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Abstract. The estimation of heat fluxes at the boundary of micro-channels has great interest in many engineering appli-
cations as in micro-electromechanical systems or in thermal control of microelectronics. However, in cases where direct
temperature measurements cannot be taken, this information can still be obtained through the application of an inverse
problems approach. Inverse problems related to micro-scale heat transfer and microfluidics have become more widely
studied in recent decades due to advances in technology. This work deals with a Bayesian inverse problem of bound-
ary heat flux profile in a micro-channel under slip-flow conditions using the Transitional Markov Chain Monte Carlo
method. The boundary heat flux profile is estimated based on non-intrusive temperature measurements supposedly taken
with a thermographic camera. The direct problem was solved using the finite element method implemented by the ND-
Solve function, which is an intrinsic function of Mathematica Software. The Transitional Markov Chain Monte Carlo
Method algorithm was used to solve the inverse problem due to its advantages over the classic Markov Chain Monte
Carlo Method. Bayesian methods have become increasingly popular in inverse analysis due to their ability to incorpo-
rate prior information and quantify uncertainties. The Transitional Markov Chain Monte Carlo Method is a more recent
Bayesian algorithm that has several advantages. It is a tune-free algorithm, meaning it does not require the specification
of a proposal probability density function, and it can estimate the model evidence and make model comparisons without
extra computation costs. The proposed methodology was analyzed by simulated temperature measurements with different
boundary heat flux function shapes, revealing the capability of the approach, even in discontinuous functions. The pro-
posed methodology provides a way to obtain statistical uncertainties based on temperature measurements, making it a
valuable tool in the design and optimization of micro-channel heat transfer systems.
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1. INTRODUCTION

The rapid progress in the technological advancements of microprocessors and integrated circuits has significantly
increased data processing capabilities while reducing the physical size of devices. Consequently, this has led to a higher
heat generation, primarily due to the Joule Effect, resulting in elevated component temperatures. Such temperature rise
poses a risk of increased system failures and reduced overall lifespan (Mercone et al., 2005), thereby necessitating
effective thermal management strategies for these devices.

One promising solution that is currently being developed is liquid cooling, which aims to enhance heat transfer through
convective mechanisms by circulating a refrigerant fluid within microchannels (Tuckerman and Pease, 1981; Yarin et al.,
2009; Cotta et al., 2016). Tuckerman and Pease successfully demonstrated the practical implementation of miniaturized
cooling devices for high-heat-generating electronics, utilizing water as the refrigerant within a microchannel-based heat
sink (Tuckerman and Pease, 1981). The utilization of mini and microchannels offers a significantly larger heat transfer
area relative to the fluid volume, resulting in more efficient heat dissipation when compared to conventional macro-scale
systems (Chen et al., 2022).

In situations involving Heat Transfer, direct problems aim to determine the distribution of temperatures over time,
given knowledge of the physical properties, boundary and initial conditions, and the geometry in question. On the other
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hand, inverse problems involve determining the properties involved in the formulation of the problem, such as thermal con-
ductivity, heat flux, convective heat transfer coefficient, geometry, boundary conditions, among others, given knowledge
of the temperature field. In short, the direct problem determines the effects given the causes, while the inverse problem
determines the causes given the effects (Orlande, 2015; Ozisik and Orlande, 2021; Kaipio and Somersalo, 2006).

This work aims to estimate the heat flux positioned on one of the boundaries of a microchannel, simulating the heat
generation given by a processor. The mathematical model used incorporates slip-flow conditions, which are characteristic
of microscale flows. The inverse problem was solved using the Transitional Markov Chain Monte Carlo Method, which
offers some advantages such as its tune-free characteristics, meaning it does not require the specification of a proposal
probability density function, and it can estimate the model evidence and make model comparisons without additional
computational costs.

2. CONVECTIVE HEAT TRANSFER IN MICRO-CHANNELS

The inverse problem of heat flux estimation requires first a solution to the direct problem of forced convection in
micro-channels. A numerical solution to the direct problem is only possible once boundary conditions are specified,
which includes the boundary heat flux. In a Transitional Markov Chain Monte Carlo method, the direct problem must
be solved multiple times as the parameters to be estimated are treated as independent random variables (Orlande (2015)).
Simulated measurements taken at the upper surface of the microchannel are used for the inverse solution.

2.1 Direct Problem

The direct problem consists of a microscale forced convection phenomenon between parallel plates within the slip-
flow regime (Kandlikar et al., 2005). The model is based on a steady laminar gas flow under thermal development and a
fully developed velocity profile at the inlet. The fluid exchanges heat by convection with the walls, which have length b
and d is the distance between them. The problem is in a steady-state with temperature varying in a bi-dimensional space.
The effects of axial conduction, free convection and viscous dissipation are neglected and physical properties are assumed
constant. Figure 1 illustrates a schematic representation of the physical problem at hand.
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Figure 1. Schematic representation of the physical problem

The dimensionless formulation that models the heat transfer phenomenon in question is as follows:

?O(X,Y) 00(X,Y)
—ay2 = V) —x— at, 0<Y <1, 0<X<L (1)
09(X,Y) B B
ox 1 +Kn,6’tBi6(X’Y) at, Y =1, 0<X 2)
99(X,Y) B
T_Q at, Y =1 0<X 3)
O(X,Y) =69 at, Y=1 0<X (4)

the dimensionless quantities B; and K, in the Eq.(2) and Eq.(13) are the Biot and Knudsen numbers respectively, with
their characteristic lengths being equal to d, the distance between the walls. The quantities, 5;, the temperature jump
coefficient and f3,,, the velocity slip coefficient, are related to the loss of adherence to the wall. The dimensionless groups
are:
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is the wall temperature jump coefficient and «; is the thermal accommodation coefficient, A is the molecular mean free
path, v = ¢,/c,, while ¢, is specific heat at constant pressure, ¢, specific heat at constant volume and P, is the Prandtl
number. ecific heat at constant volume and Pr is the Prandtl number. The dimensionless velocity profile is given as (Cotta
etal., 2016)

_ 6K,B,+6Y(1-Y)

13
14+ 6K,053, (13)

g, = 2=om) (14)
O
is the wall velocity slip coefficient and v, is the tangential momentum accommodation coefficient. In these dimensionless
groups, « is the thermal diffusivity, ., is the mean velocity, 7" is temperature of the fluid and g, is the heat flux imposed at
the boundary. The solution to this proposed problem is achieved by a computational routine in the Wolfram Mathematica
platform, using a NDSolve tool which is a numerical solver for differential equations.

2.2 Inverse Problem

The inverse problem aims to estimate the boundary heat flux through Bayesian inference. This approach consists of us-
ing available prior information in order to reduce uncertainty in decision-making problems. To combine new information
with all prior information, we use Bayes’ theorem Eq. (15) to form the basis of statistical processes.

p(ﬂl)jz(og)ﬂ@) (15)

p(0]d) is the posterior probability density, which is the conditional density of the parameters P given the measurements
d; p(0) is the prior density of the parameters, that is, the available information for the parameters before the measure-
ments are taken; p(d|6) is the likelihood function, which expresses the probability density of the measurements d given
the parameters 6, and (d) is the marginal density of probability of the measurements, essentially playing the role of a
normalization constant.

Considering measurement errors as additive and independent of the parameters 8, and following a Gaussian probability
distribution with zero mean and known covariance matrix W, the likelihood function can be represented as described by
(Kaipio and Somersalo, 2006).

p(6ld) =

1 -1 1 Tyw—1
plAld) = e WI - exp (5l = T W la = 700) (16)
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2.2.1 Transitional Markov Chain Monte Carlo

The TMCMC method starts with independent samples from a prior distribution. In the subsequent steps, the sampling
distribution is gradually transformed to approximate the posterior distribution. Thus, the equation of Bayes’ theorem (15)
is modified as follows:

p;(0) x p(0) - L(6|d)% a7

Here, j = 0,...,m denotes the stage of transition, and ¢; € [0,1] is chosen such that gy = 0 < ¢1 < -+ <
gm = 1. Consequently, for j = 0, py(8) is the prior distribution p(8), and for j = m, p,,(@) becomes the posterior
distribution p(6|d). Thus, the TMCMC method gradually pushes the samples from prior to posterior through a transition
of distributions (Betz et al., 2016). The speed of this transition is controlled by the coefficient g;. In (Ching and Chen,
2007), it was proposed to select g; such that the coefficient of variation of L(6#|d)%+!~% is approximately equal to vy,
where v, = 100% is suggested. The value of ¢; 1 can be determined based on the samples from the previous stage using:

gj+1 = argmin(|C’Vj(q) —vel) (18)

CV;(q) is the coefficient of variation of the set { L(6; |d)?~% };V:Sl, Nj is the number of samples generated at each

stage, 6 1, denotes the k-th sample in stage j, and L(0); ;|d) is the likelihood associated with ) ;..

The TMCMC algorithm can be summarized as follows: For j = 0, all Vs samples are drawn from the prior distribu-
tion, and 7 is then set to 1. For all j > 0, the scheme used in this work will be based on the improved algorithm proposed
in (Betz et al., 2016).

1. Find the value of g; using (Eq. 18). If ¢; > 1, then set ¢; = 1.

2. For all samples k = 1,. .., N, calculate the weighted coefficients w; r):
Wiy = (L(j-1k|d)) ¥ % (19)

3. Calculate the mean of the weighted coefficients:

1 e
Si =3 D WG (20)
5 k=1

4. Calculate the covariance matrix of the proposed Gaussian distribution:

N
o [ ) .
EjZﬁQ'Z[ .(.m (0(—1k) — 05) - (0Gi—1.k) — 0;)" 21

where

N
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The coefficient 3 scales the proposed distribution. (Betz et al., 2016) suggest an initial value of Sy;q = 2.4/vV M,
where M is the number of parameters in the vector 6.

(22)

0,

5. Foreachlin1,..., Ng, do: ij’l) = 0(;_1,). After that, fork =1,..., N:
e Set Wiy = L(O((;j,l)|d)qjiq]"1.
6. The value of /3 is then chosen adaptively:

* At the beginning of each sampling stage, set Nyqqp¢ = 1; Perform N, steps of MCMC.

* Evaluate the coefficient ¢, = (Paer — taer)/ A / Nadapt, Where pqcr is the average acceptance rate over the last
N, steps of MCMC, and t,.., is the target acceptance rate.
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* Modify /3 based on the value of ¢,. Set Bpew = Botd - €xp(Ca)-
* Increase the value of Nyqap: by 1 and set So1q = Brew-

» Repeat the procedure until the desired number of samples is generated.

A value of N, = 100 is suggested (Betz et al., 2016).

7. If ¢; = 1, then stop the iteration; otherwise, set j = j + 1 and continue with step 1.
3. RESULTS AND DISCUSSION

In order to generate the following results a computational routine was developed in the Wolfram Mathematica platform.
The direct problem is solved by using the NDSolve function, which is a differential equations solver, built-in the software
and the inverse solution followed the Transitional Markov Chain Monte Carlo algorithm. Values used for the micro fluid
flow dimensionless properties and geometry were taken from the work of (Naveira-Cotta et al., 2010). The following
values were adopted 3, = 1.5, 5; = 2.0, K,, = 0.025, B; = 2.0 and L = 1.25. The experimental data is comprised of
two hundred temperature measurements taken at position Y = 1.0 which is the upper surface of the microchannel. The
measurements are simulated as normal distributions with averages at their exact values and 0.1°C standard deviation. The
parameters used in the TMCMC were: N, = 5000 samples, 5 = 0.2, and COV = 100%
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Figure 2. Solution of the direct problem

Figure 2 shows the solution of the forward problem along the X and Y axes for different positions of the domain.
For heat flux estimation, three distinct models were considered: (1) Constant heat flux; (2) Linear spatially varying heat
flux; (3) Quadratic spatially varying heat flux. It is worth noting that for the cases with spatially varying heat flux, the
parameters to be estimated are the coefficients that constitute the function. The different proposed models are represented
in the Table 1

Table 1. models considered for the heat flux ().

Model Description Vector of uncertain parameters
Mo Qlz)=c 0 =["

M, Q(z) =bzx +c 0=1[bc"

Moy Q(z) =az? +bx+c 0 =1a,b,dT

In the following numerical analyses, observed data (synthetic experimental data) of temperature were considered,
obtained from the response of a reference model with zero-mean Gaussian noise with a standard deviation of 0.1 °C.
three distinct cases will be addressed. In Cases 1A, 2A, and 3A, the reference models used to generate the observed data
are identical to the models considered in the inversion process, a situation commonly referred to as the "inverse crime”.
Therefore, in these cases, the uncertain parameters of the model in the inversion process have reference values, which are
the values of the parameters used in generating the observed data. The reference models, as well as the reference values
of the parameters used in generating the observed data in Cases 1A, 2A, and 3A, are presented in the Table 2

3.1 Case 1A

In the first case studied, the parameter of interest, (), is considered constant along the length of the microchannel. The
prior probability density of the uncertain parameter was adopted as @ ~ 1[0, 15], where U[u1, u] represents a uniform
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Table 2. Reference models and reference parameters for generating the data observed in Cases 1A, 2A and 3A.

Reference Reference Reference
Models Parameters Values
My 0 = [c]T [5.0]7

My 0 =1[b,c]” [—2.0;5.0]7

M, 0 =[a,b,cJT  [-10.0;5.0;4.0]7

distribution in the interval between u; and us. Figure 3 shows the histogram of the posterior density of the samples and
the plot of the evolution of the stages ¢;. The algorithm took 7 stages to reach the final distribution and counting all stages,
there are a total of 35,000 samples, and only the last 5,000 samples are actually from the posterior probability density
function. Table 3 displays the inferred statistical data about the estimated parameter.

Table 3. Statistical inferences of Q, model M

Exact Value Mean Standard Deviation

5.0 4.99798 0.03717

Frquency E P

[ L
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Figure 3. Histogram of the posterior and evolution of the stages, model M

The forward problem was then solved again with the mean value of () found in the inverse problem. Figure 4 shows
the comparison of solutions with the exact () and the estimated () along the length L in the X direction as well as in the Y’
direction. Finally, Figure 5 shows the credibility interval of the problem’s response in relation to the experimental data. It
is possible to observe that the credibility interval encompasses the exact solution to the problem, but this does not happen
with the experimental data with deviation. This is due to the low sensitivity of the problem to the parameter under study
and also to the high experimental uncertainty used in the problem solution.

0.0 0.2 0.4 0.6 0.8 1.0
X Y

Figure 4. Comparison of the solutions of the forward problem, model Mg
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Figure 5. credibility gap, model M,

3.2 Case 2A

In this case, the heat flux Q(x) has a linear dependence on the position along the length of the microchannel. The
goal, then, is to estimate the parameters that constitute this functional behavior (slope and intercept of the line). The prior
probability densities were adopted as b ~ U[—10, 10], ¢ ~ U[—10,10]. Figure 6 shows the histogram of the posterior
density of the samples for the parameters of the model M.

Frequency Frequency
12001 - 1400+ I
1000} 1200}
1000}
800+
8001
600+ 600"
400 400"
200+ 200}
0 el ] c

: : b 0
-30 -25 =20 -15 -1.0 44 46 48 50 52 54 56
Figure 6. Histogram of the posterior distribution, model M1

Table 4 displays the inferred statistical data about the estimated parameters for model M.

Table 4. Statistical inferences of Q, model M,

Parameter | Exact Value Mean Standard Deviation
b 2.0 -1.96835 0.35457
c 5.0 4.98225 0.15407

It can be observed that the means of the samples from the posterior density approach the reference values used in
the generation of experimental data, with low standard deviation. This demonstrates the method’s ability to accurately
estimate multiple parameters simultaneously.

Figure 7 shows the comparison between the exact function representing Q(z) for model M; and the function com-
posed of the estimated parameters in the inverse problem.

5.0
—— Q Exact

= S S ——— Q Estimated
4.0+

©)
3.5¢

3.0p

2.5 ‘ ‘ ‘
00 02 04 06 08 1.0 1.2
X

Figure 7. Estimated function, model M1
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The forward problem was then solved again with the estimated function found in the inverse problem. Figure 8 shows
the comparison of solutions with the exact Q(z) and the estimated Q(x) along L in the X direction as well as in the Y
direction. Figure 9 shows the 95% credibility gap of the parameters for casa 2A.
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Figure 8. Comparison of the solutions of the forward problem, model M;

—— Limits
Yo v .
LRV i Experimental Data
v /

05 e, Exact Solution
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Figure 9. credibility gap; M1

In this case, the credibility interval is larger, as the uncertainty regarding the parameters also increases (larger standard
deviation, an increase in the number of parameters to be estimated, and variation of the value with position). Therefore,
the interval encompasses both the reference response of the problem, as well as the majority of the simulated experimental
data.

3.3 Case 3A

In this case, Q(x) has a quadratic dependence with the position along the length of the microchannel and the prior
probability densities were adopted as a ~ U[—20,15], b ~ U[—20,15] and ¢ ~ U[—-20,15]. Figure 10 shows the
histogram of the posterior density of the samples for the parameters of the model M.

Frequency Frequency Frequency
400} . .
600} 800
L 500+
300 600"
400+
200¢ 300" 400}
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100+
0 a 0 b 0 c
=15 -10 =5 0 2 4 6 8 35 4.0 4.5 5.0

Figure 10. Histogram of the posterior distribution, model Mo

Table 5 displays the inferred statistical data about the estimated parameters for model M.

Once again, the algorithm was able to estimate the values of the uncertain parameter vector 6 with satisfactory accu-
racy, with means very close to the reference values. In this case, however, a higher standard deviation can be observed
concerning the parameters, especially in a, which is associated with the quadratic term of the function.

Figure 11 shows the comparison between the exact function representing )(x) for model M and the function com-
posed of the estimated parameters in the inverse problem.
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Table 5. Statistical inferences of Q, model model M,

Parameter | Exact Value Mean Standard Deviation
a -10.0 -9.90393 3.1681
b 5.0 496772 1.18812
c 4.0 4.00427 0.298405

] r

5 .

4 L

[©)

3r —— Q Exact

o T Q Estimated

1L . . . . .

0.0 0.2 0.4 0.6 0.8 1.0 1.2 )
X
Figure 11. credibility gap, model M

The forward problem was then solved again with the estimated function found in the inverse problem. Figure 12
shows the comparison of solutions with the exact Q(x) and the estimated @(x) along L in the X direction as well as in
the Y direction. Figure 13 shows the 95% credibility gap of the parameters for casa 2A.

—— Q Estimated -

0.0 0.2 0.4 0.6 0.8 1.0 1.2 0.0 0.2 0.4 0.6 0.8 1.0
X Y
Figure 12. Comparison of the solutions of the forward problem, model Mo
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Exact Solution

Med
50 100 150 200

Figure 13. credibility gap; Mo

Here, the credibility interval is also larger due to the greater uncertainty associated with the uncertain parameters, but
the solution still accurately represents the behavior of the system, as it encompasses both the reference response and the
simulated experimental data.
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4. CONCLUSION

Based on the presented results, we can conclude that the Transitional Markov Chain Monte Carlo Method was effective
in estimating all the proposed models for a heat flux imposed on one of the boundaries of a convective heat transfer
problem in microchannels. Polynomial functionals were introduced, but the method can be extrapolated to a wide range
of functional behaviors that make sense physically. As a next step, the intention is to incorporate information regarding
model selection, which is one of the major advantages of the inversion method employed.
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