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Abstract. Aeroelasticity deals with the study of the interaction between aerodynamic forces and structural dynamics,
being crucial for the safety, performance, and efficiency of aerospace vehicles. Some aeroelastic phenomena, if not
adequately addressed, can cause structural deformations that may lead to structural failure or performance loss. In
this context, the importance of considering nonlinear effects in the study of aeroelasticity has become more evident with
the advancement of aerospace systems, which are increasingly lighter and have challenging geometries. Therefore, this
study proposes the analysis of the effects of structural nonlinearities, such as cubic stiffness, in an aeroelastic model of a
straight rectangular wing with three degrees of freedom (bending, torsion, and control surface torsion). The model was
initially analyzed in the classical linear domain of frequency, using the eigenvalue solution to calculate the critical flutter
speed, natural frequencies, and associated damping. Along with the straight wing model, an aerodynamic model using
strip theory simplification was used. The critical speed was calculated and compared with results from the literature.
Then, the analysis proceeded in the time domain, using the 4th order Range-Kutta integration method to integrate the
equations of motion and visualize the oscillation amplitudes of the treated degrees of freedom. A nonlinear model in
the time domain was constructed by introducing a structural nonlinearity (cubic stiffness) in the model’s stiffness. The
presence of nonlinearities in the stiffness of the three degrees of freedom was evaluated. Based on the analysis of the
results, it was observed that by introducing cubic stiffness in the wing’s torsional mode, there was an increase in damping
at the critical velocity of the linear model. Various nonlinear coefficients were tested, and the responses were compared
with the linear case to highlight the differences in the treated values and the importance of including nonlinear behavior
to detect Limit Cycle Oscillations (LCOs) and critical behaviors.
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1. INTRODUCTION

Since the early controlled flights in the 20th century, engineers and designers have grappled with challenges related to
the interaction between aerodynamic forces and the structural flexibility of aircraft. It became evident that wing flexibility
could lead to undesirable oscillations that could compromise aircraft stability and safety. The field of aeroelasticity, a
branch of aeronautical science, deals precisely with the interactions between inertial, elastic, and aerodynamic forces
[Bisplinghoff, Ashley, and Halfman, 1996].

The term "aeroelasticity" emerged a little over a century ago when pioneers like Roxbee Cox and Pugsley began
correlating studies on aileron control, rolling capability, and investigations into flutter [Collar, 1946]. Aeroelasticity
encompasses both static and dynamic phenomena. Static phenomena, such as divergence and control reversal, arise when
aerodynamic and elastic forces are analyzed together. Additionally, the distribution of loads is influenced by the structure’s
elasticity.

Dynamic aeroelastic phenomena, like buffeting, gust response, and flutter, arise when inertial, elastic, and aerodynamic
forces interact simultaneously. Flutter, in particular, is a dynamic instability associated with the interaction of these forces
and is one of the most significant issues in aeroelasticity [Hodges and Pierce, 2002]. Flutter involves self-sustained
oscillations in the aircraft’s structure when subjected to significant lateral aerodynamic loads, with catastrophic potential
if not adequately controlled [Wright and Cooper, 2015].

The history of aviation records notable cases of flutter, such as the incident with the Handley-Page bomber and the
resolution of flutter issues in the F-111C aircraft. These events helped establish the foundations for the study and under-
standing of aeroelastic phenomena, crucial for the design of safe and efficient aircraft.

In recent years, with technological advancements, it has become crucial to consider nonlinear effects in aeroelasticity.
Nonlinear effects can arise in both aerodynamics, due to shocks and flow separation, and in the elastic structure, due to
clearances, friction, and nonlinearities in structural stiffness [Sharma, 2005]. Nonlinear aeroelasticity focuses on under-
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standing nonlinear interactions and phenomena such as Limit Cycle Oscillations (LCO), which are damped oscillations
of the structure and represent variations of flutter with limited amplitudes.

This study aims to address the challenge of understanding the implications of nonlinearities in aeroelastic systems
by developing an analytical model that takes these nonlinear characteristics into account, thereby contributing to the
improved understanding and prediction of complex behaviors in aeroelasticity.

2. ANALYTIC MODEL

2.1 Aeroelastic equation of motion for three degrees of freedom

This paper employs a conventional bending/torsion aeroelastic model, incorporating a control surface connected to its
end via a torsional spring deducted by Wright and Cooper (Wright and Cooper (2015)). In this model, downward heave
(z) is considered positive, while clockwise rotation of both pitch (θ) and the control (β) are regarded as positive.

The translational deflection (z), positive downward, can be expressed as a combination of the generalized coordinates
qb, qt, and β, the rotation of the control surface, as follows:

z =
(y
s

)2

qb +
(y
s

)
(x− xf )qt + [x− xh]β = ϕbqb + ϕtqt + ϕββ (1)

Based on the previously mentioned information and Equation 1, it can be affirmed that the addressed model can
be mathematically described as a contribution of the assumed modes of bending, ϕb, torsion, ϕt, and control surface
deflection, ϕβ .

Figure 1 depicts the plate wing with a control surface attached, illustrating the chord (c) and wing span (s). Addition-
ally, it highlights the positions of the hinge line (xh), elastic line (xf ), and aerodynamic line (xac). The airflow is denoted
by V, while kα, kh, and kβ represent the torsional, translational, and control surface rotational stiffness, respectively.

Figure 1. Three degree of freedom wing model Wright and Cooper (2015)

For the aerodynamic matrices, it is used the same approach as (Wright and Cooper (2015)), with the addition of
considering the influence of the control surface rotation. To define the model, we chose to employ a simplified version of
the unsteady aerodynamic model, which allows us to perform time integration.

Using the model derived by Wright and Cooper, it is obtained the aeroelastic equations for a straight rectangular wing
with three degrees of freedom, involving the interaction between bending, torsion, and control surface rotation (Equation
2).
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which can also be written as its generalized form

Aq̈ + (ρV B + D)q̇ + (ρV 2C + E)q = 0 (3)

Let A represent the inertia matrix, B denote the aerodynamic damping matrix, D symbolize the structural damping
matrix, C denote the aerodynamic stiffness matrix, and E represent the structural stiffness matrix. q̈, q̇ and q, are the
acceleration, velocity, displacement vectors, respectively. Equation 2 assumes a symmetric inertia matrix, considering
equal mass per unit of area for both the wing and control surface (mw = mc = m), with

Abb = m
sc

5
(4)

Att = m
s

3
(
c3

3
− xfc

2 + s2fc) (5)

Abt = m
s

4
(
c2

2
− xfc) (6)

Abβ = m
s

3
(
c2 − x3

h

2
− xh(c− xh)) (7)

Atβ = m
s

2
(
c3 − x3

h

3
− (xf + xh)

c2 − x2
h

2
+ xfxh(c− xh)) (8)

Aββ = ms(
c3 − x3

h

3
+ x2

hc− xhc
2) (9)

For the aerodynamic damping (B) and stiffness(C) matrices, we have T10 T12 as Theodorsen functions (Theodorsen
(1935)):

d =
2xh

c
− 1 (10)

T10 =
√

1− d2 + cos−1d (11)

T12 =
√

1− d2(2 + d) + cos−1d(2d+ 1) (12)

aw, bw, cw, ac, cc, d as being the lift, pitching and hinge moment coefficients, with Ec as the ratio of the control surface
cord to the total cord

aw = 2π (13)
bw = eaw (14)

cw = −T12

2
(15)

ac =
aw
π

[cos−1(1− 2Ec) + 2
√
Ec(1− Ec)] (16)

bc = −aw
π

(1− E)
√
Ec(1− Ec) (17)

cc = −T12T10

2π
(18)

with Mθ̇ and Mβ̇ as being the non-dimensional pitch and control damping derivatives, respectively.
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2.2 Eigenvalue Solution

For the solution of 2, or 3 to simplify, we use the eigenvalue solution by using the space-state representation to
obtain the system natural frequencies and damping ratios at specifics flight conditions (Wright and Cooper (2015)). By
combining the 3 with the trivial expression

Iq̈ − Iq̇ = 0 (19)

we obtain the now first order equation

{
q̇
q̈

}
−
[

0 I
−(ρV 2C + E) −A−1(ρV B + D)

]{
q
q̇

}
= 0 (20)

When assuming q = q0e
λt, the equation 21 can be obtained in its eigensolution form. The eigenvalues λ for an

oscillatory system appear as complex conjugate pairs, as shown in equation 22 (Collar and Simpson (1987)).

[λ2A+ λ(ρVB +D) + (ρV 2C +E)]q0 = 0 (21)

λj = −ζjwj ± iwj

√
1− ζ2j , j = 1, 2, ..., N (22)

The stability of the aeroelastic system can be determined by analyzing the complex part of the eigenvalue. If it turns
positive, then the system becomes unstable. We will employ the eigenvalue and eigenvector solution to solve the linear
problem in the frequency domain. By doing so, we will determine the speed at which the system approaches flutter
instability. This analysis will involve generating a graph of velocity-damping-frequency (v-g-f) to visualize the critical
flutter speed and its corresponding damping and frequency values.

2.3 Fourth order Runge-Kutta Solution

The Runge-Kutta method involves obtaining an approximate solution to the Ordinary Differential Equation (ODE) at
discrete points along an interval of interest. In contrast to the Euler method, which utilizes only a single estimate of the
derivative, the Runge-Kutta method employs a weighted combination of several derivative estimates at different points
within the interval (Iserles (2009)).

The central idea of the Runge-Kutta method is to divide the interval into several smaller sub intervals and calculate
a weighted average of the derivatives within each sub interval. These weighted derivatives are then used to update the
solution estimate at each discrete point. The method’s accuracy can be adjusted by varying the number of points and the
size of the sub intervals (Kim (2023)).

The fourth-order Runge-Kutta method, employed in this study, follows the same logic as the previous orders (Chapra
and Canale (2015)). The most common form (Kim (2023)) is given by Equation 23 below:

yi+1 = yi +
1

6
(k1 + 2k2 + 2k3 + k4)h (23)

where

k1 = f(xi, yi) (24)

k2 = f(xi +
1

2
h, yi +

1

2
k1h) (25)

k3 = f(xi +
1

2
h, yi +

1

2
k2h) (26)

k4 = f(xi + h, yi + k3h) (27)

3. INCLUSION OF A NONLINEARITY

3.1 Hardening stiffness

The type of analysis to be used is known as bifurcation analysis. This type of analysis involves studying the nature of
solutions as the system parameters vary. It explores qualitative changes in the solutions, such as variations in displacement,
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as the parameters are modified. Bifurcation analysis is an important tool for understanding the complex dynamics of
nonlinear systems and provides crucial insights into the stability and behavior of the system under different conditions
(Bisplinghoff et al. (1996)).

In this study, It was added a cubic stiffness to our three-degree-of-freedom system (Bisplinghoff et al. (1996)). We
will start by applying nonlinearity to the assumed translation mode stiffness kz , which leads to a total stiffness of:

kzz + kz3z
3 (28)

where kz3 is the cubic stiffness coefficient, which will be varied to obtain the results. The other parameters will remain
the same as used in section 2.1. By applying the cubic stiffness to the equation obtained by state space expansion (20),
which can be written as ẋ = Qx where Q was obtained in section 2.2, we have:

ẋ = Qx + Lkz3z3 (29)

where L is the matrix used to add non linearity, given by:

L =

−A−1

10
0


06x1

 (30)

where the matrix A is the mass matrix defined in section 2.1. The vector z is given by z = [z; 0; 0; 0; 0; 0; 0], where z is the
vertical displacement.

It can be observed from Equation 30 that adding cubic stiffness affects all three degrees of freedom, showing a coupling
of the system.

Similarly, the next bifurcation will be the addition of nonlinearity, this time in the stiffness of the torsional degree of
freedom kθ. This leads to a total stiffness of:

kθθ + kθ3θ
3 (31)

where kθ3 is the cubic stiffness coefficient, which will be varied to obtain the results. Similar to the previous non linearity,
we have:

ẋ = Qx + Mkθ3θ
3 (32)

where the matrix M is given by

M =

−A−1

01
0


06x1

 (33)

and the cubic vector θ is given by θ = [0; θ; 0; 0; 0; 0]
Finally, an addition of cubic stiffness to the stiffness of the control surface rotation degree of freedom, resulting in a

total stiffness of:

kββ + kβ3β
3 (34)

where kβ3 is the cubic stiffness coefficient. Analogously to the previous cases, we have:

ẋ = Qx + Nkβ3β
3 (35)

where N is given by

N =

−A−1

00
1


06x1

 (36)

and the cubic vector β is β = [0; 0;β; 0; 0; 0].
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4. RESULTS

Drawing from the formulation presented in the preceding sections, numerical simulations were conducted to assess
the impact of the nonlinearity on the aeroelastic system with three degrees of freedom. The parameters of the aeroelastic
system, as given in Table 1, were employed alongside a Matlab® computer code that incorporates the procedures outlined
in subsections 2.2 and 2.3.

Table 1. Data for the 3dof model wing with two degrees of freedom and a control surface

Parameter Value Parameter Value
Semi-span (s) 7.5m Torsional Rigidity (EI) 4× 107Nm2

Chord (c) 2m Torsional Rigidity (GJ) 8× 106 Nm2

Position hinge line (xh) 1.6m Mass axis 1m
Position aerodynamic line (xac) 0.5m Mθ̇ -1.2

Position elastic axis (xf ) 0.8m Mβ̇ -0.1
Distance from xf to xac 0.3m kβ 1× 103(Nm/m)/rad

4.1 Analysis of the linear model in the frequency domain

As discussed in previous sections, there are various approaches to determine the flutter velocity of a dynamic aeroe-
lastic system in the frequency domain. We can employ methods such as eigenvalue and eigenvector solutions, as well
as the ’k’ and ’p-k’ methods. Once these methods are applied, we can generate a graph called the V-g-f diagram, which
represents velocity on the horizontal axis, frequency on the upper vertical axis, and damping ratio on the lower vertical
axis.

As mentioned in section 2.2, the analysis of eigenvalues and eigenvectors involves studying the coalescence of fre-
quencies and the behavior of damping curves. The flutter speed is observed when the damping curve intersects the velocity
axis, indicating the transition to positive damping. Furthermore, it is possible to determine the flutter speed by identifying
the point at which the modal frequencies of the system converge or tend to converge to a common value.

Based on the data provided in Table 1, considering structural damping D = 0, and using the model described in section
2.1with the eigenvalue and eigenvector solution, it is possible to generate a v-g-f graph (Figure 2) using Matlab® software.
Additionally, graphs were generated (Figure ??) showing the frequencies of each mode, enabling the determination of the
flutter critical speed for the aeroelastic problem of a two-degree-of-freedom model with a control surface.

The process to generate the V-g-f graph using Matlab® involves implementing the three-degree-of-freedom model in
the software, solving the system of differential equations to obtain the corresponding eigenvalues and eigenvectors, and
then plotting the results on the V-g-f graph. In accordance with the proposed data, it has been determined that the critical
flutter velocity is 118m/s.

Control frequency at 5.45 Hz and articulation point at 80% of the chord.

Figure 2. V-g-f graph

The utilization of the frequency domain solution allows for a more direct determination of the flutter critical velocity
by observing the classic V-g-f diagram. Now, with the flutter critical velocity known, it is possible to examine the time-
domain amplitude graphs at the flutter critical velocity. These time-domain graphs enable an analysis of how deformation
evolves over time at different velocity regimes, clearly highlighting the differences before, during, and after flutter. This
temporal analysis is crucial for understanding the dynamic behavior of the aeroelastic system and identifying potential
instabilities or impacts on the structure.
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5. COMPARISON BETWEEN LINEAR AND NONLINEAR MODELS

In this section, in order to enable a comparison between the two models, both the linear model, Equation 20, and the
nonlinear model, as presented in Section 3., were numerically integrated over time using the fourth-order Runge-Kutta
method, implemented through the ’ode45’ function in Matlab® software. In this study, the torsional mode, θ, will be
subjected to nonlinearity where an initial condition vector was set as x0 = [0.01, 0, 0, 0, 0, 0], and an integration time of
[0, 15] seconds was considered for both the linear and nonlinear cases. In the nonlinear case, the equation presented in
Section 3.was integrated with a value for the cubic torsional nonlinearity of kθ3 = 0.002kθ. Thus, Figure 3 illustrates the
time-domain amplitude of both the linear and nonlinear aeroelastic models at a flutter critical velocity of V = 118m/s.

0 5 10 15

Time(s)

-50

0

50

z[m
] Linear

Nonlinear

0 5 10 15

Time(s)

-50

0

50

[ra
d] Linear

 Nonlinear

0 5 10 15

Time(s)

-200

0

200

[ra
d] Linear

 Nonlinear

Figure 3. Time-displacement plot for linear and nonlinear models in the torsion mode (θ)

Figure 3 shows that in the linear case (blue line), oscillations grow exponentially, indicating flutter. In contrast, the
nonlinear case (red line) exhibits a higher intensity initially due to the addition of nonlinearity, but it gets damped over
time. It is observed that with the increase in the overall stiffness of the system, it becomes less susceptible to deformations
and velocity increments, resulting in a damped response. The influence of increased stiffness on system stability is also
evident, as oscillations decreased, in contrast to the linear case. It is also evident that the velocities exhibit a phase shift in
the signal when comparing the linear and nonlinear models. It is possible to observe that the addition of nonlinearity in
the torsional mode has a significant impact on the control surface torsional mode, demonstrating the mentioned coupling.
This effect leads to a significant reduction in the amplitude of a potential Limit Cycle Oscillation (LCO).

Now, the cubic parameter will be varied while keeping the velocity fixed at the flutter critical velocity, V = 118m/s,
to verify the influence of the nonlinearity. We will generate the graphs for kθ3 = 0.0001kθ (Figure 4), kθ3 = 0.001kθ
(Figure 5), and kθ3 = 0.0025kθ (Figure 6).
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Figure 4. Time-displacement plot for linear and nonlinear models in the torsion mode (θ)
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Figure 5. Time-displacement plot for linear and nonlinear models in the torsion mode (θ)
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Figure 6. Time-displacement plot for linear and nonlinear models in the torsion mode (θ)

We can observe from Figures 5 and 4 that by reducing the cubic stiffness in the system, a decreasing oscillation occurs
in the nonlinear model, but with a difference of phase between the models. With a further reduction, it is possible to
observe that the amplitude in the nonlinear model resume its growth, but with no phase difference between the models,
exhibiting a behavior similar to the linear model. This is consistent with the literature, which states that decreasing the
value of the cubic nonlinearity coefficient brings the system closer to linearity (Dimitriadis (2017)).

On the other hand, with an increase in the coefficient of cubic stiffness (Figure 6), it is possible to observe oscillations
of greater amplitude and more pronounced nonlinear behaviors, causing the nonlinear model to experience flutter more
pronounced than the linear model. It is notable that even with the nonlinearity applied to θ, the oscillations exhibit greater
amplitude and a greater phase lag between the models in β.

6. CONCLUSIONS

In this work, an aeroelastic stability analysis of a system was proposed with the inclusion of structural nonlinearities
in the assumed torsional mode stiffness. The adopted model considers three degrees of freedom: two for the wing’s
bending and torsion and one for the control surface torsion. The nonlinearity was introduced through cubic stiffness. In
the aerodynamic aspect, the model proposed by Hancock was utilized, which considers three-dimensionality of the flow
using strip theory. The adopted aeroelastic model consists of a straight wing with three degrees of freedom, as proposed
by Wright and Cooper. The aeroelastic equation for the system with three degrees of freedom was derived and used as
the basis for the conducted analyses. The inclusion of structural nonlinearities was based on the models proposed by
Dimitriadis. The cubic stiffness was introduced by multiplying the inverse of the mass matrix by a matrix of zeros, raising
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the displacement terms of the degrees of freedom (z, θ, β) to the power of three. This nonlinearity was added in the torsion
mode by adding a cubic term to the expanded aeroelastic state-space matrix to generate comparative graphs between linear
and nonlinear models using Matlab®. V-g-f graphs were generated to determine the flutter velocity. Then, these velocities
were used to generate graphs of velocity and displacement over time during critical velocity, both for linear and nonlinear
models. We also analyzed the influence of nonlinearity by varying the coefficients of cubic stiffness and observed how
these changes affected the nonlinear system. Comparing the two models after these analyses, we observed that the
inclusion of nonlinearity affects each degree of freedom differently. While the linear model enters flutter, the nonlinear
model is prevented from doing so with a cubic coefficient of 0.002 kθ, also showing a difference of a phase between the
models. We also found that reducing the nonlinearity coefficient to 0.001 kθ leads to a reduction in the amplitude of the
nonlinear model, but an even greater reduction, to a value of 0.0001 kθ, shows an increase in the nonlinear model, but this
time with no phase difference, approaching the nonlinear to the linear model, and that beyond a certain point, increasing
the nonlinearity coefficient to 0.0025 kθ causes the nonlinear model to enter flutter. As a continuation of this work, it
is necessary to determine the critical velocity where the Limit Cycle Oscillation (LCO) can be observed more clearly.
Moreover, obtaining a more accurate cubic coefficient is essential for a more practical analysis. This coefficient can be
derived through either experimental analysis or numerical simulations.
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