a
value of w; is chosen as an initial approximation. Then, two eigenvalues, o™ and o~ are determined, representing the
downstream- and upstream-propagating waves, respectively. The objective is to minimize the difference between these
eigenvalues. This is found by Newton solver coupled to the spatial stability analysis, with precision set to 10™% in wy.
The procedure is repeated until the relative change in wy falls below 10~%. Once the value of wy is determined, it allows
for determining the nature of instability, specifically whether it is absolute. If the imaginary part of wy is positive, the flow
is absolutely unstable [Huerre and MonkewitZ (1985).

(12)

4. RESULTS

According to previous studies|Sterza et al. (2023), it has been observed that non-Newtonian effects are more significant
at low Reynolds numbers. Therefore, a test was conducted to investigate the growth rate, denoted as —«;, in the spatial
stability analysis of the jet flow at Re = 250. Furthermore, the base flow used in this study was the velocity profile
presented in Eq. @), where R = 1 and # = 0.1. In this context, the Oldroyd-B and Giesekus models were considered
constitutive equations for viscoelastic tensors. For the Giesekus model, three different values of o were employed
(g = 0.1,0.3 and 0.5). The dimensionless parameters used in the analysis were Re = 250, Wi = 10, and 5 = 0.1.
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Figure 1. Comparison of growth rates for different oz, Re = 250, 5 = 0.1 and Wi = 10.

The two modes of Kevin-Helmholtz instability, sinuous and varicose, were analyzed. As shown in Fig. [T} the Oldroyd-
B model exhibits a smaller unstable region compared to the other presented results. In the case of the Giesekus model,
as the value of a¢ increases, this region of instability also expands. This behavior can be observed in both modes of
instability.

In addition to studying the amplification rate, our objective is to investigate absolute instability for the two models
under consideration. Figure 2] represents the search for absolute instability, which occurs when the imaginary part of wp
becomes greater than zero.

Figure fixes the dimensionless parameters at Re = 100 and Wi = 20 while varying /3 to identify the end of
absolute instability. Observably, for the Oldroyd-B model, absolute instability occurs up to 3 = 0.8. In this example,
beyond this value for /3, the imaginary part of w becomes negative (indicating the cessation of absolute instability). On
the other hand, for the Giesekus model, as we increase the mobility parameter c, absolute instability ceases for lower
values of 3. Figure fixed the dimensionless parameters at Re = 100 and 8 = 0.1 while varying the Weissenberg
number. It was observed that, compared to the Giesekus model, the Oldroyd-B model assumes higher values for imag(w)
and that the values of imag(wg) > 0 are obtained for lower values of Weissenberg.

Figure fixes the dimensionless parameters at Wi = 20, § = 0.1,0.5, and 0.7 while varying the Reynolds
number to identify the onset of absolute instability. Both the Oldroyd-B and Giesekus models were considered (with
ag = 0.1). It is noteworthy that the presence of absolute instability in the Oldroyd-B model occurs at higher Reynolds
numbers compared to the Giesekus model. Furthermore, the Giesekus model presents results only for ag = 0.1 because
increasing this parameter has already resulted in imag(wp) < 0 for the values of « tested in this paper.
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Figure 2. Exploration of absolute instability for the Oldroyd-B and Giesekus models: (a) varying 3, (b) varying Weis-
senberg number, (c) varying the Reynolds number and (d) varying a. (only for the Giesekus model).

Figure illustrates when imag(wp) > 0 in the Giesekus model, indicating the values of a at which absolute
instability arises in the system. This is performed for Re = 100, Wi = 20 and 3 = 0.005. As observed in Figure 2(a)
an increase in (3 leads to a decrease in the value of imag(wy), while in Figure 2(b)] increasing the Weissenberg number
does not exhibit a significant variation in this value. Therefore, there was no variation in the dimensionless parameters in
Figure

Furthermore, it is observed that, for the tested dimensionless parameters, absolute instability does not occur at
ag = 0.5 and aGg = 0.9.

Figure 3] shows the combination of 3 and Wi critical for the appearance of absolute instability. That is, given a value
of 3, the corresponding Weissenberg number is sought such that the value of imag(wy) is greater than zero. To elaborate
further, given an initial estimate for wy and ay, with imag(wg) < 0, the code iteratively updates the values of wy and «ayg
to identify the point at which imag(wy) > 0, indicating the onset of absolute instability. A Weissenberg number limit of
Wi = 100 was employed during the computations.

As the value of 3 increases, indicating a more Newtonian fluid behavior, the Weissenberg number needed for the onset
of absolute instability also increases. This observation aligns with the absence of absolute instability in Newtonian flows.
In the presented results, we employed a /3 variation of A3 = 0.02. For the Oldroyd-B model, it was observed that beyond
B = 0.97, the required Weissenberg number exceeded 100; therefore, the last presented result is for 5 = 0.95. The same
holds for the Giesekus model with o = 0.1; however, this occurs beyond 5 = 0.35. It was also tested for ag = 0.5;
however, for 3 = 0.015, the necessary value of Wi exceeded 100, resulting in the omission of the corresponding data from
the Figure 3l It is noteworthy that when the Giesekus model is employed, absolute instability needs a higher Weissenberg
number for its onset.
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Figure 3. Combination of the 3 and the Weissenberg number for the onset of absolute instability.

5. CONCLUSIONS

The present paper conducts a analysis of the hydrodynamic stability of two-dimensional jet flows involving viscoelastic
fluids, using the constitutive equations from the Oldroyd-B and Giesekus models. Our primary focus is to investigate the
occurrence of absolute instability within these flows, which is influenced by the interplay of dimensionless parameters,
including the Reynolds number, /3, and Weissenberg number.

The study of absolute instability is carried out by maintaining two dimensionless parameters constant while varying
a third, as depicted in Figure 2l Additionally, the initiation of this form of instability is explored for Re = 100, while
varying 3 and the Weissenberg number, as illustrated in Figure Bl Notably, despite the Giesekus model displaying a
broader region of instability compared to the Oldroyd-B model, the parameter v appears to attenuate the effects of
absolute instability. This result provides insights into the behavior of different viscoelastic fluid models under unstable
conditions and the impact of parameter adjustments on flow stability.
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