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Abstract. Non-Newtonian fluids are present in a wide range of applications within industrial processes, such as polymer
processing and many biological flows. The understanding of turbulent flows of non-Newtonian fluids remains substantially
unsolved, since their behavior gets increasingly complex compared to Newtonian fluids, which already have their own
complexity when it comes to turbulence. Flows encountered both in nature and in engineering are usually turbulent due
to the high velocities and resulting shear stresses involved. For this reason, canonical problems are used to investigate
fundamental aspects of a certain problem and to verify the accuracy of the solutions found, such as flows in channels
and pipes. Fully developed turbulent concentric annular pipe flow is an interesting subject with important applications in
engineering. One motivation for studying annular flows of GNFs (Generalized Newtonian Fluids) comes from the Oil and
Gas sector, particularly in the application of perforation mud during oil well drilling. The flow physics in a concentric
annular pipe flow is more complex than in a circular pipe flow since it has two walls with different curvatures instead of
one. In this work, a Spectral Element-Fourier Method (SEM) for Direct Numerical Simulation (DNS) of the Navier–Stokes
equations is used to evaluate turbulent statistics of flow of a non-Newtonian fluid through a pipe with an annular cross
section. A power-law rheology model is used for the GNF. Average velocity profiles and Reynolds stresses obtained from
the DNS are compared to an annular concentric Newtonian fluid turbulent flow. It is expected that this investigation sheds
light on how the flow index n of the power-law model influences the flow statistics.
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1. INTRODUCTION

One of the main interests of the study of flows in annular pipelines comes from the Oil and Gas industry, especially for
applications in drilling in oil wells. Drilling fluids are usually colloidal suspensions based on water or oil. Additives are
usually mixed with the fluid to modify its drilling properties, such as barite to increase mud density, polymers to modify
filtration rates or to act as viscosifiers, which can influence the rheology of the fluid significantly (Escudier and Gouldson
(1995)).

In drilling operations, a flow in annular geometry cannot be conducted with very slow velocities (laminar regime) to
avoid sedimentation of the gravel to the bottom of the well and cannot be extremely turbulent as this impairs the stability
of the well. Therefore, it is very important to better understand the phenomenon of turbulent flow in tubes with annular
sections (Epelle and Gerogiorgis (2017)).

The application of this Direct Numerical Simulation (DNS) technique to non-Newtonian fluid flows allows the rheo-
logical model to be treated in more detail and has the potential to allow the effect of different rheological parameters to be
correctly quantified and understood. Furthermore, DNSs can provide benchmark results for testing and validating turbu-
lence models, which is quite interesting for studies involving non-Newtonian fluids, an area where turbulence modelling
is still incipient.

A key problem in obtaining accurate results for turbulent flow of real non-Newtonian fluids using DNS is the difficulty
of approximating real rheology over a very wide range of shear rates using any of the simple generalized Newtonian
rheological models. In practice, it is possible to approximate the fluid behaviour for a certain range of shear rates,
however it is quite difficult to exactly reproduce the real fluid behaviour in computer simulations (Mezger (2006)).

Over the years, extensive research has been devoted to the study of fluid flows in pipes, encompassing both non-
Newtonian fluids and Newtonian fluids. Chung et al. (2002) conducted a study focused on using DNSs to investigate the
Newtonian fluid turbulent flow in concentric annular pipes, aiming to enhance the understanding of this complex fluid
dynamics scenario. This involves investigating the velocity profiles, flow structures, and turbulence characteristics within
the concentric annular pipe configuration. Annular pipes, consisting of an inner and outer pipe, possess distinct flow



L.L. Palladino, D.B. Pitz
Direct Numerical Simulation of Turbulent Flow of Power-law Fluids in Annular Pipe

characteristics and exhibit phenomena that differ from those observed in single-pipe flows. Bagheri et al. (2020) perform
DNS of Newtonian fluid flows in annular pipes for investigating the influence of domain size on various flow parameters,
including velocity profiles, turbulent statistics, and flow structures.

Simultaneously, investigations into non-Newtonian fluid flows in pipes, have also been the subject of substantial
scientific inquiry. Studies performed by Rudman et al. (2004) shows how the rheological models influences the flow
statistics of a non-Newtonian fluid flow in pipes. Singh et al. (2017) conducted a study that investigates the impact
of shear thinning on the flow statistics of turbulent pipe flow of power-law fluids through DNSs. It briefly explores
an alternative scaling that allows the recovery of the law of the wall. With shear-thinning, the mean viscosity slightly
increases at the wall, and its profile appears to exhibit a logarithmic relationship in the velocity log layer.

While studies on non-Newtonian fluid flows in pipes and Newtonian fluid flows in annular pipes have been conducted
individually, there remains a gap in the existing literature that comprehensively explores the interplay between these two
areas. Investigating the behavior of non-Newtonian fluids in annular pipe geometries is crucial for addressing practical
scenarios where complex fluids encounter varying flow conditions. By addressing the gap in knowledge concerning non-
Newtonian fluid flows in annular pipes, this study aims to contribute to the development of efficient and accurate models
for predicting fluid behavior in various industrial applications though the evaluation of the flow statistics for different
rheological parameters.

2. METHODOLOGY

The methodology employed in this study involves conducting DNSs to investigate the flow behaviour of a non-
Newtonian fluid with a power-law rheology model for different power-law indices n in a concentric annular pipe geometry.
In general, DNSs provide detailed information of the velocity field and its evolution over time for simple geometries and
relatively small Reynolds numbers. Furthermore, there is no need for turbulence models to parameterize the influence of
turbulent vortices, since each of these vortices, from the largest to the smallest, is computed. Starting from the specified
initial conditions, the Navier-Stokes equations are integrated in time over some specified domain. DNSs are comparable
to experimental realizations only on the computer, and not in a wind tunnel, for example (Davidson (2015)).

By utilizing the DNS approach with a power-law rheology model and the SEM, this methodology offers a compre-
hensive framework for investigating the flow characteristics of non-Newtonian fluids within annular pipe geometries. It
facilitates the accurate representation of the complex fluid behaviour, providing valuable insights into the flow dynamics,
velocity profiles, and turbulence characteristics within the system.

The current study considered a concentric annular tube geometry with a radius ratio equivalent to 0.5 as shown in
Figure 1. The values for the Reynolds numbers based on the friction velocities were extracted from the study of Chung
et al. (2002), in order to validate the results for the analysis with the fluid with a power-law index n = 1 (Newtonian
fluid).

Figure 1. Concentric annular pipe geometry

The Reynolds number based on the friction velocity Reτ is of crucial importance in DNSs, particularly for turbulent
flows. The significance of this number lies in its role in determining the flow regime and characterizing the behavior of
turbulent structures. It is calculated by dividing the product of the shear wall velocity uτ and a characteristic length scale
δ by the kinematic viscosity of the fluid ν. Mathematically, it can be expressed as:

Reτ =
uτδ

ν
, (1)

For a concentric annular pipe, the characteristic length scale δ is defined as the half of the distance between the inner
and the outer walls, as expressed by Eq. 2:

δ =
Ro −Ri

2
(2)

2.1 RHEOLOGICAL MODEL

Non-Newtonian fluids are classified as those that present variable viscous behaviour for different conditions. In gen-
eral, they are fluids that do not obey Newton’s law of viscosity, i.e., the shear stress is not simply directly proportional to
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the shear rate through a constant. There is a wide range of models that seek to describe non-Newtonian fluids, such as
pseudoplastic, viscoplastic, viscoelastic and thixotropic fluids.

Due to this behavior of viscosity, the relationship between shear rate and shear stress of fluids are different. In the
Newtonian fluid this relationship is linear and in non-Newtonian fluids, besides not being linear, it can still be dependent
on time. Some examples of non-Newtonian fluids are paints, polymers, molten plastics, toothpaste, gasoline, synovial
fluid found in joints, blood and other organic fluids (Yamaguchi (2008)).

Most polymers exhibit shear-thinning, temperature, and pressure dependent viscosities. The shear-thinning effect is
defined as the reduction of viscosity at high strain rates. This phenomenon is explained by the fact that molecular chains
are disentangled and stretched at high strain rates, which makes them able to slide over each other more easily, which in
turn decreases the polymer viscosity. To take these non-Newtonian effects of viscosity dependence into consideration,
neglecting viscoelastic effects, it is common to define the viscosity as a function of strain rate and temperature. To this
end, some rheological models have been developed over the last decades to define an accurate criterion to describe the
viscous behaviour of a Generalized Newtonian Fluid (GNF), i.e. fluids whose viscosity depend on the shear rate while
more complex effects such as viscoelasticity are neglected (Mezger (2006)).

There are a variety of substances for which the mechanical properties differ from Newton’s law of viscosity to a
greater or lesser degree. The rheological characterization of GNFs is made by means of experimental analysis (Yamaguchi
(2008)).

The power-Law model, proposed by Ostwald and de Waele, is a simple model that accurately represents the shear
region in the viscosity curve by shear stress; however, it does not consider the Newtonian plateau observed for small
strain rates. The model is described by Eq. 1 (Mezger (2006)).

η = kγ̇n−1, (3)

where k represents the consistency parameter, γ̇ the shear rate magnitude and n is the power-Law index, where 1 indicates
that the fluid has Newtonian behaviour, and n < 1 and n > 1 indicate, respectively, shear-thinning and shear-thickening
behaviour.

2.2 SPECTRAL ELEMENT METHOD

The Spectral Elements Method (SEM) is a numerical technique that combines FEM (Finite Element Method) and
spectral methods to solve partial differential equations in Computational Fluid Dynamics (CFD) and structural mechan-
ics. SEM offers high accuracy solutions and provides several advantages. It allows flexibility in choosing interpolation
functions, handles complex geometries effectively, achieves fast convergence, and exhibits lower numerical dispersion
and dissipation errors. However, SEM also has limitations, including computational cost, complex implementation, chal-
lenges in mesh generation, stability issues for certain problems, and increased preprocessing and post-processing efforts.
While SEM delivers high accuracy and spectral convergence, it may require more computational resources and specialized
knowledge compared to simpler methods (Canuto et al. (2010)).

In a standard low-order FEM formulation, a given differential equation is multiplied by a weight function, the solution
is locally approximated by a linear function and the resulting equation is integrated over the domain, which is divided into
several non-overlapping elements. The mesh refinement then consists of decreasing the element size h. In a spectral ele-
ment formulation, the functions used to approximate the solution are high-order polynomials, thus allowing the resolution
to be refined by decreasing the element size h or increasing the polynomial order p (Karniadakis and Sherwin (2013)).

2.3 SEMTEX - SEM CODE

In this work, the spectral element code Semtex (Blackburn and Sherwin (2004)) was employed. In the code, a spectral
element–Fourier formulation is employed, originally proposed by Karniadakis (1990). Semtex is a suite of simulation
codes based on the SEM, primarily designed for DNS of incompressible flows. Semtex employs isoparametrically mapped
two-dimensional quadrilateral elements, utilizing the Gauss-Lobatto-Legendre (GLL) nodal shape function basis and
continuous Galerkin projection. To extend its capability to three-dimensional problems, Semtex incorporates Fourier
expansions in an orthogonal direction. An important feature of Semtex is its ability to handle problems in both Cartesian
and cylindrical coordinate systems (Blackburn and Sherwin (2004)).

Using Fourier expansions in one direction is an efficient way to investigate problems where one direction is homoge-
neous, such as channel and pipe flows, or if the geometry is axisymmetric in cylindrical coordinates, where the azimuthal
direction is naturally homogeneous. The discretization of the spectral element is obtained using a nodal expansion basis.
In particular, the Lagrange polynomials interpolated at the GLL nodes are considered. Only quadrilateral elements are
allowed, so that the two-dimensional expansion basis is constructed from the tensor product of one-dimensional bases.
Therefore, the three-dimensional expansion basis used in the Semtex code can be written as:

ϕpqr(ξ1, ξ2, ξ3) = hp(ξ1)hq(ξ2)e
izβξ3 , (4)
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where β = 2π
Lξ3

is the wave number, and Lξ3 is the length of the domain along the homogeneous direction. The
use of Fourier expansions in one direction allows an efficient evaluation of the derivatives in Fourier space, and the Fast
Fourier Transform (FFT) algorithms are used to transfer to physical space, and vice versa. Due to the linearity of the
Fourier transform operator, the complete three-dimensional problem is reduced to two-dimensional problems, one for
each Fourier plane. This separation provides a natural way to parallelize computations simply and efficiently and forms
the basis of the parallelization strategy used within Semtex. However, this limits the number of processors that can
be used for the number of Fourier modes configured in a given numerical analysis. The time integration is based on
the semi-implicit, stiffly stable velocity correction scheme proposed by Karniadakis et al. (1991). The incompressible
Navier–Stokes equations are employed with a spatially variable viscosity η as (Rudman et al. (2004)):

∂tu⃗+ N⃗(u⃗) = −1

ϱ
∇p+

1

ϱ
∇ ·

[
η
{
∇u⃗+ (∇u⃗)T

}]
, (5)

∇ · u⃗ = 0, (6)

where N⃗(u⃗) represents the non-linear terms and is calculated according to Eq. 7:

N⃗(u⃗) = (1/2)(u⃗ · ∇u⃗+∇ · u⃗u) (7)

In order to handle the viscous terms in a semi-implicit manner, the non-Newtonian viscosity is separated into a spatially
constant component ηr, and a spatially varying component η−ηr. This approach improves the overall numerical stability
of the method (Singh et al. (2017)). The main idea is to ensure that the reference viscosity (ηr) is consistently greater than
the local viscosity across most of the domain and most of the time (Rudman et al. (2004)).

To initially estimate the reference viscosity (ηr), the estimated viscosity at a shear rate equal to the superficial flow
velocity divided by the pipe radius is chosen. It is crucial to avoid selecting an excessively small value of ηr, as it would
result in stability problems or requiring very small time steps. On the other hand, choosing a value that is too large also
leads to instability for reasons that are not fully understood (Singh et al. (2017)). To induce flow in the axial (z) direction, a
body force per unit mass is introduced in the z-momentum equation so the pressure becomes periodic in the axial direction
(Rudman et al. (2004)).

3. COMPUTATIONAL PARAMETERS

In this study the bulk Reynolds number based on the hydraulic diameter, ReDh = U Dh/ν was kept constant at 8900,
and the power-law index n was varied such that n = 0.6, 0.8, 1.0 and 1.2 were chosen. In the simulations for n = 0.6 the
turbulent fluctuations were suppressed to a point where the flow became laminar; therefore, the results for this case will
not be presented here.

To start the simulations, small-amplitude sinusoidal perturbations were added to a laminar velocity profile, and white
noise was further added to perturb all the Fourier modes. Transition was monitored through the energy of Fourier modes
and the total wall shear stress. After the transition to turbulence, statistics were not collected until ten flow-through times
(FTT) had passed. For each case, ten FTTs were sufficient to achieve time-converged first- and second-order statistics.
The simulations were first run for n = 1 (Newtonian case). The cases n = 0.8 and n = 1.2 were then run using an
instantaneous flow field from n = 1.0 as an initial condition.

The computational domain was discretized with Nel = 600 spectral elements in the r−θ plane with polynomial order
NP = 8, and NZ = 384 planes in the axial direction. These and other parameters used in the simulations are shown in
Table 1. Note that the radius ratio Ri/Ro was kept fixed at 0.5 for all simulations.

Table 1. DNS Parameters

Ri/Ro NP Nz Reτ i Reτ o ∆+
r,min ∆ri θ

+ ∆+
ro θ ∆z+

0.5 8 384 153 144 0.6 3.9 7.8 9.8

The resolutions achieved in the simulations are consistent with those used, for instance, by Chung et al. (2002) and
Bagheri et al. (2020). Note that the values of Reτ,i and Reτ,o differ slightly due to the different curvatures and resulting
different shear stresses of the inner and outer walls of the annular pipe.

4. RESULTS AND DISCUSSION

4.1 Mean Fourier Modes Energy

Figure 1 shows the temporal average values of energies in the various Fourier modes and it indicates that the resolution
is suitable due to a separation of about four and a half decades between the highest and smallest wave numbers, which
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indicates that the DNS is well resolved since the small turbulent scales were achieved. The GNF with n=1.2 exhibits
shear-thickening behaviour, while the GNF with n=0.8 shows a shear-thinning behaviour. This means that as the stress or
shear rate increases, the viscosity decreases. This unique property is characteristic of many non-Newtonian fluids. The
curve for the GNF with n=0.8 lies bellow the Newtonian fluid as expected, since this fluid flow has more tendency to
become laminar, as the higher modes have less energy compared to n=1.2.
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Figure 2. Mean modal kinetic energy as a function of the axial Fourier mode k for different flow indices n.

4.2 Mean Flow Properties

Figure 3 shows the mean velocity profile for the annular pipe flow for each power-law index n for both inner and
outer walls considering a radial dimensionless distance from the inner wall parameter r+ = uτi(r − Ri)/ν and from the
outer wall r+ = uτo(Ro − r)/ν. The dashed lines represent the linear and the logarithmic part of the law of the wall
for a Newtonian fluid. The velocity profiles shown in Fig. 3 indicate that the higher the power-law index n is, the more
displaced down the law of the wall the curve of this fluid will be. This is quite reasonable, as a fluid with a higher n-index
will consequently have a higher viscosity, which entails a higher friction force in the wall regions. Figure 3 indicates
that the outer wall of the annular pipe apparently has slightly larger influence on activating turbulent structures, as also
observed by Chung et al. (2002) and by Bagheri et al. (2020).
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Figure 3. Mean velocity profiles in wall units near the inner and outer walls. The dashed lines represent profiles for the
viscous sub-layer and log law of the wall for n = 1.0.

4.3 Velocity Fluctuations

Figure 4 and Figure 5 show rms distributions for velocity fluctuations values in friction velocity units for axial (z) and
radial (r) directions respectively. When comparing the inner and outer walls, it is evident that the turbulent intensities of
the inner wall are lower than those of the outer wall. This disparity in turbulent kinetic energy can be attributed to the
transverse curvature effect (Chung et al. (2002)). The inner wall, having a smaller surface area compared to the outer
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wall, supplies a relatively smaller amount of turbulent kinetic energy. Turbulence production follows similar trends to
pipe flow of power-law fluids as shown in Singh et al. (2017).
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Figure 4. RMS axial (Z) velocity fluctuations normalised by the wall shear velocity
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Figure 5. RMS radial (R) velocity fluctuations normalised by the wall shear velocity

4.4 Reynolds Stresses

Figure 6 shows Reynolds stresses non-dimensionalized by the mean wall friction velocity. Reynolds stresses follow
similar behaviour of power-law fluids as showed in Singh et al. (2017). It is interesting to note that the Reynolds stress is
higher near the outer wall compared to the inner wall, as well as the RMS velocity distributions.
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Figure 6. Distribution of Reynolds axial (z) and radial (r) stress
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4.5 Instantaneous Velocity Contours

Figure 7 shows a cross-section along axial (z) direction of the annular pipe with the instantaneous axial velocity. Note
that the stronger the shear-thickening behaviour the fluid is, the stronger the turbulent vortices generated on both inner
and outer walls are. The results are consistent with the behaviour observed by Singh et al. (2017), which indicate that the
lower the power-law index gets, the more susceptible the flow tends to become laminar. This was also noted by analysing
results from DNS with n = 0.6. As observed in Fig. 7, the instantaneous velocity contour for n = 0.6 shows that the flow
is more likely to evolve to a laminar regime. For this reason, the turbulent statistics were not analyzed for this fluid flow.

Figure 7. Instantaneous velocity contours for different power-law indices n.

5. CONCLUSIONS

A numerical study was conducted to examine the influence of power-law indices n for GNFs and of transverse cur-
vature on near-wall turbulent structures in turbulent concentric annular pipe flow. Statistical descriptions of turbulent
quantities were obtained through DNSs of turbulent concentric annular pipe flow at a Reynolds number based on hy-
draulic diameter, considering a radius ratio of 0.5. The mean velocity distribution showed good agreement with prior
studies for annular pipe with Newtonian fluids conducted by Chung et al. (2002) and by Bagheri et al. (2020) and for
GNF flow in a pipe conducted by Singh et al. (2017) and Rudman et al. (2004). Notably, it was observed that the inner
profile exhibited a lower slope than the outer profile in the logarithmic region. The findings for all the non-Newtonian
fluids were consistent with those reported by Rudman et al. (2004) for turbulent pipe flow of power-law fluids, indicating
the presence of larger, weaker turbulent structures for non-Newtonian fluids compared to Newtonian fluids, along with
smaller friction factors at a fixed Reynolds number.

As more shear-thinning behaviour the GNF has, the more likely to become laminar the flow is. Furthermore, as the
yield stress increased, the mean flow profile deviated more significantly from both the Newtonian and power-law profiles.
The turbulent structures in proximity to the outer wall exhibit greater turbulence activation when compared to those near
the inner wall, as also observed in Chung et al. (2002) and in Bagheri et al. (2020).
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