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Abstract. It is nowadays well accepted that engineering systems need to be designed considering the inherent 
uncertainties in demands and capacities. Robust, reliability-based and risk-based optimization are three modern 
approaches to address the optimal design problem under objective aleatory uncertainty, that is: uncertainty which can 
be quantified using probability theory. Yet, subjective epistemic uncertainties, related to limitations of knowledge, social, 
political, financial, organizational, and behavioral factors, human errors, etc., cannot be quantified probabilistically, 
but also need to be considered in design optimization. In this manuscript a procedure is proposed to address epistemic 
uncertainties in optimal design of structural systems. The optimal redundancy allocation problem is addressed as a case 
study.  
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1. INTRODUCTION  

  
Structural design must be robust with respect to aleatory uncertainties in loads and material strengths, as well as to 

epistemic uncertainty arising from non-structural factors (Der Kiureghian and Ditlevsen, 2009). This has led to the 
development of Reliability-Based Design Optimization (RBDO), where minimum reliability is a design constraint; to 
life-cycle cost or Risk Optimization (RO), where reliability is included in the objective function, targeting the balance 
between the costs of fabrication, inspection and maintenance, and the expected costs of failure; and robust optimizations, 
where compromise solutions are sought between minimizing the mean and the variance of an objective function. 
Overview reviews on RBDO, RO and robust optimizations are given in (Beyer and Sendhoff 2007; Schuëller and Jensen 
2008; Aoues and Chateauneuf 2010; Valdebenito and Schuëller 2010; Lopez and Beck 2012). 

Typically, the above formulations address objective, aleatory uncertainties in structural loads, material strengths and 
model errors, which can be modelled using probability theory, with limited subjectivity. Yet, the lifetime performance of 
engineering structures may also be affected by disturbance events significantly characterized by epistemic or subjective 
uncertainties, arising from ignorance, vagueness and subjective judgement, gross errors in design and manufacturing, 
human errors, operational abuse, abnormal loading and so on (Ditlevsen 1983; Faber et al. 2017a,b, 2018; Melchers 2001, 
2002, 2007). Optimal designs are intrinsically less robust to disturbance events not objectively addressed in the 
optimization. The history of structural design contains many examples of structural collapses which occurred due to 
unanticipated failure modes and loading conditions (phenomenological uncertainty), bad management decisions, and 
human errors in design and execution (Petroski 1992, 2006, 2012).  

In the reliability-based design optimization literature, subjective uncertainty of epistemic origin has been typically 
handled using set theory, intervals, fuzzy sets and imprecise probabilities (Möller et al. 2003; Möller and Beer 2004, 
2008; Jiang et al. 2018; Acar et al. 2021). Ellishakoff and co-authors (Elishakoff et al. 1994; Tonon et al. 2001; Qiu et al. 
2008; Ben-Haim and Elishakoff 1990) developed the concept of optimization with anti-optimization to address uncertain-
but-bounded uncertainty in loads (worst case approach). Approaches addressing information insufficiency have led to 
compromise solutions between reducing objective functions and increasing confidence on constraint feasibility (Gunawan 
and Papalambros 2006; Srivastava and Deb 2013; Cho et al. 2016; Ito et al. 2018). Other approached have led to 
conservative failure probability estimates, like in (Rockafellar and Royset 2010) and (Saad et al. 2018).  

RBDO approaches combining random variables to model aleatory uncertainty, with interval/fuzzy variables to model 
epistemic uncertainties lead to triple-nested loops (Jiang et al. 2018; Acar et al. 2021).  The outer loop is typically the 
design optimization; the inner loop is the reliability analysis, and the intermediate loop handles the interval/fuzzy variables 
(Figure 1). As triple-nested loops pose a severe burden on computation, most of the papers in this class address the 
efficient de-coupling of the nested loops (Nannapaneni and Mahadevan 2016; Zaman and Mahadevan 2017). See (Jiang 
et al. 2018) for a comprehensive review on decoupling schemes.  

The above formulations to handle mixed aleatory and epistemic uncertainties in optimal design of structural systems 
are considered of limited usefulness because: 
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Figure 1. Nesting of optimization and uncertainty quantification loops (u. = uncertainty).  
 
A. Interval/fuzzy uncertainty representations are appropriate to handle subjective uncertainties arising from 

ignorance, vagueness and subjective judgement. Yet, they may not be ideal to consider disturbance events like 
gross errors in design and manufacturing, unaccounted load cases or failure modes, human errors, and operational 
abuse. 

B. Nesting of optimization, interval/fuzzy and reliability analysis loops, and/or complex or approximate de-coupling 
schemes (Figure 1). 

C. Complex handling of interval, convex, fuzzy and random sets within an optimization framework. 
 
In this paper, we employ the latent failure probability concept (Beck 2020; Beck et al. 2020a,b; Beck et al. 2022a,b; 

Beck et al. 2023; Rodrigues da Silva et al. 2023) to address the possible impacts of epistemic uncertainties related mainly 
to gross errors in design and manufacturing, unaccounted load cases or failure modes, human errors, and operational 
abuse. The formulation avoids the difficulties associated with points B and C above (see Figure 1). We address the 
problem by way of a fundamental RBDO problem.  

 
2. RELIABILITY-BASED DESIGN OPTIMIZATION OF A PARALLEL SYSTEM WITH IDENTICAL 

COMPONENTS 
  

Let 𝑛௖ ∈ ℕ, or 𝑛௖ ∈ {1,2,3, . . } be the number of identical components of a parallel system (Figure 2), each component 
with a reliability 𝑟௜ = 𝑟 ∈ (0,1]. Parameter 𝜌 ∈ [0,1) is the correlation between component failures, and 𝑝௅ ∈ [0,1) is a 
factor to account for epistemic uncertainties, following (Beck 2020; Beck et al. 2020a,b; Beck et al. 2022a,b; Beck et al. 
2023; Rodrigues da Silva et al. 2023). The system reliability is given by (Fiondella and Xing 2015): 
  

ℛௌ௒ௌ(𝑟, 𝑝௅ , 𝜌, 𝑛௖) =
1 − (1 − (𝑟 − 𝑝௅)𝜂)௡೎

𝜂
, 𝜂 = 1 + 𝜌

൫1 − (𝑟 − 𝑝௅)൯

𝑟 − 𝑝௅

. 
(1) 

  
We want to find the optimal reliability of each component, and the minimal number of components, with a constraint 

on system reliability, by solving: 
 

                       given: ℛ் , 𝑝௅   
                          find:  𝐝∗ = {𝑟, 𝑛௖} 
which minimizes: 𝑓௢௕௝(𝐝) = 𝑛௖ (−𝐿𝑜𝑔ଵ଴[1 − 𝑟])௤ 

              subject to:  ℛ் − ℛௌ௒ௌ(𝑟, 𝑝௅ , 𝜌, 𝑛௖) ≤ 0,  𝑛௖ ∈ ℕ, (2) 
 
where 𝐝 is the vector of design variables, 𝑓௢௕௝(∙) is an objective function representing the cost of reliability,  
ℛௌ௒ௌ(𝑟, 𝑝௅ , 𝜌, 𝑛௖) is the system reliability and ℛ் is the target system reliability. In Eq. (2), component reliabilities 𝑟௜ = 𝑟 
reflect objective aleatory uncertainty, and parameter 𝑝௅  considers the effect of subjective epistemic uncertainty on 
component reliabilities. 

Analytical solution of Eq. (1) is not simple, because it involves discrete variable 𝑛௖. However, since the problem 
involves only two design variables, objective function and constraints can be observed in two-dimensional plots. 
Moreover, candidate solutions can be easily tested for discrete 𝑛௖ values. 

 



 

 
 

 
 

 
 

Figure 2. Parallel system with 𝑛௖ identical 
 redundant elements. 

 

 
 

Figure 3. Objective function and constrains for the 
optimization problem in Eq. (9), 𝜌 = 0. 

 
Table 1. Optimal component reliabilities for 𝑞 = 1 and 𝜌 = 0. 

  
 𝑝௅ = 0 𝑝௅ = 10ିଶ 

𝑛௖ ℛ் = 0.99 ℛ் = 0.999 ℛ் = 0.99 ℛ் = 0.999 

1 0.99 0.999 - - 

2 0.9 0.96838 0.90442 0.97287 

3 0.78456 0.9 0.80182 0.93338 
 

Figure 3 illustrates the problem for 𝑞 = 1,  𝜌 = 0, and two values 𝑝௅ = 0 and 𝑝௅ = 10ିଶ. The figure shows contour 
curves of the objective function in Eq. (2), for 𝑞 = 1, and the system reliability constraints ℛ் = 0.99 and ℛ் = 0.999. 
It can be observed that the objective function is convex, and that it decreases by reducing both 𝑛௖ and 𝑟. Intuitively, the 
reliability constraint will be active at the optimal points. This is confirmed by writing the Lagrangian function, taking the 
derivatives w.r.t. design variables, Lagrange multiplier and slack variable, and equating them to zero. By assuming the 
constraint to be active, and solving the resulting system of equations, we confirm that Lagrange multipliers are positive; 
hence, the constraint is active at the minima. The lengthy derivations are omitted but can be easily verified by the reader.   

As shown in Figure 3, for 𝑝௅ = 0 the reliability constraints are parallel to the objective function. In this case Eq. (2) 
has several optimal solutions, which are indifferent to specific combinations of 𝑟 and 𝑛௖: the solution for ℛ் = 0.99 can 
be two components with  𝑟 = 0.9, or a single component with 𝑟 = 0.99 (or the solutions in between, if 𝑛௖ ∈ ℝ); the 
solution for ℛ் = 0.999 can be three bars with  𝑟 = 0.9, or a single bar with 𝑟௜ = 0.999 (and solutions in between, like 
two bars with 𝑟௜ = 0.96838). For 𝑝௅ = 10ିଶ the single-component solutions become unfeasible, but two components 
with 𝑟 > 0.9 (actually, 𝑟 = 0.90442) still lead to ℛ் = 0.99; and three components with 𝑟 > 0.9 (actually, 𝑟 = 0.93338) 
yield ℛ் = 0.999. Hence, we see that 𝑝௅ > 0 makes the system more redundant, also increasing robustness of optimal 
solutions w.r.t. epistemic uncertainties. Table 1 summarizes the results for 𝑞 = 1 and 𝜌 = 0. 

For 𝑞 = 1, the objective function in Eq. (2) assumes a linear relationship between the cost of one component and the 
base-ten logarithm of its failure probability, as shown in Figure 4. With a reference unitary cost for 𝑟 = 0.9, the cost 
doubles for 𝑟 = 0.99 and triples for 𝑟 = 0.999. This cost function leads to the equivalent optimal solutions appearing in 
Figure 3 for 𝑝௅ = 0. The cost of a structural component can be assumed to be proportional to its reliability index: Figure 
4 shows this cost is also nearly proportional to the base-ten logarithm of the failure probability, at least in the practical 
range 0.9 < 𝑟௜ < 0.9999. Figure 4 also identifies two regions called “faster cost growth” and “slower cost growth”, which 
refers to the growth of cost of component reliabilities with respect to the linear relationship in Figure 4. If component 
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reliability cost grows “faster” than linear (𝑞 > 1), multi-bar solutions with smaller reliability are preferred, as shown in 
Table 2. If component reliability grows “slower” than linear (𝑞 < 1), then the solution of RBDO problems like Eq. (2) is 
a single-component system, for 𝑝௅ = 0 (see Table 2). Hence, for any reliability cost function that grows slower than for 
𝑞 = 1 in Eq. (2), the optimal RBDO solution is a single component system. This is likely the case in practical structural 
reliability problems. This is the case for cost function proportional to cross-section area (𝑎௜, next section). In this scenario, 
𝑝௅ > 0 can be employed to impose minimal redundancy, increasing robustness of optimal solutions w.r.t. epistemic 
uncertainties. 

 

 
 

Figure 4. Cost of reliability curves considered in Eqs. (2) and (4). 
 

Table 2: Objective function values (and component reliabilities) for 𝜌 = 0, 𝑝௅ = 0 and ℛ் = 0.999. 
 

𝑛௖ 𝑞 = 1 𝑞 = 2 𝑞 = 1/2 (𝑟) 

1 3 9 1.73 (0.999) 

2 3 4.5 2.45 (0.96838) 

3 3 3 3 (0.9) 

4 3 2.25 3.43 (0.82217) 
 

Table 3: Objective function values (and component reliabilities) for 𝜌 = 0.01, 𝑝௅ = 0 and ℛ் = 0.999. 
 

𝑛௖ 𝑞 = 1 𝑞 = 2 𝑞 = 1/2 (𝑟) 

1 3 9 1.73205 (0.999) 

2 3.13309 4.90812 2.50323 (0.97287) 

3 3.52913 4.15158 3.25383 (0.93338) 
 
Finally, in order to illustrate the impact of correlation between failures of different components, Figure 5 shows the 

objective function and constraints in Eq. (2) for 𝜌 = 0.01. As observed in Figure 5, the slight shift of the constraints, 
produced by 𝜌 > 0, means that the 2 and 3 component solutions are no longer optimal, for 𝑞 = 1. This is confirmed by 
the results in Table 3. 

Following Figure 5 for 𝑞 = 1, in order to achieve ℛ் = 0.99 for 𝑝௅ = 0 with 𝑛௖ = 2, the individual component 
reliabilities need to be larger than 0.9, to “compensate” for correlation (actually, 𝑟 = 0.91). The impact of correlation is 
larger for ℛ் = 0.999, as observed: to achieve this system reliability, it is required that 𝑛௖ = 2 with 𝑟 = 0.97837, or 
𝑛௖ = 3 with 𝑟 = 0.91. Fiondella and Xing (2015) show that reliability of the parallel system is very sensitive to correlation 
𝜌, and that system reliability is limited for large 𝜌, independently of the number of components. Herein we show that 
correlation favors single component optimal solutions for 𝑞 ≤ 1. Correlation between component failures are expected in 
structural reliability, due to common materials and load effects. Hence, again, 𝑝௅ > 0 is a tool to achieve robustness of 
optimal systems w.r.t. epistemic uncertainties. These results hold for systems with non-identical components, as shown 
in (Beck 2020; Beck et al. 2020a,b; Beck et al. 2022a,b; Beck et al. 2023; Rodrigues da Silva et al. 2023). 
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Figure 5. Objective function and constrains for the optimization problem in Eq. (1), 𝜌 = 0.01. 
  
3. STRUCTURAL RELIABILITY VARIANT 
 

A structural reliability variant of the above optimization problem is obtained by considering the optimal design of the 
cross-section areas of the bars in Figure 2. The bars are arranged in a passive redundancy scheme1, such that any bar can 
hold load 𝑃 by itself, and bars 2, 3, … , 𝑛௖ only come into service in case of failure of bars  1,2, …, 𝑛௖ − 1,  respectively. 

Objective aleatory uncertainties are given by load 𝑃 and material strength 𝑆, both with normal distributions: 
𝑃~𝑁(𝜇௉, 𝜎௉), 𝑆~𝑁(𝜇ௌ, 𝜎ௌ); such that the nominal element failure probability becomes: 
 

𝑝ே,௜ = Φ൫−𝛽ே,௜൯,      𝛽ே,௜ =
𝑎௜  𝜇ௌ − 𝜇௉

ඥ𝑎௜
ଶ 𝜎ௌ

ଶ + 𝜎௉
ଶ

, (3) 

 
where 𝑝ே,௜ is the nominal failure probability, 𝛽ே,௜ is the nominal reliability index, 𝐝 = {𝑛௖, 𝑎௜},   𝑖 ∈ (1,2, … , 𝑛௖) is the 
vector of design variables and Φ(⋅) is the standard Gaussian cumulative distribution function. For simplicity, there is no 
dynamic load amplification upon progressive failure of one or more bars. Material strength of all bars is identically 
distributed and is likely to introduce correlation in the probability of failure of individual bars. This correlation is 
controlled via independent parameter 𝜌.  

A problem of identically distributed correlated components is obtained by requiring all components to have same 
cross-section (𝑎௜ = 𝑎,   𝑖 ∈ (1,2, … , 𝑛௖)), such that all components have same nominal failure probability 𝑝ே,௜ = 𝑝ே; and 
same latent failure probability (𝑝௅,௜ = 𝑝௅ , 𝑖 ∈ (1,2, … , 𝑛௖)); hence, also same failure probability: 𝑝௙ = Φ(−𝛽ே) + 𝑝௅. 

Writing the constraint in terms of reliability indexes, the RBDO problem becomes: 
 

                      given: 𝛽் , 𝑝௅   
                         find:  𝐝∗ = {(𝛽ே

∗  or 𝑎∗), 𝑛௖} 
which minimizes: 𝑓௢௕௝(𝐝) 
              subject to:  𝛽் − 𝛽ௌ௒ௌ((𝛽ே or 𝑎), 𝑝௅ , 𝜌, 𝑛௖) ≤ 0,  𝑛௖ ∈ ℕ. (4) 

 

where 𝐝 is the vector of design variables, 𝑓௢௕௝(∙) is an objective function,  𝛽ௌ௒ௌ((𝛽ே or 𝑎), 𝑝௅ , 𝜌, 𝑛௖) is the system 

reliability index and 𝛽் is the target system reliability index. As stated in Eq. (3), the design variables can be the nominal 
reliability index, 𝛽ே, or the cross-section areas of the bars, 𝑎. The objective functions for these two cases are: 

 

 
1 Active-passive type of redundancy is more common in structural mechanics, as illustrated in Beck (2020). Yet, the 
best simple model for progressive collapse analysis is with passive redundancy, since the passive strength of nearby 
elements is mobilized, in case of failure of one or more structural elements.  
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𝑓௢௕௝(𝐝) =
𝛽ே(𝑎) × 𝑛௖

𝛽்

  or  𝑓௢௕௝(𝐝) =
𝑎 × 𝑛௖

𝑎௥௘௙

  
(5) 

 
These functions are normalized by the target system reliability index, 𝛽்; or by a reference cross-section area, 

obtained by solving  𝛽ே൫𝑎௥௘௙൯ = 𝛽் for 𝑎௥௘௙. 
Figure 6 illustrates solution of the System RBDO problem in Eq. (3) in terms of 𝛽ே, with 𝛽் = 4 and 𝜌 = 10ିଷ, for 

increasing values of 𝑝௅,௜ = 𝑝௅. As observed, for 𝑝௅ < Φ(−𝛽்) = 3.167 × 10ିହ, the optimal system has a single 
component, as obtained for 𝑝௅ = 0. If 𝑝௅  increases past the point  𝑝௅ = Φ(−𝛽்), the optimal solution becomes a two-
component system, and 𝛽ே

∗  drops accordingly (less reliable components are required for the two-component system). If 
𝑝௅  keeps increasing, the optimal system eventually becomes a three or four bar solution, with corresponding drops in 
optimal component reliabilities 𝛽ே

∗ . The increase in 𝑝௅  “within” a fixed number of components is compensated by an 
increase in 𝛽ே

∗ . Eventually, the increase in 𝛽ே
∗  is no longer cost-effective, and the optimal solution requires adding another 

component. These trends reflect the system adjusting itself for increasing effect of epistemic uncertainties. Following 
Figure 6, the greater 𝑝௅ , the larger the optimum number of identically distributed components in the parallel system. Note 
that for 𝛽் = 4, the reliability cost function is below the diagonal (𝑞 = 1 ) in Figure 3. For 𝛽் = 3 or 𝛽் = 2, the cost 
function is above the diagonal, and the optimal solutions have more than one bar, as in the case for 𝑞 > 1 (Tables 2 and 
3). 

Figure 7 shows that essentially the same results are obtained for minimization of the cross-section areas. In this case, 
the reliability cost function is always below the 𝑞 = 1 diagonal in Figure 3, and the optimal solutions are single-bar 
systems for 𝑝௅ = 0. 
 

 
Figure 6. Optimal component reliabilities (𝛽ே

∗ ) and optimal number of components (𝑛௖
∗) 

of parallel system with identically distributed correlated components, with 𝛽் = 4 and 𝜌 = 10ିଷ. 
 
 

 
Figure 7. Optimal bar cross-section areas (𝑎௜

∗) and optimal number of components (𝑛௖
∗) 

of parallel system with identically distributed correlated components, with 𝛽் = 4 and 𝜌 = 0. 
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4. CONCLUDING REMARKS 
 
In this manuscript we addressed the Reliability-Based Design Optimization (RBDO) problem considering the effects 

of epistemic uncertainties. Specifically, we addressed optimal design of a parallel system with identical elements. We 
looked for the optimal number of elements, and their optimal reliabilities, for the system to attain a given minimum system 
reliability target. We have shown that epistemic uncertainties should be accounted for by an independent term, called 
latent failure probability or 𝑝௅ . We have shown that, for usual cost of reliability functions, if epistemic uncertainties are 
neglected (𝑝௅ = 0), optimal solutions are single-bar (non-redundant) systems. We have shown that as the effect of 
epistemic uncertainties (𝑝௅ > 0) increases, optimal solutions present two, three and more bars. Hence, the optimal system 
becomes redundant not because of aleatory uncertainties in load and strength parameters, but to cope with the effect of 
epistemic uncertainties. We have discussed other forms of dealing with epistemic uncertainties, like intervals, fuzzy 
variables, fuzzy probabilities, etc.; but we have not directly compared our formulation to these alternative approaches. In 
the presentation, we will show that very similar results are obtained when the reliability of individual elements, or the 
latent failure probability 𝑝௅ , are modelled as intervals, fuzzy variables or fuzzy probabilities. 
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