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Abstract. Identifying the source of contaminants in the atmosphere is of great importance across diverse fields such as
agriculture, industry, ecology, and security. This study proposes a faster solution to the source identification inverse
problem by leveraging the use of a Multi-Layer Perceptron (MLP) neural network as an efficient solver of the contam-
inant dispersion problem. The MLP network was trained using data from a numerical solution to the two-dimensional
advection-diffusion equation, considering different contaminant source locations. This approach presented a significantly
reduced computational time, when compared to the conventional numerical methods. The results demonstrated promising
performance with an average distance of approximately 10−2 for 40 estimated cases. This method has the potential to
improve the efficiency of contaminant source identification systems, making it valuable for various applications, including
real-time monitoring systems.
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1. INTRODUCTION

Pollution, including air, water, and soil contamination, poses significant threats to ecosystems, biodiversity, and human
well-being. Identifying the sources of pollutant distribution is crucial for devising effective strategies to control and
mitigate pollution. Such approaches enables the implementation of targeted measures to minimize their impact (Luo
et al., 2019). Accurately identifying pollutant sources, similar to detecting furtive gas leaks, holds significant security
implications. In both cases, pinpointing the source of the substance enables the implementation of effective mitigation
measures to prevent further release and potential harm. By swiftly identifying the source, targeted actions can be taken to
reduce or eliminate the release of pollutants or hazardous gases. This proactive approach not only ensures the security of
communities but also mitigates potential risks and protects against adverse consequences.

A common method for simulating the spread of substances in the atmosphere involves employing the advection dif-
fusion equation. This equation characterizes the movement of a substance through the flow of a fluid while considering
the simultaneous diffusion of the substance within the fluid medium, such as air (Stockie, 2011). Solving this equation
presents challenges due to the computational-intensive nature of solving numerically its partial differential equation. Tra-
ditionally, unconditionally stable techniques, such as the implicit approach of the Finite Difference Method (FDM), have
been utilized to address this problem (Silva Neto and Becceneri, 2009; Liu et al., 2007). Although this approach is numer-
ically stable, it usually leads to significant computational costs, resulting in longer solving times. Moreover, as the mesh
complexity or its refinement escalates, the computational cost of solving the equation system can become prohibitively
expensive. Hence, more efficient algorithms are necessary to achieve more efficient solutions for such problems.

The source identification problem can be defined as an inverse problem, where the objective is to identify the param-
eters that resulted in the observed data. Inverse problem solution methods typically involve solving the direct problem
multiple times, so the optimal parameters that match the provided data are identified. However, if the direct problem
solution is computationally demanding, it significantly increases the time spent solving the inverse problem. In some
cases, this can render the inverse problem solution infeasible or too slow, particularly in time-critical scenarios like emer-
gency situations. One approach to address this challenge is to utilize a Multilayer Perceptron (MLP) network as the direct
problem solver. By employing an MLP network, the direct problem solution becomes more efficient, leading to faster
and more feasible solutions for the inverse problem. This enhancement enables quicker response times and more effective
decision-making in critical situations.

The paper is organized as follows: Section 2 presents the direct problem, which is divided into two subsections:
Physical Problem and Artificial Neural Network Model, describing the mathematical model and numerical method used
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to generate synthetic data, and the ANN trained with the generated data to solve the direct problem. Section 3 presents
the inverse problem algorithm used. Section 4 shows the results obtained by the combination of methods presented in
Sections 2 and 3, for various different cases simulated. Finally, the Conclusion section summarizes the main contributions
of the paper and proposes future research directions.

2. DIRECT PROBLEM

The direct problem discussed in this work focuses on the bidimensional advection diffusion model. This section offers
an overview of this problem, emphasizing the understanding of its physical aspects and the utilization of neural network
techniques for more efficient prediction of the substance’s behavior.

2.1 Physical Problem

The bidimensional advection diffusion problem presents a mathematical model that describes the dynamics of a sub-
stance transported by a fluid in a two-dimensional setting. This problem is encountered in various physical systems,
including the dispersion of pollutants in the atmosphere or the diffusion of chemicals in porous media. Two fundamental
mechanisms are involved in this model: advection, representing the substance’s transportation by the fluid, and diffusion,
signifying the dispersion of the substance due to its concentration gradient (Moreira et al., 2009; Prieto et al., 2011).

To mathematically describe this process, we employ the two-dimensional advection-diffusion equation. This equation,
formulated in terms of the substance concentration c(x, y, t), can be written as

∂c

∂t
+ v · ∇c = D∇2c, (1)

where v denotes the velocity vector of the fluid, D represents the diffusion coefficient, and ∇ signifies the gradient
operator. By utilizing this equation, we can comprehend the alterations in the substance’s concentration over time, owing
to the combined influence of advection and diffusion effects. The solution of this equation results in the concentration
distribution in space and time within a given domain.

In this study, second-type contour conditions were used as boundary conditions. These conditions establish that the
derivative of the solution with respect to the normal direction is set to zero at the domain boundaries [0, Lx] × [0, Ly].
This assumption implies that there is no substance flux across the boundary, which is a plausible assumption for many
practical problems.

These conditions can be expressed as:

∂c

∂x
(0, y, t) =

∂c

∂x
(Lx, y, t) = 0, for 0 ≤ y ≤ Ly, t ≥ 0, (2)

∂c

∂y
(x, 0, t) =

∂c

∂y
(x, Ly, t) = 0, for 0 ≤ x ≤ Lx, t ≥ 0. (3)

To model the initial concentration of a substance released from a point source, a bell curve approach was employed.
The Gaussian formula is written as

c(x, y, 0) = Q0 exp

(
− (x− x0)

2

2σ2
x

− (y − y0)
2

2σ2
y

)
, (4)

where, Q0 represents the amplitude of the bell curve, while (x0, y0) denotes the center of the curve, corresponding to the
location of the source. The parameters σx and σy control the width of the curve in the x and y directions, respectively.
These values were kept constant for all the data sets used to train and test the Neural Network. This was done to simplify
the problem and reduce the number of input variables for the model. Future works might include the input of different
initial condition and physical parameters into the model, so it results in a more general solution.

In an ideal scenario for modeling the release of a substance from a point source, setting σx and σy to zero would
confine the initial concentration to a single point. However, this approach presents numerical challenges in the solution
process. Even with a fine grid resolution, numerical errors caused by the singularity at the point source can result in
instability and nonphysical oscillations in the solution. This compromises the accurate representation of the system’s
physical behavior.

To mitigate this issue, a Gaussian bell curve with small values of σx and σy is employed. This choice enables a more
precise and stable solution. Figure 1 and Figure 2 visually depict an example of the initial condition, with parameters
Q0 = 100, x0 = y0 = 1, and σx = σy = 0.03.
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Figure 1. Initial condition curve.
Figure 2. Contour plot of the initial condition curve.

2.2 Numerical Solution

With the definition of the partial differential equation, the initial and the boundary conditions, the bidimensional
advection diffusion problem can now be solved using numerical methods. In this study, an implicit formulation of the
Finite Difference Method (FDM) was employed. The implicit formulation ensures numerical stability, which results in
accurate and reliable solutions. However, this approach comes at a cost of increased computational intensity (Noye and
Tan, 1989; Silva Neto and Becceneri, 2009).

The implicit FDM involves discretizing the equations in space and time, resulting in a system of algebraic equations
that can be solved iteratively. This process provides the numerical solution for different time steps, revealing the temporal
evolution of the substance’s concentration distribution.

To apply the FDM to the advection-diffusion equation, the domain is discretized into a grid of Nx equally spaced points
in the x direction and Ny equally spaced points in the y direction, with grid spacings ∆x = Lx

Nx−1 and ∆y =
Ly

Ny−1 ,
respectively. This creates a total of (Nx − 2) · (Ny − 2) interior grid points, where the concentration values will be
computed. The boundary grid points are treated separately, using the appropriate boundary conditions. Figure 3 shows an
example of a discretized mesh with Nx = Ny = 10.

Figure 3. Example of discretized mesh.

The initial concentration distribution is then set on the interior grid points at time t = 0, and the finite difference equa-
tions are iteratively solved at each time step to evolve the concentration distribution in time. The derivative approximations
for the implicit method are obtained by replacing the time derivative with a forward difference, the spatial derivatives of
the diffusion term with a central difference and the derivatives of the advection term with backward differences, all eval-
uated at an advanced time instant. The resulting system of linear equations can be solved using matrix methods such as
Gaussian elimination or iterative methods such as the Jacobi or Gauss-Seidel method.

The approximations for the derivatives used are as follows:
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∆t
(5)
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where the indexes i = 0, 1, . . . , Nx − 1 and j = 0, 1, . . . , Ny − 1 are used to represent the discrete position of a point on
the grid on the x and y directions, respectively. The index n is used to represent the discrete time level of the solution,
with n = 0 corresponding to the initial time and each subsequent value of n representing a later time step in the solution.
Therefore, cni,j represents the concentration value at grid point (i, j) at time instant n∆t.

Substituting Eqs. (5) to (9) into Eq. (1), results at the following equation:

cn+1
i,j − cni,j

∆t
+ u

cn+1
i,j − cn+1

i−1,j

∆x
+ v

cn+1
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∆y2

) (10)

that can be rearranged as follows

(−Ux −Kx)C
n+1
i−1,j + (−Uy −Ky)C

n+1
i,j−1 + (1 + Ux + Uy + 2Kx+

+ 2Ky)C
n+1
i,j + (−Ky)C

n+1
i,j+1 + (−Kx)C

n+1
i+1,j = Cn

i,j

(11)

This equation describes the concentration at the interior grid points of the discretized domain, where Ux, Uy , Kx and
Ky represent coefficients obtained from the discretization of the partial derivatives of the advection and diffusion terms,
respectively. They are given by:

Ux =
u∆t

∆x
(12)

Uy =
v∆t

∆y
(13)

Kx =
D∆t

∆x2
(14)

Ky =
D∆t

∆y2
(15)

The FDM solution was verified by comparing it with the Finite Element Method (FEM) solution, which is a reliable
alternative method. The FEM solution was obtained using the NdSolve function of the Wolfram Mathematica 12.0
software. The NdSolve function uses adaptive mesh refinement and error control to ensure accuracy and efficiency.
Figure 4 shows a comparison between the FDM and FEM solutions for one example case. These curves represent the
concentration observed at the center of the domain, at y = 1.0, at time instant t = 1.0. To test the robustness of the FDM
method, 30 different cases were simulated, with different mesh sizes and initial conditions. The Root Mean Squared Error
between the FDM and FEM solutions for these cases was 5.56E-2. These results indicate that both numerical methods are
in good agreement, which confirms the consistency and accuracy of the FDM solution.
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Figure 4. Comparison between different numerical solutions.

3. Neural Network Model

Artificial neural networks are systems consisted of interconnected processing nodes, often referred to as “neurons,"
that can process and transmit information. These networks can recognize complex patterns and make predictions by
adjusting the connections between neurons. A widely used type of neural network is the Multilayer Perceptron (MLP)
network. It consists of multiple layers of interconnected neurons, with each layer processing information from the previous
layer. Starting with an input layer, the data is passed through each subsequent layer until the final output layer produces a
prediction or classification (Gardner and Dorling, 1998; Shams et al., 2021).

To train an MLP network, a set of input-output pairs is provided, and the training process is repeated for a specific
number of iterations or epochs. During each epoch, the network adjusts its internal weights and biases to minimize the
difference between predicted and actual outputs. In this particular problem, the input layer contains source coordinates,
and the output layer consists of concentration values observed by a group of 12 sensors. The training process continues
iteratively until the network can accurately predict sensor readings for new and unseen source locations. The MLP
structure is chosen for its simplicity and effectiveness in solving regression problems (Bishop, 1994).

3.1 Training Data

The numerical solution presented in Section 2.served as synthetic data for training an artificial neural network. By
feeding the network with this data, the model can learn the underlying patterns and relationships within the system. This
training process enables the neural network to subsequently predict and analyze the behavior of the substance under
different conditions, offering a valuable tool for further exploration and analysis of the bidimensional advection diffusion
problem.

The dataset used to train this model was generated by solving the bidimensional advection diffusion problem for 800
different source coordinates within the domain and collecting data at a set of predetermined sensor locations, at a specific
time instant. The source coordinates are defined by varying the values of x0 and y0 in Eq. (4). For each case, the advection
diffusion problem was solved for one step advanced in time, rendering the data collected at a time instant t1 = ∆t, where
the time step was set to ∆t = 0.1.

The 12 sensor locations are arranged in a semi-ellipse shape inside the domain, as shown on Fig. 5. The source
coordinates will vary within the region in front of the sensors. This approach generates a comprehensive range of scenarios
that can be used to train the model.

The physical parameters used to generate the training data were: velocity vector v = (1, 0), diffusion coefficient of
D = 0.01, and domain size of Lx = Ly = 2. Data from the 800 different cases simulated were divided into three
categories: 300 cases were used for training, 250 for model validation, and the other 250 cases were never presented to
the model during training phase, and are used solely for testing.

3.2 Neural Network Model Architecture

The complexity of the problem and the amount of data available influence the choice of the number of hidden layers
and neurons in each layer. A larger number of hidden layers and neurons may model more complex patterns but can
also cause overfitting (Dombi and Jónás, 2022). The Sigmoid function, which is a common activation function in neural
networks (Pratiwi et al., 2020), was used as the activation function in this MLP model. The model used Adam as the
optimizer, which is a stochastic gradient descent optimization algorithm that adjusts the learning rate for each weight based
on the first and second moments of the gradients. This optimizer helps the model achieve faster and better convergence.
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Figure 5. Sensors Network.

The model used Mean Squared Error (MSE) as the loss function, which is a frequently used loss function that computes
the average squared difference between the predicted and actual values. MSE is appropriate for regression problems and
helps the model learn how to minimize the difference between predicted and actual values, and is calculated using the
following equation:

MSE(y, ŷ) =
1

n

n∑
i=1

(yi − ŷi)
2 (16)

where y is the actual value, ŷ is the prediction, and n is the number of samples.
An early stopping technique was applied to stop the training process when the validation loss stopped decreasing. This

technique helps to prevent overfitting and save computational resources. The early stopping criterion was set to monitor
the validation loss and stop the training if it did not improve for 20 consecutive epochs. The model was then restored to
the best state based on the validation loss. The early stopping technique was used for all the cases, and the optimal number
of epochs varied depending on the convergence rate and the model’s performance on the validation dataset.

To determine the number of hidden layers and number of neurons per layer, tests with different configurations were
conducted. Table 1 presents the results obtained by the different layer structures.

Table 1. Results obtained for different MLP configurations

# of Hidden Layers Nodes per Layer MSE (×10−3)
Training Validation Test

2
24 4.856 4.927 5.201
32 4.358 4.427 5.339
48 3.790 3.714 4.506

3
24 3.120 3.323 3.921
32 2.959 2.850 3.850
48 2.842 2.847 4.364

5
24 2.563 2.791 4.481
32 1.842 2.012 4.240
48 1.613 1.923 4.402

Based on the observed results of the MSE of the Testing dataset, the best model has 3 hidden layers with 32 nodes,
with a test error of 3.850×10−3. Using more than 3 hidden layers may lead to overfitting, as evidenced by the 5 hidden
layers’ significant increase in test error. Therefore, the 3 hidden layers with 32 nodes per layer strike a good balance
between model complexity and generalization, making it the chosen option.

Model configuration is highly problem-dependent, and different problems may require different choices. In future
work, further experimentation and optimization could be pursued to fine-tune the model architecture and configuration,
considering specific characteristics of the problem domain.

In terms of computational efficiency, the ANN model generated predictions for all 800 cases in less than a minute on
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a computer with a CPU clocked at 3.5 GHz and 16 GB of RAM. This time is based on multiple runs to ensure accuracy
and applies to the generation of all 800 different cases. In comparison, the FDM approach took about 27 minutes to
generate predictions for the same number of cases. The significant difference in the generation time of these two methods
highlights the potential advantage of the proposed model in terms of computational efficiency.

4. INVERSE PROBLEM

Inverse problems aim to identify the parameters of a model that best explain the observed data. In this problem,
the source parameters are the coordinates of the pollutant or gas release, and the observed data are the concentration
measurements at different points in space, calculated by the numerical approach presented in Section 2.1. The inverse
problem algorithm can be formulated as an optimization problem, where the objective is to minimize the discrepancy
between the predicted data and the observed data, subject to some constraints on the source parameters.

The function to be optimized can be written as:

Fobj (Z) =

Ns∑
i=1

(
Ci

NN(Z)− Ci
obs

)2
(17)

where Fobj is the objective function that measures the discrepancy between the predicted and observed concentrations. Z
is the vector of source coordinates. Ns is the number of sensors where the concentration measurements are taken. Ci

NN is
the predicted concentration at the i-th sampling point, obtained by using the MLP network as a forward operator, and Ci

obs
is the observed concentration at the same location. The objective function is minimized when the predicted and observed
concentrations are close to each other for all sampling points.

The Luus-Jaakola (LJ) method served as the chosen algorithm for solving this inverse problem. The LJ method
is a heuristic optimization technique designed for global optimization of a real-valued function. Unlike methods that
require the computation of function gradients, the LJ method evaluates the objective function at different points within
the parameter space. This is accomplished through the utilization of uniform random sampling from a neighborhood
around the current position. Throughout the iterations, the size of the neighborhood diminishes, ultimately leading to a
convergence of iterates towards a cluster point.

The LJ method is suitable for solving our inverse problem because it can handle complex and nonlinear forward
operators without requiring their explicit formulation or differentiation. Moreover, it can deal with non-convex and non-
smooth objective functions, which may arise due to noise or uncertainty in the observed data. The LJ method is also easy
to implement and has few parameters to tune. However, the LJ method may suffer from slow convergence or premature
termination, especially when the parameter space is large or high-dimensional.

5. RESULTS

The performance of the inverse problem algorithm was evaluated by considering 40 different source locations in
the domain, uniformly distributed over a grid of 8 by 5 points. For each source location, synthetic data was generated
by solving the advection diffusion equation with the Implicit Finite Difference method, and then the inverse problem
algorithm was applied to estimate the source parameters using the MLP network as a forward operator. This estimation
process was repeated 15 times for each source location, using different initial points and random vectors, to ensure the
accuracy and robustness of the results, and the best values were considered for the results presented. This resulted in a
total of 600 simulations for the inverse problem. It was found that using the MLP network as a surrogate for the forward
operator was a good approach, as it significantly reduced the computational time required to solve the inverse problem.
The MLP network was able to simulate the direct problem about 27 times faster than the numerical approach, on average,
which made the inverse problem algorithm more efficient and feasible.

The results of the inverse problem algorithm were quantified by calculating the Euclidean distance between the pre-
dicted and exact source coordinates for each of the 40 cases. The Euclidean distance is given by

d =
√
(xp − xe)2 + (yp − ye)2, (18)

where (xp, yp) and (xe, ye) are the predicted and exact source coordinates, respectively. The average distance, the median
distance and the standard deviation are shown in Table 2.

The results show that the inverse problem algorithm was able to estimate the source location with high accuracy and
low variability, as the RMSE, median distance and standard deviation of distance were all small compared to the size of
the domain. Figure 6 illustrates the median distance case, which is a good visual representation of the accuracy of the
model.
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Table 2. Statistics of the distances between predicted and exact source coordinates.

Statistic Value
Average distance 0.01073
Median distance 0.00794
Standard deviation 0.00726

Figure 6. The median distance case, comparing the predicted and exact source coordinates.

6. CONCLUSION

This paper addressed the problem of identifying pollutant sources through the application of inverse modeling tech-
niques to predict pollutant behavior in the atmosphere. An artificial neural network (ANN) was used as the direct problem
solution, trained with synthetic data obtained by numerically solving the bidimensional advection diffusion equation.

The research demonstrated the effectiveness of the MLP network in accurately predicting concentration values at sen-
sor locations. This facilitated the development of a computationally efficient solution for the inverse problem, which
aimed to identify source parameters based on observed concentration data. The Luus-Jaakola method, a heuristic op-
timization algorithm, successfully minimized the discrepancy between predicted and observed concentrations, enabling
estimation of source coordinates.

By combining the data obtained by the advection diffusion model, the MLP network, and the Luus-Jaakola algorithm,
this study showcased a feasible and efficient approach to identifying pollutant sources. The implications of this approach
are significant for environmental monitoring and emergency response systems, as it allows for targeted actions to mitigate
pollutants or furtive gas leaks.

Future research can explore alternative neural network architectures or optimization algorithms to further enhance
the efficiency and accuracy of the inverse modeling process. Additionally, incorporating real-world data and considering
more complex scenarios can improve the applicability and robustness of the developed approach.
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