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Abstract. This study investigates the performance of thermal insulation in heating pipe systems by analyzing 

the thermal and geometric parameters that influence heat flux. The steady-state, one-dimensional heat diffusion equation 

with constant thermal properties was employed to model the problem. Two boundary conditions were established for the 

interior: specified temperature and convection. For the exterior, only a convective boundary condition was applied. To 

solve the differential equation, the finite volume method was employed. The Thomas algorithm was used to address the 

resulting algebraic equations. The numerical code was implemented on the MATLAB R2022a platform. Different heat 

transfer coefficients, thermal conductivity, and insulation radius ratios were considered to analyze the impact of these 

parameters on heat flux. The results indicate that certain configurations intensify heat flux in the insulation for low values 

of the adopted parameters. Furthermore, assuming the fluid temperature to be the same as the wall temperature (and vice 

versa) is acceptable in specific practical contexts and can be adjusted in the safety factor calculation of the project. Using 

a dimensionless parameter for insulation thickness proves to be a useful tool for comparing different possibilities in 

thermal insulation pipe projects. 

 

Keywords Thermal insulation, Critical radius, Finite volume method   

 

1. INTRODUCTION  

 

The critical thickness of insulation plays a significant role in heat transfer analysis. Adding more insulation to a flat 

surface reduces the rate of heat transfer. However, adding insulation to a cylindrical piece or spherical shell exhibits a 

different behavior. There is a tendency for an increase in the conduction resistance in the insulation layer and a reduction 

in the convection resistance due to the increased external area of the convection surface (Çengel, 2009). Understanding 

temperature distribution serves two key purposes: it aids in optimizing the thickness of insulating materials and helps 

determine the compatibility between coatings and materials. This temperature distribution is crucial for calculating heat 

flux within a medium. 

The application of thermal insulation is a common practice in duct engineering. However, determining the ideal 

thickness of insulation is a continually evolving challenge. Li et al. (2012) present a finite volume method based on local 

analytical solution for the analysis of heat conduction in cylinders. Kaynakli (2014) provides a review of studies related 

to the determination of the ideal thickness of thermal insulation for pipes and ducts, evaluating the operating conditions 

and parameters adopted in the listed studies. It also presents studies that aim to determine the optimal insulation thickness 

in pipes and ducts with various geometries to reduce heat transfer by convection and radiation. Zarubin et al. (2016) study 

heat transfer through a thermal insulation layer in radiation-convection heat transfer on a non-concave surface, developing 

a qualitative analysis of the heat flow dependency on the determining parameters for the thermal characteristics of the 

insulation and its thickness. Shi (2020) presents a methodology for calculating the critical thickness of insulation for an 

elliptical surface and a dimensionless correlation based on the Biot number. The proposed idea can also be adopted for 

circular sections after adjusting the geometric parameters accordingly. Anisimova (2020) developed a mathematical 

model for determining the ineffective thickness of a thermal insulation system, adopting the Newton's method algorithm 

to calculate the solution to the problem. Usman and Kim (2022) employed computational fluid dynamics to evaluate the 

optimum insulation thickness based on material and digging costs in South Korea, proposing a micro hybrid district 

heating (DH) system.  Powar and Dhamangaonkar (2022) use the academic version of ANSYS Fluent 19.2 software to 

perform numerical simulations to estimate the critical thickness of thermal insulation in a circular-geometry duct, adopting 

the Dirichlet boundary condition for the internal region and the Robin boundary condition for the external region. 

In this context, the aim of this work is to present the mathematical and numerical modeling for the phenomenon of 

heat diffusion in a steady state, unidimensional (r-direction) within a thermal insulator. For the boundary condition of the 
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inner region, two approaches are considered: specified temperature and convection. For the outer region, only convection 

is considered. Furthermore, the work proposes the implementation of the code using the finite volumes method in the 

Matlab software. The study also includes the numerical analysis of the heat flux as a function of the dimensionless 

parameter "radius ratio" (β), considering the influence of the external convection heat transfer coefficient and thermal 

conductivity. 

 

2. PROBLEM FORMULATION 

 

The phenomenon under analysis involves a cylinder coated with a thermal insulating material of thickness (e) and 

thermal conductivity (k). The cylinder has an internal radius (Rint) and an external radius (Rext), as illustrated in Figure 

1. The external surface is exposed to a flowing fluid with a temperature Tf,ext and an external convection heat transfer 

coefficient hext. Internally, two cases are considered: in Case 1, the temperature of the inner wall of the tube is specified 

(T); in Case 2, internal convection is considered, with Tf,int representing the temperature of the fluid flowing internally 

and hint as the internal convection heat transfer coefficient, as shown in Figure 2. Due to the tube's small thickness and 

high thermal conductivity relative to the insulation, it was neglected in the mathematical modeling. 

For the external surface, a convection-type boundary condition is applied, as described by Eq. (1): 

 

−k
dT

dr
= hext(T( Rext) − Tf,ext) 

(1) 

  

For the internal surface, in Case 1, a specified temperature leads to Eq. (2), and in Case 2, convection is taken into 

consideration, leading to Eq. (3). The corresponding equations are presented below: 

 

T = T( Rint)    (2) 

−k
dT

dr
= hint(Tf,int − T( Rint)) 

(3)             

  

 
 

Figure 1. Cylinder diagram (Authors, 2023). 

 

 
 

 

Figure 2. Boundary conditions: (a) Case 1 - Specified internal temperature; (b) Case 2 – Internal convection (Authors, 

2023). 

3. MATHEMATICAL MODELING 

 

The differential equation of heat diffusion in cylindrical coordinates, considering constant thermal conductivity, one-

dimensional problem (radial direction), steady-state, and without internal heat generation, can be written in the form of 

Eq. (4).  
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d

dr
(r

dT

dr
) = 0 

(4) 

  

3.1 Analytical Solution 

 

The analytical solution to Eq. (4) is given by Eq. (5), which describes the temperature T as a function of the radius r. 

 

T(r) = C1 ln|r| + C2   (5) 

The constants C1  and  C2 can be determined using specific boundary conditions. Table 1 presents the values of these 

constants for each case under analysis. 

 

Table 1. Values of constants 𝐶1 and 𝐶2 for different boundary conditions (Authors, 2023). 

 𝑪𝟏 𝑪𝟐 

 

 

Case 1 

 
𝑇𝑓,𝑒𝑥𝑡 − 𝑇 

ln (
|𝑅𝑒𝑥𝑡|
|𝑅𝑖𝑛𝑡|

) + 
𝑘

hext 𝑅𝑒𝑥𝑡

 

 

(ln|𝑅𝑒𝑥𝑡| + 
𝑘

hext 𝑅𝑒𝑥𝑡
) 𝑇 − (ln|𝑅𝑖𝑛𝑡|)𝑇𝑓,𝑒𝑥𝑡

ln (
|𝑅𝑒𝑥𝑡|
|𝑅𝑖𝑛𝑡|

) +  
𝑘

hext 𝑅𝑒𝑥𝑡

 

 

 

 

Case 2 

 
𝑇𝑓,𝑒𝑥𝑡 − Tf,int     

ln (
|𝑅𝑒𝑥𝑡|
|𝑅𝑖𝑛𝑡|

) +
𝑘

hint 𝑅𝑖𝑛𝑡
+ 

𝑘
hext 𝑅𝑒𝑥𝑡

 

 

(ln|𝑅𝑒𝑥𝑡| +  
𝑘

hext 𝑅𝑒𝑥𝑡
) Tf,int  −  (ln|𝑅𝑖𝑛𝑡| − 

𝑘
hint 𝑅𝑖𝑛𝑡

) 𝑇𝑓,𝑒𝑥𝑡

ln (
|𝑅𝑒𝑥𝑡|
|𝑅𝑖𝑛𝑡|

) +
𝑘

hint 𝑅𝑖𝑛𝑡
+ 

𝑘
hext 𝑅𝑒𝑥𝑡

 

 

 

3.2 Numerical Model 

 

Equation (4) was solved numerically using the finite volume method, as described in Patankar (1980), Maliska (2004), 

and Versteeg and Malalasekera (2007). This method begins by partitioning the problem domain into finite volumes to 

create a computational grid, illustrated in Figure 3 for a one-dimensional Case. The relationship between grid nodes and 

interfaces is detailed in Figure 4. Then, the integration of the differential equation for the dependent variable is performed 

over each volume element. This ensures that the conservation of the involved property is satisfied in each volume element 

of the grid and, consequently, throughout the solution domain. This procedure results in a system of algebraic equations 

for each variable of the model. By solving the system of linear algebraic equations, the property distribution of the problem 

domain is obtained. The system of equations is solved using the Thomas algorithm for one dimension (TDMA-1D), which 

is considered a direct method for one dimension and an iterative method for two and three dimensions (Maliska, 2004). 

 

 
 

Figure 3. Representation of an elemental control volume in the computational grid within the domain (Authors, 

2023).  
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Figure 4. Computational grid (Authors, 2023). 

 

The central difference finite volume scheme (Versteeg and Malalasekera, 2007) was used to discretize the governing 

equation over control volume P, as shown in Figure 4, and Eq. (4) is transformed into Eq. (9). This transformation process 

is detailed from Eq. (6) through Eq. (8). 

 

∫
d

dr
(r

dT

dr
) dr

e

w

= 0 
(6) 

  

Integrating Eq. (6) over the limits e-w: 

 

∫
d

dr
(r

dT

dr
) dr

e

w

= r
dT

dr
|

e
− r

dT

dr
|

w
= 0 

(7) 

re (
TE − TP

δre

) − rw (
TP − TW

δrw

) = 0 ∴ [
re

δre

+
rw

δrw

] TP = (
re

δre

) TE + (
rw

δrw

) TW 
(8) 

  

The discretized algebraic equation is given by Eq. (9). 

 

APTP = AETE + AWTW (9) 

For the volumes corresponding to the boundary conditions, it is given by: 

 

APTP = AETE + AWTW (Specified Temperature)  (10) 

APTP = AETE + AWTf,int (Convection at the internal surface) (11) 

APTP = AETf,ext + AWTW (Convection at the external surface)  (12) 

 In which the following relation must be satisfied:AP = AE + AW 

 

Table 2. presents the coefficients, AE and AW, of Eqs. (9), (10), (11), and (12) at their respective nodal points. 

 

Table 2. Temperature coefficients for each volume (Authors, 2023). 

  AE AW 

1st volume (Specified Temperature) 
re

δre

 
rw

δrw

 

1st volume (Convection) 
re

δre

 
rwhint

k(1 + PE)
 

Internal volumes 
re

δre

 
rw

δrw

 

Last volume 

   
rehext

k(1 + PD)
 

  
rw

δrw

 

  
 

Where: 

PE =
hintδrw

k
 

(13) 
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PD =
hextδre

k
 

(14) 

 

4. RESULTS AND DISCUSSION 

 

4.1 Numerical Test Data 

 

The data used for the numerical experiment are presented in Table 3. They include the geometric and thermal 

parameters of the of the studied cases. 

 

Table 3. Parameters used in the calculation (Authors, 2023). 

 

Parameters  Symbol Value 

Internal radius               Rint 0.020 m 

Radius ratio                  β 0.125 – 2.75 

Thermal conductivity          k 0.038; 0.043;0.078; 0.1 W/m.K 

Internal convection heat transfer coefficient hint 60 W/m².K 

External convection heat transfer coefficient hext 2; 16; 25 W/m².K 

Wall temperature T 50 °C 

Internal working fluid temperature Tf,int 50 °C 

External working fluid temperature Tf,ext 27 °C 

 

 

4.2 Critical radius ratio (𝛃𝐜𝐫) 

 

The critical insulation radius, Eq. (15), serves as a theoretical reference that indicates the value of the external radius 

(Rext) of an insulating surface that will yield the maximum heat transfer in a tube, determined by the ratio between the 

thermal conductivity coefficient (k) of the insulating material and the heat transfer coefficient by convection from the 

external environment (hext) (Çengel, 2009). 

 

Rcr =
k

hext

    
(15) 

  

 he term β, re erred to as the "radius ratio”, represents the geometric coefficient calculated as the ratio between the 

insulation thickness and the internal radius of the tube, as given by Eq. (16). 

 

β =
e

Rint

=
Rext − Rint

Rint

 
(16) 

  

Considering the condition where Rcr = Rext and applying it to Eq. (16), the coefficient βcr ("critical radius ratio") is 

defined, indicating the value of the β coefficient for which there is maximum heat transfer in an insulated cylindrical tube. 

Therefore, the heat transfer rate from the cylinder increases when β < βcr, is maximum when β = βcr,  and decreases 

when β > βcr. Another application for βcr in thermal insulation cases is its role as a geometric coefficient. Only conditions 

with βcr ≥ 0 are relevant in the analyses because they indicate that the calculated Rcr is greater than the radius of the tube 

to be insulated. 

This study will analyze the heat flux and the e  ects o  insu ation thic ness based on the va ue o  β.  he advantage o  

using this coefficient lies in evaluating the heat exchange behavior considering the geometric conditions of the analyzed 

tube and the value of βcr for the tube's operating conditions. It also allows for the comparison of the insulation 

effectiveness of different geometric conditions. 

  

4.3 Mesh independence 

 

To analyze the influence of the grid on the problem's solution, four grids were tested and compared with the analytical 

solutions for Cases 01 and 02, as illustrated in Figures 5a and 5b, respectively. The numerical results closely matched the 

analytical solutions. It was also observed that the finest grid, consisting of 60 volumes, did not yield significantly different 

results compared to the coarsest grid of 10 volumes, especially when considering processing time. Therefore, the mesh 

with 40 volumes was selected. 
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Figure 5. Grid independence in the problem solution: (a) Case 1; (b) Case 2 (Authors, 2023). 

 

4.4 Results and Analysis 

 

For each case in analysis, simu ations were per ormed by varying β,  , and hext according to the data provided in 

Table 3. The results presented in this section were obtained using a computational code developed in the Matlab R2022a 

platform. 

Table 4 presents the critical radii (mm) for the values of k and hext shown in Table 2. Table 5 provides the 

corresponding values of βcr for each calculated Rcr in Table 4. 

 

Table 4 Critical insulation radius values - 𝑅𝑐𝑟 (𝑚𝑚)  

(Autors, 2023).  

 

Table 5 Critical radius ratio values - βcr  (Autors, 

2023). 

 

 

It can be observed from Table 5 that there are only 3 scenarios in which attention should be given to the effect of 

undesired increased heat transfer for pipe insulation, which are the cases where βcr  ≥  0 . 

The temperature distribution in the thermal insulation profile of the tube  or various va ues o  β with respect to the 

internal radius is shown in Figure 6. It can be observed that the temperature profile is no longer linear, as typically seen 

in a flat plate, but becomes nonlinear, corresponding to a profile in cylindrical coordinates, as the va ue o  β increases. 

 his indicates that the va ues o  β have a direct re ationship with the qua ity o  the adopted therma  insu ation. 

Figures 7a and 7b show the behavior of heat transfer per unit length for Cases 1 and 2, while Figures 7c and 7d show 

the behavior of heat flux on the external surface of the insulator for both cases, in relation to the variation o  β  or a   

values of k presented in Table 3 and hext  =  2 W/m². K.  

In cases where βcr  ≥  0 , an increase in heat transfer per unit length out of the tube is observed when β <  βcr, a peak 

value for β =  βcr, and a decrease in heat transfer per unit length for β >  βcr. Only one curve in these two cases presented 

in Figure 7a and 7b exhibits a decreasing heat transfer per unit length behavior  or a   va ues o  β. This corresponds to the 

value of k =  0.038 W/m. K, the only one that has βcr  <  0  for all combinations between k and hext. Figures 7c and 7d 

show the heat flux on the external surface of the piping. In them, a decreasing trend in heat flux values is observed as β 

increases. This trend can be explained by the relationship between β and the value of Rext, which consequently influences 

the value of the external area. 

Figure 8 provides a better comparison for significant cases of heat transfer per unit length of βcr  >  0 ,  k =
 0.078W/m. K and k =  0.1 W/m. K. 
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Figure 6.  n  uence o  β on the temperature pro i e (Authors,  0 3). 

 

 
 

 
 

 

Figure 7.  n  uence o  β on the heat transfer per unit length and the heat flux on the external surface for various 

conductivity coefficients and thermal convection with hext  =  2 W/m². K: (a) heat transfer per unit length for Case 1; 

(b) heat transfer per unit length for Case 2; (c) heat flux for Case 1; (d) heat flux for Case 2 (Authors, 2023). 
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Figure 8.  omparison o  the in  uence o  β on the heat flux on the external surface for significant cases of βcr  >  0 

for hext  =  2 W/m². K: (a) Heat transfer per unit length (W/m); (b) Heat Flux (W/m²) (Authors, 2023). 

 

Figures 9a and 9b show the behavior of heat flux on the external surface for Cases 1 and 2, respectively, with respect 

to the variation o  β  or a   va ues o    presented in Table 3 and hext  =  16 W/m². K. They exhibit an effective insulation 

behavior for all tested values of k, consistent with what is expected since all the βcr values for these cases were negative. 

This means that, under the simulated condition, there is no risk of reverse heat transfer effects caused by the existence of 

a critical insulation radius. The difference in heat flux va ues between the simu ated conditions  or  ow va ues o  β is 

notable, and this difference tends to decrease as the value of β increases. A simi ar behavior o  the heat flux curves is 

observed hext  =  25 W/m². K, as illustrated in Figure 10. 

A comparison between the conditions presented in Figures 7a, 7b, 9a, 9b, 10a, and 10b indicates the conservative 

nature of a heat flux analysis in a tube when the internal convective conditions are disregarded. 

 
 

Figure 9.  n  uence o  β on the heat flux on the external surface for different convective coefficients and thermal 

conductivities for hext  =  16 W/(m² · K): (a) Case 1; (b) Case 2 (Authors, 2023). 

 

 
 

Figure  0.  n  uence o  β on the heat flux on the external surface for different convective coefficients and thermal 

conductivities for hext  =  25 W/(m² · K): (a) Case 1; (b) Case 2 (Authors, 2023). 
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Figures 11a and 11b illustrate the heat transfer rate per unit length, while Figures 11c and 11d show the heat flux on 

the external surface in relation to β for  k =  0.078 W/m · K and three distinct external heat transfer coefficients (2, 16, 

and 25 W/m²·K). In Figures 11a and 11b, it is observed that, in the only condition where the βcr is present, with hext  =
 2 W/m² · K, the heat transfer rate presents reduced values for both Case 1 and Case 2. This occurs even in the range of 

β values where there is a tendency for increased heat exchange in the insulator, as indicated in Figure 8a. For the other 

scenarios, with,  hext   =  16 W/m² · K  e hext   =  25 W/m² · K, the effectiveness behavior of the insulator is noticed 

for any β value. It is noted that the values of heat exchanges per unit length tend to approach for high β values, regardless 

of the hext, values, suggesting a trend of insulator thickness independence in influencing the amount of heat exchanged 

between the internal and external regions of the piping. Such behavior can also be analyzed from the perspective of heat 

flux, as shown in Figures 11c and 11d, where the heat flux values for high β values tend to converge for all hext,values. 

 

 
 

 

Figure 11.  n  uence o  β on the heat trans er per unit  ength and the heat flux on the external surface considering 

various convective coefficients and thermal conductivity k = 0.078 W/m·K: (a) heat transfer per unit length for Case 1; 

(b) heat transfer per unit length for Case 2; (c) heat flux for Case 1; (d) heat flux for Case 2 (Authors, 2023). 

 
Figure 12. Mean percentage variation of the heat flux on the external surface values between Case 1 and Case 2 

(Authors, 2023). 
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In Figure 12, the mean percentage variation of the heat flux on the external surface values between Case 1 and Case 

2 is presented. An increasing trend of this mean is observed with the rise in thermal conductivity k for all indicated 

convection coefficients h. 

Based on the analysis conducted, the results suggest that in situations with low convective coefficients and insulating 

materials of low conductivity, assuming the fluid temperature to be the same as the wall temperature (and vice versa) 

results in a discrepancy of 2 to 11%, approximately, in the heat flux calculation. In certain practical contexts, this variation 

is acceptable and can be adjusted in the safety factor calculation of the project. Therefore, in similar scenarios where the 

fluid or wall temperature is not available, it is feasible to consider them equivalent without incurring significant errors in 

the heat flux calculation. 

 

5. CONCLUSIONS 

 

In this work, the mathematical and numerical modeling of steady-state heat diffusion in cylindrical thermal insulators 

was performed using the finite volume method and implemented in the Matlab software. The results highlighted the utility 

o  the radius ratio (β) in therma  insu ation e  iciency analysis. The study of heat flux and the effects of insulation thickness 

were based on the va ue o  β and the critica  radius ratio (βcr). 

It was observed that only three scenarios yielded βcr  ≥  0, highlighting situations that need careful examination 

because o  the potentia   or undesired increased heat trans er in insu ated tubes. As β increased, the temperature 

distribution on the tube's external surface displayed a nonlinear profile. The study also looked at how heat flux changes 

with di  erent β va ues, therma  conductivity, and e terna  heat trans er coe  icient. Additiona  y, it was  ound that 

equating the fluid temperature with the wall temperature (and vice versa) can be considered acceptable in specific practical 

contexts, and adjustments can be made in the calculation of the project's safety factor. 

Through this study, the importance of the critical insulation thickness and its application in the optimization process 

of insulation material thickness or the determination of compatibility between a coating and a material was understood. 

The proposed methodology can serve as a basis for future research involving the analysis of ideal insulation thickness in 

different geometries and operating conditions. 
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