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Abstract. Shape memory alloys (SMAs) are adaptive materials that exhibit complex thermomechanical behaviors,
including shape memory effect, pseudoelasticity, phase transformation due to temperature variation, internal subloops
due to incomplete phase transformation, and tension-compression asymmetry. Due to all these phenomena, the
thermomechanical modeling of SMAs is a complex task. Besides, these materials have a significant potential for
applications in different areas. Consequently, the modeling of SMAs has scientific and technological relevance. Preisach
model is an interesting alternative to describe the SMA hysteretic behavior. This paper presents a numerical investigation
of the Preisach model applied to describe the thermomechanical behavior of SMAs. Numerical simulations are carried
out to investigate the model capabilities to capture the SMAs behavior. Results are compared with experimental data
available in the literature showing to be in close agreement. The Preisach model showed to be an interesting approach
since it presents good results combined with a simple numerical implementation when compared to phenomenological
and thermodynamic-based models.
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1. INTRODUCTION

Shape memory alloys (SMASs) belong to the class of smart materials that have a series of complex thermomechanical
behaviors, including shape memory effect, pseudoelasticity, phase transformation due to temperature variation, internal
subloops due to incomplete phase transformation, and tension-compression asymmetry. These remarkable properties are
attributed to solid-solid martensitic phase transformations (Otsuka and Ren, 2005; Lagoudas, 2008; Yamauchi et al.,
2011).

These materials have been employed in applications in various fields, including automotive, biomedical, civil
engineering, oil & gas, robotics, and aerospace industries (Machado and Savi, 2003; Mohd Jani et al., 2013; Chang and
Avraki, 2016; Shreekrishna et al., 2022; Nair and Nachimuthu, 2022). Furthermore, due to their ability to dissipate energy
and recover significant deformations during phase transformation, the SMA pseudoelastic behavior offers promising
prospects for vibration attenuation. Such applications can be employed in mechanical equipment operating within broad
frequency ranges, devices subjected to impact loads, as well as earthquake-resistant structures (Saadat et al., 2002; Leo,
2007; Elahinia, 2016; Vignoli et al., 2020; Silva et al., 2021).

The development of new devices that use SMAs must be associated with the understanding of their thermomechanical
properties, in this regard, the modeling of these materials is an essential issue to be considered. A general review of the
most relevant models developed in recent years, considering different approaches, is presented by Paiva and Savi (2006),
Khandelwal and Buravalla (2009), Cisse et al. (2016a, 2016b), and Chowdhury (2018). The idea of selecting a proper
model to describe the different behaviors associated with shape memory alloys is to adapt to the type of approach that
can be used.

The Preisach model is a popular model for describing the hysteresis phenomenon (Khandelwal and Buravalla, 2009;
Wang et al., 2007). Originally, the classical Preisach model (Preisach, 1935) was developed to describe the behavior of
ferromagnetic materials. Only in the 1970s, a new interpretation of the Preisach model was presented by Mark A.
Krasnosel'skii and his collaborators (Mayergoyz, 1991). Based on this understanding, the model was able to represent the
hysteresis in a general way.
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Concerning the hysteresis modeling of shape memory alloys, the Preisach model is associated with some studies in
the literature. Smith (2005) presented a discussion of the main points about the use of the Preisach model for modeling
shape memory alloys. Hughes and Wen (1995, 1997) listed the microstructural mechanisms that promote hysteresis in
SMAs and piezoelectric materials, identifying similarities between hysteresis in these materials and ferromagnetic
materials. From this study, the authors concluded that the Preisach model is appropriate to capture the dissipative
characteristics of these materials. Gorbet et al. (1998) carried out numerical-experimental comparisons considering the
Preisach model, and the experimental results obtained through an actuator composed of SMA wires. Results show that
the model responses are in good agreement with experimental data attesting to the model's ability to represent the
phenomena associated with SMAs. Mayergoyz (1991, 2003) developed a new formulation of the Preisach model using
Everett functions, obtained from experimental data, simplifying the numerical implementation. Khan and Lagoudas
(2002) presented a Preisach model based on the formulation proposed by Mayergoyz (1991) to simulate the response of
pseudoelastic SMA springs employed in vibration absorbers. In addition, it should be highlighted other studies for
instance: Doraiswamy et al. (2011), Rao and Srinivasa (2013), Rao et al. (2014), and Chen et al. (2019).

This paper aims to investigate the use of the Preisach model for the thermomechanical description of shape memory
alloys. This model describes the hysteresis from the superposition of operators in a triangular domain, defined in an
abstract space, being adjusted from the Everett surface built from experimental data. In this regard, the classic Preisach
model is reviewed and a procedure for constructing the Everett function is presented. Numerical simulations are carried
out to attest to the model capabilities to describe the SMA thermomechanical behavior. Results are compared with
experimental data available in the literature, presenting a good agreement. On this basis, the Preisach model is an
interesting approach to describing the thermomechanical behavior of shape memory alloys.

2. MATHEMATICAL MODEL

This Section aims to present a description of the hysteretic behavior of shape memory alloys through the Preisach
model. Initially, the Preisach model is discussed and an analysis of its parameters is presented; afterward, the Everett
surface is discussed showing its construction from experimental data.

2.1 Preisach model

The Preisach model is built from elementary operators defined in an abstract space, called Preisach hysteresis
operators. It is considered that these operators are combined in rectangular loops in an input-output diagram, representing
a hysteretic behavior (Mayergoyz, 1991). This operator, 7,4, is associated with the abstract variables, a, and g,
respectively associated with two directions of transformation, as illustrated in Figure 1. Therefore, when the input is
increased, the ascending branch a-b-c-d-e is followed. On the other hand, when the input decreases, the descending branch
e-d-f-b-a is traced. In this regard, a generic hysteresis curve such as stress-strain (o — €), force-displacement (f — ), or
strain—temperature (¢ —T) can be represented as a sequence of elementary transformations, expressed by the
superposition of elementary operations defined by hysteresis operators. Therefore, the hysteresis curve of stress (output),
as a function of strain (input), is expressed as follows, assuming that « = 8 due to hysteresis being a dissipative
phenomenon,
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where u(a, B) is the Preisach function, and [ represents the Preisach hysteresis operator.
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Figure 1. Definition of the Preisach hysteresis operator.
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Mayergoyz (1991) reformulates Eq. (1) by replacing integration with a summation of values and the Preisach function
with the Everett function (F), constructed from experimental data. This procedure mitigates amplification errors and
simplifies the numerical implementation of the model (Khan and Lagoudas, 2002). Therefore, Eq. (1) can be rewritten as
a summation of Everett functions:

n

0(e) = D [F (@i fis) = F (@i Be)] @

k=1

The SMA hysteretic behavior can be predicted using the Preisach model following the structure illustrated in Figure
2. Experimental data are used to build the Everett surface that allows one to establish the relationship with the Preisach
space, where the SMA description is possible.

Experimental Result Preisach Triangle

_’ !
i

$—l

Everett surface

¢—l

Preisach hysteretic operator Numerical Result

o(e) = Z'”"”"" O =F(@n B —} g /
= ) /

Figure 2. Application scheme of the SMA Preisach model.
2.2 Geometric Interpretation

The geometric interpretation of the Preisach triangle is shown in Figure 3 considering a stress-strain curve. In this
regard, the triangular representation is constructed considering that the upper limit in a coordinate corresponds to the
maximum strain value. On the other hand, the lower limit in the g coordinate corresponds to the minimum strain value.
The line @ = B is added to these limits, considering « > S. In addition, considering the example illustrated in Figure 3,
the stress value at any point in the hysteresis region can be obtained from the appropriate choice of a — 8 coordinates,
followed by the construction of the Everett function.
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Figure 3. Preisach triangle and the associated hysteresis.
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Figure 4. Evolution of the Preisach triangle and the associated hysteresis obtained considering a prescribed strain.

The representation of the hysteresis evolution in the Preisach triangle is schematically shown in Figure 4. In general,
an increase in the value of € provides a change in the a-axis while a decrease changes the g-axis. Furthermore, an increase
in the value of € implies summing a value of the Everett function in Eg. (2) and a decrease of € implies subtracting a value
from the Everett function in Eq. (2).

On this basis, at the initial time, t,, the material has a strain ¢, at the beginning of the hysteresis region. At this
moment, the coordinates in the Preisach plane are (ay, By) = (&0, &). After identifying the coordinates in the Preisach
plane, the Everett surface is calculated and applied in Eq. (2) obtaining the stress value of a(g) = F(ay, By). After that,
the strain increases continuously until it reaches a value &;. The variation of strain is represented by the grayscale color
in the Preisach triangle. The division is performed by the line & = ¢, which moves upward as € increases until it reaches
&;. Since this is the first variation in the a coordinate, it is labeled with the index 1. Thus, the new coordinates in the
Preisach plane are obtained, (a4, 8,) = (&1, &), and the Everett function is determined. Appling Eq. (2) the value of the
stress is calculated as o (¢) = F(ay, By)- The Preisach model has the property of capturing only the extreme points of the
a and B coordinates (Mayergoyz, 1991), in this sense, an increment in the a coordinate represents the replacement of the
Everett function F (g, By) by F (a4, Bo)-

In the sequence, it is assumed that the input variable decreases continuously until it reaches a minimum value &,. The
boundary line shown in the Preisach triangle now has two straight lines: one horizontal and one vertical. The vertical line
moves until it reaches § = ¢,. Because it is the first variation in the beta coordinate, it receives the index 1. Once again,
applying the coordinates obtained in the Preisach plane (a4, ;) = (&4, &;), the Everett function is determined. Therefore,
the stress value can be obtained through Eq. (2) and is written as: g (&) = F(a4, By) — F (a4, B1). This result illustrates
another property of the Preisach model, which consists of accumulating the values obtained in previous operations. Note
that o(¢) is composed of a portion obtained in the previous step accumulated with the result obtained in the current step
as defined in Eq. (2).
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2.3 Everett function

The Everett function is a surface on R3, built from experimental data and establishing a connection with the Preisach
domain. The Everett surface is obtained by defining the number of experimental points necessary for the description of
the hysteretic behavior, given through the coordinate points (a, 8, F) in the region of the Preisach triangle. After that, a
two-dimensional linear interpolation is performed, defining the Everett function. Figure 5 illustrates the steps for obtaining
the Everett surface by dividing the stress-strain space into nine regions. The experimental points identified in the stress-
strain curve are highlighted by red dots, shown in Figure 5(a). The Preisach triangle obtained through the experimental
points is illustrated in Figure 5(b). The points identified in red are the points on the Preisach triangle plane (a = B).
Furthermore, the mapped experimental points are represented in the Preisach triangle as solid points. On the other hand,
the points identified in gray color represent the external points to the Preisach triangle. Finally, Figure 5(c) shows the
Everett surface obtained considering the mapped experimental points. It is observed from this example that the Everett
function appears as an envelope of the region of the Preisach triangle (solid red dots).

y

o b Experimental test Preisach plane
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=
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Figure 5. Everett surface construction. (a) Experimental points mapped from a division of the hysteresis region; (b)
associated Preisach triangle considering the mesh obtained from the proposed division; (c) Everett surface obtained.

A procedure to determine the coordinate points («, B, F), is presented in the sequel:
1. Select the experimental data.
2. Divide the hysteresis region into an appropriate number of divisions using vertical lines.
3. Identify the experimental points obtained by the intersection between the vertical lines and the experimental
data.
4. ldentify the experimental strain values to obtain a and g values.
5. Build the H,g stress matrix, which defines the third coordinate to obtain the Everett surface.
6. Build the Everett function by two-dimensional linear interpolation.

In order to illustrate the procedure for obtaining the H,z matrix, consider the experimental data shown in Figure 5(a)
with nine divisions of the stress-strain space. From lines ,_,4, nineteen experimental points are obtained as shown in
Table 1. It is observed that points 1 and 19 are coincident, and therefore, present the same strain and stress.

There is correspondence between the stress-strain space and the Preisach domain. Therefore, it is necessary to map
the Preisach plane for the ten lines g,_q, considering a; = 8; = ¢; (i varying between 0 and 9) as illustrated in Figure
5(b). These coordinates are identified in Table 2.
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Table 1. Experimental points obtained by dividing the stress-strain space into nine regions.

Experimental point Strain Stress
1 & 0y
2 & 05
9 &g 09
10 & 010
11 & 011
18 51 O1g
19 50 019 = 04

The third coordinate F is obtained through the stress matrix H,g, where a and £ are the columns and rows of this
matrix, respectively. The matrix H,g has only the first row and the last column with values different from zero. The
construction of this matrix is illustrated in Table 2. The values of the first line are found by subtracting the smallest stress
value of the experimental points of the austenite — martensite transformation (o) from the stress values of each
experimental point of this same transformation (o; — a;,). On the other hand, the values in the last column are obtained
by subtracting the highest stress value of the experimental points of the martensite — austenite transformation (a;,) from
the stress values of each experimental point of this transformation (o, — g1,). After obtaining the H,z matrix, a two-
dimensional linear interpolation of the points is performed and the Everett surface is obtained, as shown in Figure 5(c).

Table 2. Determination of the H,z matrix.

g aq ag gy
Bo 0y — 01 0; — 07 09 — 01 010 — 01
By 0 0 0 010 — O18
Bs 0 0 0 010 — 011
Bo 0 0 0 010 — 010

3. NUMERICAL RESULTS

Numerical simulations are now carried out in order to show the Preisach model's capabilities to describe the
thermomechanical behavior of SMAs. In this regard, comparisons between numerical and experimental results available
in the literature are discussed. Basically, three situations are of concern: thermal loading; helical springs subjected to
tensile loading; helical springs subjected to tensile-compression loading.

3.1  Thermal Loading

The thermomechanical behavior of shape memory alloys due to thermal loadings is now in focus considering the
experimental result presented by Qin et al. (2019) as reference. In this work, the authors studied the structural and
functional fatigue of NiTi wires subjected to different thermal loads, initially in the austenitic phase, at constant stress.
Figure 6(a) shows the experimental strain-temperature curve obtained after ten training cycles varying the sample
temperature between 367-292 K and the respective selected experimental points, with which the Everett function is
constructed considering nine divisions. It should be pointed out that temperature is the input variable and strain is the
output. Since the increase in temperature causes a decrease in the strain, the Preisach triangle is adjusted as shown in
Figure 6(b). Since only experimental points from the outer loop are available, the Everett function is just the envelope of
the Preisach triangle illustrated in Figure 6(c). Figure 6(d) presents the comparison between numerical and experimental
results showing that the Preisach model captures the general behavior observed in experimental data, presenting a good
agreement.
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Figure 6. Thermal cyclic test under a constant uniaxial load based on the experimental test due to Qin et al. (2019). (a)
experimental curve; (b) Preisach triangle; (c) Everett surface; (d) numerical-experimental comparison.

3.2 Helical Spring Subjected to Tensile Loading

The Preisach model is now employed to analyze the macroscopic behavior of a NiTi helical spring subjected to tensile
tests considering the experimental result presented by Savi et al. (2015). Figure 7(a) shows the experimental force-
displacement curve divided into nine regions and the respective points selected for the numerical implementation of the
Everett function. Figure 7(b) shows the associated Preisach triangle. Again, the Everett function appears as an envelope
of the Preisach triangle region since only experimental points of the outer loop are considered, as shown in Figure 7(c).
Figure 7(d) presents the numerical-experimental comparison where it should be pointed out a good agreement between
results. It is noticeable that the Preisach model is capable to describe the pseudoelastic behavior of SMA springs.

3.3 Helical Spring Subjected to Tensile-Compression Loading

The Preisach model is now employed to analyze the tension-compression asymmetry of a NiTi helical spring
considering the experimental test proposed by Speicher et al. (2009) as a reference. Figure 8(a) shows the experimental
result, highlighting the proposed divisions and the experimental points. Figure 8(b) shows the Preisach triangles associated
with both tension and compression. It is possible to observe in Figure 8(b) the blue region that represents the domain in
which the Everett function corresponds to the linear region connecting the hysteresis cycles of tension and compression.
Once again, only the experimental data of the external loops are considered, and the Everett function is an envelope of
the Preisach triangles shown in Figure 8(c). Finally, Figure 8(d) shows the numerical-experimental comparison. It should
be pointed out the good agreement between numerical and experimental results, showing the model's capability to
represent the tension-compression asymmetry of the SMA springs.
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Figure 7. Numerical-experimental force-displacement curves based on the experimental test due to Savi et al. (2015).
(a) experimental curve; (b) Preisach triangle; (c) Everett surface; (d) numerical-experimental comparison.
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Figure 8. Numerical-experimental force-displacement curves based on the experimental test due to Speicher et al. (2009).
(a) experimental curve; (b) Preisach triangle; (c) Everett surface; (d) numerical-experimental comparison.
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4. CONCLUSIONS

This contribution presents a numerical investigation of the thermomechanical behavior of shape memory alloys from
the Preisach model. The model is able to capture the main features of the SMA thermomechanical behavior, properly
describing stress-strain, force-displacement or strain-temperature curves. The Preisach model employs the Everett
function that, in turn, is built from experimental data. Numerical results are compared with experimental data available
in the literature considering three different tests: thermal loads, tensile loads, and tensile-compression loads. Results show
that the model responses are in close agreement with experimental data.
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