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Abstract. This paper presents a finite element analysis of sloshing in 3D water tanks using a pressure based Eulerian 

approach. The fluid domain is discretized by isoperimetric elements (FLUID220) that exhibit a quadratic pressure 

behaviour. Used for modelling the fluid domain. Three examples (a rectangular cavity, a square tuned liquid column 

damper – TLCD - and a bi-directional tuned liquid multicolumn damper – TMLCD-) were modelled with rigid contours 

and a free surface to study uncoupled liquid reservoirs. Free vibration and harmonic analysis were performed to 

determine dynamic parameters of the three cases. For the rectangular cavity the numerical results are compared to 

analytical solutions, and previous numerical and experimental studies. The numerical solutions present acceptable 

relative error (inferior to 0.2% relative error) when compared to analytical solutions. For the TLCD example, the 

numerical results were validated using experimental results and previous numerical studies, presenting acceptable 

errors (6% relative error).  For the third case the modal results were compared to the analytic solution and previous 

works returning an error of 2,75 and 3,14% relative to the experimental values and the harmonic analysis presented a 

reduction of 44,88% in the amplitude of displacement of the system, thus validating this approach of analysis in the 

development of this kind of device. 
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1. INTRODUCTION 

 

Tuned liquid column damper (TLCD) is a kind of passive damper device used to control structural vibration in tall 

buildings, wind turbines and ships. These passive devices are characterized as fluid-structure problems. Free surface 

problems can be modelled as TLD and TLCD to describe the behavior in top of tall and slender structures. 

TLCDs were first proposed in tall buildings by Sakai et al. (1989). In the literature, this passive device is attractive 

for wind turbines due to its relatively low cost and good efficiency at low frequencies (Colwell and Basu 2009). Yalla 

and Kareem (2000) proposed an approximate optimized solution for the TLCD head loss gain for a white noise spectrum. 

Alkmin, Fabro, and Morais (2018) optimized linearized TLCD parameters for a classic wind spectrum. Martins Morais 

and Avila (2019) experimentally showed the reduction of vibration of a TLCD in a reduced linear structure. There is also 

a small difference between theoretical frequencies and experimental results (Alkmim et al. 2018; Martins et al. 2019).  

This study aims to compare analytical and numerical solutions of fluid-structure problems with free surface 

conditions, such as Tuned Liquid Damper (TLD) and Tuned Liquid Column Damper (TLCD). The fluid domain is 

discretized by isoperimetric elements (FLUID220) that exhibit a quadratic pressure behaviour. Used for modelling the 

fluid domain. Three problems were presented: (a) a rectangular water tank, (b) a U-shaped tube filled with a liquid and 

(c) a multiple column damper. For the rectangular cavity the numerical results are compared to analytical solutions, and 

previous numerical and experimental studies. The numerical solutions present acceptable relative error (inferior to 0.2% 

relative error) when compared to analytical solutions. For the TLCD example, the numerical results were validated using 

experimental results and previous numerical studies, presenting acceptable errors (6% relative error).  For the third case 

the results were compared to the analytic solution and previous works returning a relative error of 3,27%. The present 

numerical implementation presents a good agreement with the analytical solution and experimental results. 
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2. WAVE EQUATION 

 

For the discretization of the acoustic wave equation, the following assumptions are made: 

i. The fluid is compressible and homogeneous.  

ii. The fluid is inviscid and irrotational. 

iii. There is no mean flow of the fluid.  

iv. The acoustic pressure is defined as the pressure fluctuation about the mean.  

v. The change in density is small compared to the mean density.  

vi. The pressure and density can vary across elements. 

 

In a compressible fluid, acoustic waves are described as pressure fluctuations, meaning they have infinitesimal 

amplitudes. According to assumptions (i), (iv), and (v), the mass density, pressure and velocity are written as the sum of 

the mean values and a fluctuation, as shown by the equation. 

 

𝜌 = 𝜌′ + 𝜌0        (𝜌
′ ≪ 𝜌0) (1) 

 

𝑝 = 𝑝′ + 𝑝0        (𝑝
′ ≪ 𝑝0) (2) 

 

𝑢 = 𝑢′ + 𝑢0       (𝑢′ ≪ 𝑢0) (3) 

 

where: ⍴ is the density, 𝜌0 is the average density and ⍴′ is the density fluctuation. As the flow is zero the average flow 

𝑢 = 0 so the average velocity 𝑢 = 𝑢′. For the description of the wave equation, a combination of Navier Stokes, continuity 

and state equations are used. These equations are presented below: 

 
𝑑𝜌

𝑑𝑡
+ 𝛻(𝜌𝑢) = 0 

(4) 

 

𝜌(
𝑑𝜌

𝑑𝑡
+ 𝑢𝛻𝑢) = −𝛻𝑝 + 𝜇𝛻2𝑢 +

1

3
𝜇𝛻(𝛻 ∗ 𝑢) + 𝜌𝑔 

(5) 

 

𝑝′ = 𝑐2𝜌 (6) 

 

where: 𝑐 = √𝑘/𝜌𝑜 is the velocity of propagation of sound in the fluid, 𝐾 is the bulk modulus of the fluid and 𝜇 is the 

viscosity coefficient of the fluid. 

 

Applying the divergent properties in the continuity equation and applying the density and velocity equations in the 

continuity equation results in 

 
𝑑(𝜌′ + 𝜌0)

𝑑𝑡
+ (𝜌′ + 𝜌0) 𝛻 ⋅  𝑢

′ + 𝑢′𝛻(𝜌′ + 𝜌0) = 0 
(7) 

 

The specific mass being independent of time in the first term and the third term of much lower order, the equation is 

rewritten in the form 

 
𝑑𝜌′

𝑑𝑡
+ 𝜌0𝛻 ⋅  𝑢′ = 0 

(8) 

 

Starting with the Navier-Stokes equation, the fluid is considered inviscid, in this way 

 

𝜌 (
𝑑𝑢

𝑑𝑡
+ 𝑢𝛻𝑢) = −𝛻𝑝 + 𝜌𝑔 

(9) 

 

As in this case there is no acoustic excitation, we have: 

 

𝑔𝜌0 = 𝛻𝑝0 (10) 

 

Applying the pressure equation and the gradient properties results in the form: 

 

𝛻𝑝 = 𝛻𝑝0 + 𝛻𝑝′ = 𝑔𝜌0 + 𝛻𝑝′ (11) 
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So, the continuity equation becomes: 

 

(
𝑑𝑢′

𝑑𝑡
+ 𝑢𝛻𝑢) = −𝛻𝑝 

(12) 

 

where the nonlinear velocity term has negligible dimension and is rewritten as follows: 

 

𝜌
𝑑𝑢′

𝑑𝑡
+ 𝛻𝑝 = 0 

(13) 

 

Applying the divergence and deriving the continuity equation we obtain the wave equation 

 

𝑑2𝜌′

𝑑𝑡2
− 𝛻2𝑝′ = 0 

(14) 

 

or in linearized form: 

 

1

𝐶2

𝑑2𝑝′

𝑑𝑡2
− 𝛻2𝑝′ = 0 

(15) 

 

considering the harmonic variation of the pressure  

 

𝑝 = 𝑝𝑒−𝑖𝜔𝑡 (16) 

 

𝜔 = 2𝜋𝑓 (17) 

 

where  𝑝  stands for the pressure amplitude, 𝑓 for pressure oscillation frequency, and 𝜔 for angular frequency. By 

differentiating twice, the pressure equation and substituting it into the prior wave equation, the Helmholtz equation is 

obtained. 

 

𝜔2

𝐶2

𝑑2𝑝

𝑑𝑡2
+ 𝛻2𝑝′ = 0 

(18) 

 

or in linearized form 

 

𝛻2(𝑝 +
4

3
𝜏𝑝′) =

1

𝐶2

𝑑2𝑝

𝑑𝑡2
 

(19) 

 

where, velocity of sound 𝑐 =  (𝐾/𝜌)0,5, in fluid medium, is function of density 𝜌 and bulk modulus 𝐾, and dissipation 

constant 𝜏 =  𝜇/𝐾 is a function of viscosity and bulk modulus 𝐾, in this work 𝜏 is considered negligible. 

 

2.1 Boundary conditions 

 

To carry out this study, the fluid domain (𝛺𝐹) is limited by the following boundary conditions: free surface (𝛤𝑆𝐿), rigid 

wall (𝛤𝑃𝑅) and fluid-structure interface (𝛤𝐹𝐸), given by: 

 

• Free surface (𝛤𝑆𝐿) 

 

𝑑𝑝

𝑑𝑍
= −

1

𝑔

𝑑2𝑝

𝑑𝑡2
 

(20) 

 

• Rigid wall (𝛤𝑃𝑅) 

 
𝑑𝑝

𝑑𝑛⃗ 
= 𝛻𝑝 ⋅  𝑛⃗ = 0  

(21) 

 

•  Fluid-Structure interface (𝛤𝐹𝐸), supposing ü=0 
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𝑑𝑝

𝑑𝑛⃗ 
= 𝛻𝑝 ⋅  𝑛⃗ = −𝜌𝑓ü  

(22) 

 

where 𝜌𝑓, ü and 𝑔 are the fluid density, the normal acceleration at the fluid-structure interface and the acceleration due 

to gravity. 

 

 

3.  PROBLEM DISCRETIZATION 

 

The discretization of the wave equation, using the Galerkin method and an approximate function 𝑝̂ that satisfies the 

boundary conditions, we have 

 

ℛ(𝑝 )  =  𝛻2𝑝 −  
1 

𝑐2
 𝑝 " ≠  0  

(23) 

 

By the method of weighted residues, the integral of the residue ℛ(𝑝̂) with the approximation of 𝑝̂ equals zero is 

expressed by: 

  

∫
𝛺𝑓
 ℛ(𝑝 ) 𝑝 𝑑𝛺  =  ∫

𝛺𝑓
 (𝛻2𝑝 −  

1

𝑐2
 𝑝 ") 𝑝 𝑑𝛺  =  0 

(24) 

 

Applying Green's theorem and the boundary conditions results in the weak form of the sloshing equation  

 

∫
𝛺𝑓
 𝛻𝑝 𝛻𝑝 𝑑𝛺 +  ∮

𝛤𝐹𝐸
 𝜌 (𝑢  ⋅  𝑛) 𝑝 𝑑𝛤  +  ∮

𝛤𝑆𝐿
 
1 

𝑔
 𝑝 " 𝑝 𝑑𝛤  +  ∫

𝛺𝑓
  
1 

𝑐2
 𝑝 " 𝑝 𝑑𝛺  =  0 

(25) 

4. NUMERICAL IMPLEMENTATION 

 

The discretization of the wave equation, using the Galerkin method and an approximate function 𝑝̂ that satisfies the 

boundary conditions, we have 

The weak form shown in equation 25, was discretized using isoparametric finite elements. The element adopted was 

FLUID220, a tri-dimensional 20-node solid element with quadratic pressure behavior, for modeling the fluid medium, 

the fluid-structure interface and the free surface. 

Assuming pressure in form of 𝒑 ≈ 𝒑̂ ≃ ∑𝑁𝑖𝑝̂𝑖, where 𝑝̂𝑖 are the nodal pressure of finite element at fluid domain, and 

𝑁𝑖 is spatial interpolating shape function, the discretized form of 

 

𝐾𝑓  𝑝  +  {
1

𝑐2
 𝑀𝑓 +

1

𝑔
 𝑀𝑆𝐿} 𝑝 " =  −𝜌𝑓 𝐶𝐹𝑆

𝑇 𝐹𝑆 𝑇 𝑢"𝑓 
(26) 

 

where, 𝒑̂ and 𝒖̈̂ are the nodal acoustic pressure in fluid domain Ω𝑓 and nodal solid acceleration in fluid-structure contour 

Γ𝐹𝑆, respectively. The matrix 𝑲𝑓 and 𝑴𝑓 are the acoustic ‘stiffness’ matrix and acoustic ‘mass’ matrix, respectively, 

given by: 

 

(𝐾𝑓)𝑖𝑗𝑙  =  ∭ (
𝜕𝑁𝑖

𝜕𝜉
 
𝜕𝑁𝑗

𝜕𝜉
 
𝜕𝑁𝑙

𝜕𝜉
+ 

𝜕𝑁𝑖

𝜕𝜂
 
𝜕𝑁𝑗

𝜕𝜂
 
𝜕𝑁𝑙

𝜕𝜂
+
𝜕𝑁𝑖

𝜕𝜁
 
𝜕𝑁𝑗

𝜕𝜁
 
𝜕𝑁𝑙

𝜕𝜁
 ) |𝐽| 

+1

−1

𝑑𝜉 𝑑𝜂 𝑑𝜁 
(27) 

 

(𝑀𝑓)𝑖𝑗𝑙  = (1 𝑐2⁄ ) ∭ 𝑁𝑖𝑁𝑗𝑁𝑙  |𝐽|
+1

−1

𝑑𝜉 𝑑𝜂 𝑑𝜁 
(28) 

 

where, 𝑱 is the Jacobian matrix to transform global coordinate system (𝑥, 𝑦, z) to natural coordinate system (𝜉, 𝜂, ζ) ; 
|𝐽| = det 𝑱; the Fluid 220 shape function 𝑁𝑖 = ξ𝑖(2ξ𝑖 - 1)𝜂𝑖(2𝜂𝑖 - 1)ζ𝑖(2ζ𝑖 - 1); and 𝑖 ∈ [1,2,3…,20].  

The matrix 𝑴𝑆𝐿 is the free-surface boundary condition, and 𝑪𝐹𝑆 𝑇 is the fluid-structure coupling matrix using 

isoparametric L2 finite element, given by: 

 

(𝑀𝑆𝐿)𝑙  = (1 𝑔⁄ ) ∫
−1

+1
∫
−1

+1
 𝑁𝑙

𝑇  𝑁𝑙  |𝐽| 𝑑𝜉𝑑𝜂 (29) 

 

(𝐶𝐹𝑆 𝑇 )𝑘  =  𝜌𝑓 ∫−1
+1
∫
−1

+1
 𝑁𝑘

𝑇  ⋅  𝑛 𝑁𝑘  |𝐽| 𝑑𝜉𝑑𝜁 (30) 
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where, 𝒏 is the outwardly directed normal to the element surface along the interface. The numerical implementation was 

developed in Ansys Workbench, harmonic acoustics module (Ansys 2020R1) 

 

5. NUMERICAL RESULTS 

  

In this study, three cases are analyzed, a rectangular container (TLD), a U-shaped Column damper (TLCD) and a 

Multiple column damper (TLMCD), which were analyzed in terms of the modal response and the forced harmonic 

response, these results were then compared, with the analytic solutions, the literature and with simulations made in 

MATLAB and Ansys APDL in previous works. All cases are evaluated with the same parameters, density 𝜌 =
 1000 𝑘𝑔/𝑚3, sound velocity 𝑐 = 1500 𝑚/𝑠, gravity acceleration, 𝑔 =  9,81 𝑚/𝑠2 and the boundary conditions being 

composed of a rigid wall on all sides and free surface on the top faces. 

 

5.1 Sloshing of rectangular container 

 

For the first case, a rectangular container of dimensions (𝐿 × 𝐻) = (10 × 10) [𝑚2] in x and y (negligible z 

dimension), Table 1 resume the natural frequencies simulated (for a converged mesh test) compared with previous studies 

and analytical data, done by expression: 

 

𝜔2 =  𝑛𝜋 (𝑔 𝐿⁄ ) tanh[𝑛𝜋(𝐻 𝐿⁄ )]  (31) 

where, 𝑛 is the number of sloshing natural frequency. 

 

Table 1. Convergence results for natural modes of vibration and frequencies of the rectangular container. 

 

Frequency 

modes 

Present 

study 
MATLAB* APDL* Analytic. Error P.S.  

Error 

MATLAB [1] 

Error 

APDL [1] 

1 1,752 1,75 1,750 1,752 0,004% 0,129% 0,129% 

2 2,483 2,48 2,450 2,478 0,181% 0,078% 1,133% 

3 3,040 3,04 3,010 3,035 0,181% 0,165% 0,824% 

4 3,511 3,52 3,450 3,505 0,183% 0,442% 1,556% 

OBS: * da Silva and Morais (2018) 

 

The results found show a good mesh convergence with the error relative lower than 0.2% as compared to analytical 

results. Figure 1 presents the first four sloshing modal shapes of rectangular container. 

 

 
Figure 1. First four modes of resonance of the rectangular tank TLD. 

 

After the modal analysis, the harmonic analysis, performed with the mass source excitation with a value of  

1 𝑘𝑔/𝑚𝑚2 applied on the left side, with positive X direction. The dynamic response of the fluid domain was evaluated 

at a point on the extreme left of the free surface. Figure 2 shows the frequency response function of measured point for a 

circular excitation frequency 𝜔 varying between 1.5 and 5 rad/s. 
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Figure 2. Frequency response function on the extreme left point of the free surface of the container. 

 

5.2 Sloshing in TLCD  

 

The analytical fundamental frequency of a TLCD is 𝜔1 = √2𝑔/𝐿, where the total length 𝐿 = 2ℎ𝑎 + 𝐵 of the TLCD. 

The others natural frequencies of TLCD (𝑛 = 2,3,4, … ) are similar to a rectangular container, replacing 𝑛 by 𝑛 − 1, so: 

 

𝜔𝑛
2 = 𝜋(𝑛 − 1)(𝑔 𝐿⁄ ′) tanh[ 𝜋(𝑛 − 1) (𝐻′ 𝐿′⁄ )] , 𝑛 = 2,3,4, … (32) 

 

where equivalent length 𝐿′ = 54𝑚𝑚. 𝐻′ = ℎ𝑎 + (54 2⁄ ) [𝑚𝑚] becomes the total height of a column and L its length. 

 

The first modal frequencies for different column heights obtained (Figure 3) show reasonable concordance with the 

experimental results, 4,43% divergence and the maximum divergences of 8,6% with the analytical results. The higher 

discrepancies are attributed to the mesh refinement level.  

Table 2 presents all the values for the first mode of resonance and the relative errors between when compared with 

the analytic and experimental values in comparison with previous studies.  

 

Table 2. Convergence results for natural modes of vibration and frequencies of the TLCD 

 

ha 

(mm) 

Present 

study 
MATLAB* Analytic 

Error 

MATLAB 

(%) 

Error 

P.S. (%) 
Experimental+ 

Error 

MATLAB 

(%) 

Error 

P.S. (%) 

35 1,42 1,39 1,31 6,11 8,60 1,38 0,72 3,09 

45 1,37 1,34 1,27 5,51 8,19 1,33 0,75 3,31 

55 1,33 1,29 1,23 4,88 7,82 1,27 1,57 4,43 

65 1,28 1,25 1,19 5,04 7,73 1,23 1,63 4,23 

75 1,24 1,21 1,16 4,31 7,05 1,20 0,83 3,48 

85 1,21 1,18 1,13 4,42 6,65 1,17 0,85 3,01 

95 1,17 1,14 1,10 3,64 6,47 1,15 -0,87 1,84 

105 1,14 1,11 1,08 2,78 6,07 1,12 -0,89 1,80 

OBS: * da Silva and Morais (2018), + Alckmin, Fabro and Morais (2018). 
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Figure 3. First mode natural frequency in hertz, with respect to column height from different studies. 

 

Continuing the convergence analysis, Table 3 show compare the converged natural resonance frequencies founded 

in the present study for an uncoupled TLCD with ℎ𝑎 = 105 𝑚𝑚 with previous studies (Alkmim et al. 2018; da Silva and 

Morais 2018) and analytical solution. 

 

Table 3. Convergence results for natural modes of vibration and frequencies of the TLCD. 

 

Frequency 

Modes 
Present study MATLAB* Analytic Error (P.S./Ana.) Error (MATLAB/Ana.) 

1 1,140 1,112 1,075 6,07% 3,44% 

2 3,802 3,853 3,802 0,00% 1,34% 

3 5,383 4,122 5,377 0,10% 23,34% 

4 6,621 5,213 6,586 0,53% 20,84% 

OBS: * da Silva and Morais (2018) 

 

The results found for the natural frequencies in the X direction showed good convergence when compared to the 

analytically calculated values, with the highest deviation shown being 6,07% in the first mode. 

 

Figure 4 shows the first four modal shapes of TLCD with ℎ𝑎 = 105𝑚𝑚. 

 

 

Figure 4. First four modal shapes the U-shaped TLCD with ℎ𝑎 = 105𝑚𝑚. 

 

The harmonic analysis was performed with the same parameters as in the first case, mass source with a value of  

1 𝑘𝑔/𝑚𝑚2, applied to the left side, with a positive X direction, with the application point of the frequency response 

function being the extreme point left of the free surface. Figure 5 illustrates the frequency response function of this point 

with the frequency varying between 0 and 7 Hz. 
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Figure 5. Frequency response function on the left most point of the free surface of the TLCD.  

 

5.3 Sloshing of TMLCD 

 

In the third case the selected tuned liquid multi column damper is a Bidirectional TLCD presented in Rozas (2016), 

with the geometry configuration presented in Figure 6. 

 

 
 

Figure 6. Bidirectional TLCD main dimensions (Rozas 2016). 

  

As in a bidirectional study subject, the natural frequencies are now evaluated in both X and Y directions. The resultant 

modes and natural frequencies (Table 4) were then compared with the analytic solution and experimental data (Rozas et 

al. 2016). 

 

Table 4. Convergence results for natural modes of vibration and frequencies of the BTLCD. 

 

Direction Analytic Experimental Present Study Error analytic  Error experimental (%) 

X 0,618 0,617 0,632 2,26% 2,48% 

Y 0,857 0,861 0,885 3,27% 2,79% 

 

The presents results (Table 4) show reasonable concordance with both analytic and experimental results with 

divergences lower than 3,5% to the analytical solution and under 2,8% to the experimental results. Figure 7 show the first 

two modal shapes of TMLCD in directions X and Y, respectively. 
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Figure 7. Resonance modes of the BTLCD (a) First mode, in X direction (𝜔1 = 0.632 𝐻𝑧),  
(b) Second mode, in Y direction (𝜔2 = 0.885 𝐻𝑧). 

 

Coupling the acoustic body to the damper shell leads to some increase in the mass of the system and the addition 

of flexible walls, which influences the natural frequency of the set, from 0,632 and 0,885 Hz to 0,634 and 0,888 Hz 

leading to divergences with the experimental results of 2,75 and 3,14% in the X and Y directions respectively. 
 

Continuing the work, the harmonic analysis consists coupling the bidirectional set to a spring mass system of the 

same natural frequency (K= 15868 N/m, mass = 992,9 kg) to evaluate the influence of the damper on the oscillation of 

this system in the X direction. 

Figure 8  shows the system coupled to the structure and its boundary conditions   

 

 
Figure 8. Coupled system and boundary conditions. 

 

The harmonic analysis was performed discretizing the acoustic body with FLUID221 elements, which allow fluid-

structure interactions, applied in the contact regions between the fluid and damper shell, the force applied to the spring 

mass system was 1N applied on the left face of the mass and the frequency response function was collected at the extreme 

right corner of the mass block. 

 

 
Figure 9. Frequency Response Function of the mass-Spring system, Free structure and Coupled. 
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The coupling effects of the device presented by Figure 9, demonstrate accordance with the theory of mechanical 

vibrations showing a reduction of amplitude of 44,88% or 6,96 Db in the coupled system to the force of 1N applied at the 

system, verifying the efficiency of this type of device. 

 

6. CONCLUSION 

 

This study was comparing the ANSYS Workbench simulation of fluid-structure sloshing problems, such as 

rectangular container, TLCD and TMLCD, with literature and analytical solution. The fluid domain is discretized by 

isoparametric elements (FLUID220 and FLUID221). 

Three problems were presented: (a) a rectangular water tank, (b) a U-shaped tube damper (TLCD) and (c) a multiple 

column liquid damper (TMLCD). For first example, the numerical solutions present acceptable relative error (inferior to 

0.2% relative error) when compared to analytical solutions. 

For the second case, the TLCD example, the numerical results were validated using experimental results and previous 

numerical studies, presenting acceptable errors (6% relative error). 

For the last one, the results were compared to the analytic solution and previous works returning a relative error of 

3,14%, relative to experimental results from Rozas, when coupled to the device’s shell, and the coupled harmonic analysis 

presented satisfactory results, a reduction of 6,96 Db from the main to the residual peaks, proving the efficiency of this 

kind of device in dampening low frequencies. 

The present cases comparations show reasonable agreement with literature and analytical solution. Some numerical 

sources of errors must be explored par report to this present exploratory study. More tridimensional example must be 

explored and coupled examples with non-linear Navier-stokes fluid equations must be explored and evaluated in fatigue 

response.  
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