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Abstract. The design of dams has been the subject of various studies for centuries. Relevant advances in this area have
been achieved in recent decades with the support of computational tools. Recently proposed, the topological derivative
method has been recognized as a powerful tool due to its successful application in various branches of physics and
engineering. Topics such as inverse problems, optimization of structures and mechanical modeling of fracture evolution
are cases in which this concept has been used. The topological derivative quantifies the sensitivity of a given shape
functional to the nucleation of a disturbance in the domain, such as the insertion of holes, inclusions and even fractures.
In this work, this method will be used specifically to optimize structures subject to hydrostatic pressure, with a focus on the
design of the horizontal section of arch dams. The computational algorithm, which is based on the topological derivative
concept and the level-set domain representation method in the context of plane elasticity, is used to solve the optimization
problem. The numerical result obtained by this algorithm is capable of generating an arc-shaped geometry that resembles
the horizontal sections characteristic of this type of dam. Therefore, the results of this work suggest that the Topological
Derivative Method can be used to develop an algorithm to support the specific context of arch dam projects.
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1. INTRODUCTION

The consumption of water resources is a key factor in the socio-economic development of all countries. In this
context, large dams play a central role in storing water and generating energy resources. According to the International
Commission On Large Dams (ICOLD), a large dam is one whose distance from the base to the crest is equal to or greater
than 15 meters. The classification mentioned above also applies if this distance decreases to a range of 5 to 15 meters, as
long as the dam is capable of retaining more than 3 million cubic meters of fluid. There are several types of large dams.
Among the best known are the famous gravity dams (which receive this classification due to the great thickness of the
base in relation to the crest) which can be straight or curved along the width of the reservoir Thomas (1976). A notable
example of this type of dam is the Hoover Dam, located on the Colorado River in the United States.

Evidently, the safety and performance of a dam can be analyzed based on the stresses and deformations observed
in the structure.As reported by (Gruner, 1967), thirty percent of the failures or unsatisfactory performance of a dam
are associated with the type of structure and construction, including inadequate design. The role of dam engineers has
changed a lot in recent decades. Thanks to the growth of scientific contributions and, consequently, the emergence of new
technologies, the surveillance, monitoring, design and analysis tasks involved in this process have improved significantly
(Ardebili et al., 2020). For works that use domain representation by level-set function in the topological optimization of
structures subjected to hydrostatic pressure, see (Picelli et al., 2019) and (Emmendoerfer, 2018). See also (Lu and Tong,
2021), which uses the MIST method (moving iso-surface threshold) in each iteration to define and update the topology
without directly involving sensitivity analysis. In the specific case of arch dams, see also (Akbari et al., 2011) where a
methodology based on Hermit Splines, finite element shape sensitivity analysis and taking into account design-dependent
loads, is proposed to determine the optimal shape of arch dams.

As originally proposed in Xavier and Novotny (2017), the Topological Derivative Method emerges as a natural tool
for dealing with the topological optimization of structures subject to hydrostatic pressure. The Topological Derivative was
rigorously introduced by Sokołowski and Żochowski (1999). Since then, it has become a powerful tool with applications
in many areas of physics and engineering, including shape and topological optimization, inverse problems, image pro-
cessing, design of microstructures, among others.For a complete breakdown of the Topological Derivative Method and its
applications, see the books by Novotny and Sokołowski (2013) and Novotny and Sokołowski (2020), for example. The
work presented by Xavier and Novotny (2017) proposes a powerful tool, based on the topological derivative with respect
to the nucleation of an inclusion with an inhomogeneous transmission condition, to optimize structures that are partially
subjected to the action of hydrostatic pressure. Well-known examples in the literature have been successfully reproduced
using the proposed methodology. However, despite the robustness and flexibility of the proposed algorithm, no treatment
aimed at optimizing dams is mentioned.

Therefore, in this study, the Topological Derivative Method is applied to propose a topological optimization approach
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in order to find the optimal shape of the horizontal section of a large arch dam. First, the problem of finding the optimal
shape of a horizontal section of an arch dam is written in the form of a minimization problem. Next, the calculation of the
sensitivity associated with the nucleation of a circular inclusion that has an non-homogeneous transmission condition at
its boundary is presented. From a physical point of view, hydrostatic pressure acts at the interface of the topological
perturbation, providing a natural mechanism for dealing with the topological optimization of structures subjected to
hydrostatic pressure. Finally, the resulting topological derivative field is used to guide this topological optimization
algorithm.

The work is structured as follows. The mechanical problem is presented in the form of an optimization problem in
Section 2.. Section 3.presents the concept and the topological derivative result to the problem in question. In Section 4.
, the numerical results of three cases generated by the algorithm are shown. Final remarks and a conclusion are made in
Section 5..

2. PROBLEM STATEMENT

In order to formulate the problem of finding the optimal shape of the horizontal section of an arch dam, consider
a domain D ⊂ R2, composed of two subdomains, Ω := D \ ω̄ and ω, where Ω represents the elastic material and ω
represents the compliant material that is pressurized, see Figure1.

N

q

Figure 1. Unperturbed Problem

This mechanical problem can be written as a minimization one as follows:

Minimize
Ω⊂D

− Jχ(u)

Subjected to |Ω| ≤M, (1)

where M is the amount of material required at the end of the optimization process and Jχ(u), given by

Jχ(u) =
1

2

∫
D

σ(u) · (∇u)s −
∫
ΓN

q̄ · u −
∫
ω

p div u , (2)

In order to characterize the elastic and compliant regions, a parameter ρ, defined by

ρ = ρ(x) :=

{
1 se x ∈ Ω ,
ρ0 se x ∈ ω ,

(3)

with ρ0 ≪ 1, is introduced. This parameter is dimensionless in order to change the elasticity tensor for each material.
The term σ(u) is the second-order Cauchy stress tensor defined as shown below:

σ(u) = ρC(∇u)s , (4)

where C is the fourth-order elasticity tensor given by

C = 2µI+ λI ⊗ I . (5)

As the domain of analysis corresponds to a horizontal section of the dam, the plane state of stress is considered. The Lamé
coefficients µ and λ are constant throughout the domain and are given by:

λ =
νE

1− ν2
and µ =

E

2(1 + ν)
, (6)

for the plane stress state, where E is the modulus of elasticity and ν is the Poisson’s ratio. The term (∇u)s is the strain
tensor of second order and it’s defined as

(∇u)s = 1

2
(∇u+ (∇u)T ) , (7)
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where u = u(x) is the displacement field, which represents the mechanical equilibrium of the system. Finally, q̄ is the
traction applied on ΓN and p is the hydrostatic pressure. The linear penalty approach is used to control the volume of
material at the end of the optimization process. Other volume control methods can be seen in (Campeão et al., 2014).
Thus, the minimization problem is rewritten as:

Minimize
Ω⊂D

Fχ(u) = −Jχ(u) +m|Ω|. (8)

where m represents the associated penalty. The shape functional associated to this problem is given by:

Fχ(u) =
1

2

∫
D

σ(u) · (∇u)s −
∫
ΓN

q̄ · u−
∫
ω

pdiv u+ m

∫
Ω

1 . (9)

Then, its weak formulation of the mechanical equilibrium can be written as: Findu ∈ U such that:∫
D

σ(u) · (∇η)s =

∫
ΓN

q̄ · η +

∫
ω

p div η , ∀ η ∈ V ,
(10)

with the set U and V defined as:

U =
{
ϕ ∈ H1(D;R2) : JϕK |∂ω = 0 , ϕ |ΓD

= ū
}

(11)

V =
{
ϕ ∈ H1(D;R2) : JϕK |∂ω = 0 , ϕ |ΓD

= 0
}
, (12)

where ū is the prescribed displacement on ΓD and JϕK is the jump.
Also, the strong formulation associated to this problem is written as

Find u such that:
divσ(u) = 0 in D ,
σ(u) = ρC(∇u)s

u = ū on ΓD ,
σ(u)n = q̄ on ΓN ,

JuK = 0 on ∂ω ,
Jσ(u)Kn = −pn on ∂ω .

(13)

Since the problem involves an optimization process with respect to changing the topology of the domain, the topological
derivative comes naturally as an alternative tool for tackling it. Therefore, the next chapter presents this concept and the
topological derivative associated to Eq. (8).

3. TOPOLOGICAL SENSITIVITY ANALYSIS

Firstly, we propose an open and limited domain D ⊂ R2. Then, a topological perturbation is applied inside a small
region denoted by Bε(x̂) = x̂ + εB, where x̂ is any point in D, ε is the radius of Bε and B is a domain fixed in R2.
Figure 2 illustrates the context in which Bε(x̂) ⊂ D.

Figure 2. Unperturbed and perturbed domain

A characteristic function x 7→ χ(x), where x ∈ R2, is established and is associated with the unperturbed domain D,
so that χ(x) = 1D. The relationship between this characteristic function χ and the unperturbed domain D is given by the
expression:

|D| =
∫
R2

χ , (14)
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where |D| is the Lebesgue measure of D. Then, the characteristic function x 7→ χε(x̂) is established, which is associated
with the topologically perturbed domain Dε = D \ B̄ε(x̂). After that, it’s assumed that the functional of the perturbed
problem ψ(χε) admits an asymptotic expansion as follows:

ψ(χε) = ψ(χ) +DTψ(x̂)f(ε) + R(ε) , (15)

where ψ(χε) is the functional associated with the perturbed problem, ψ(χ) is the functional associated with the unper-
turbed problem, DTψ(x̂) is the topological derivative of ψ in x̂, f(ε) is the first-order correction function and R(ε) is
the residual term. The Topological Derivative term is defined as the function x̂ 7→ DTψ(x̂) of ψ on x̂. Reorganizing and
taking the limit when ε→ 0 in (15) gives us:

DTψ(x̂) = lim
ε→0

ψ(χε)− ψ(χ)

f(ε)
+ lim

ε→0

R(ε)

f(ε)
. (16)

Assuming by hypothesis that the quotient R(ε)/f(ε) is a o(f(ε)), that is, it tends to zero when ε → 0, (16) is finally
expressed according to the definition of Topological Derivative of Sokołowski and Żochowski (1999):

DTψ(x̂) = lim
ε→0

ψ(χε)− ψ(χ)

f(ε)
. (17)

3.1 Perturbed Problem

As shown in Section 3., the first step in calculating the topological derivative is to perturb the problem. The perturbed
problem is obtained by nucleating a small pressurized circular inclusion Bε(x̂) in the domain as in Fig. (3).

N

q

Figure 3. Perturbed Problem

The shape functional associated with the perturbed problem is then given by:

Fχε
(uε) =

1

2

∫
D

σε(uε) · (∇uε)s −
∫
ΓN

q̄ · uε −
∫
ω

p div uε − κ

∫
Bε

p div uε + m

∫
Ωε

1 , (18)

where the Cauchy stress tensor in this case is defined by

σε(uε) = γεσ(uε) , (19)

with parameter γε, used to characterize the inclusion, defined as follows:

γε = γε(x) :=

{
1 se x ∈ D \ B̄ε ,
γ se x ∈ Bε .

(20)

The γ parameter represents the contrast in the material property which is defined by

γ = γ(x) :=

{
ρ0 se x ∈ Ω ,
ρ−1
0 se x ∈ ω ,

(21)

which induces the domain representation method by level-set function. The parameter κ is introduced to control where
the topological perturbation Bε is nucleated, either in Ω or in ω, and is defined as

κ = κ(x) :=

{
+1 se x ∈ Ω ,
−1 se x ∈ ω .

(22)
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The weak formulation of this case is presented below Find uε ∈ Uε such that:∫
D

σε(uε) · (∇η)s =

∫
ΓN

q̄ · η +

∫
ω

p div η + κ

∫
Bε

p div η , ∀ η ∈ Vε ,
(23)

where the set Uε and Vε are defined as

Uε =
{
ϕ ∈ H1(D;R2) : JϕK |∂Bε

= 0 , ϕ |ΓD
= ū

}
(24)

Vε =
{
ϕ ∈ H1(D;R2) : JϕK |∂Bε = 0 , ϕ |ΓD

= 0
}
. (25)

Its strong formulation is written as follows:

Find uε such that:
divσε(uε) = 0 in D ,
σε(uε) = γε σ(uε)

uε = ū on ΓD ,
σ(uε)n = q̄ on ΓN ,

JuεK = 0 on ∂ω ,
Jσε(uε)Kn = −pn on ∂ω ,

JuεK = 0 on ∂Bε ,
Jσε(uε)Kn = −κpn on ∂Bε .

(26)

3.2 Topological Derivative Existence

The existence of the topological derivative for the problem in question is guaranteed by the lemma below

Lema 3.2.1. Let uε be the solution of the perturbed problem (26) and u the solution of the unperturbed problem (13).
Thus, the following estimate is valid:

∥uε − u∥H1(D,R2) ≤ Cε .

Proof. Subtracting (10) from (23) and using the contrast definition Eq. (20) we have

κ

∫
Bε

p div η =

∫
D

[
σε(uε)− σ(u)

]
· (∇η)s . (27)

Adding and subtracting the term∫
Bε

γσ(u) · (∇η)s , (28)

we obtain:

κ

∫
Bε

p div η =

∫
D

σε(uε − u) · (∇η)s + (γ − 1)

∫
Bε

σ(u) · (∇η)s . (29)

Assuming η = uε − u in the above expression provides∫
D

σε(uε − u) · (∇(uε − u))s + (γ − 1)

∫
Bε

σ(u) · (∇(uε − u))s = κ

∫
Bε

p div(uε − u) . (30)

We put all Bε integrals together leading to:∫
D

σε(uε − u) · (∇(uε − u))s =

∫
Bε

T (u) · (∇(uε − u))s , (31)

where T (u) =
[
(1− γ)σ(u)− κpI

]
. Applying the Cauchy-Schwarz inequality in Eq. (31) we have∫

D

σε(uε − u) · (∇(uε − u))s ≤ ∥T (u)∥L2(Bε,R2) ∥(∇(uε − u))s∥L2(Bε,R2)

≤ c0ε ∥(∇(uε − u))s∥L2(Bε,R2)

≤ c1ε ∥uε − u∥H1(D,R2) . (32)
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Using the coercivity of bilinear form on the left side of the above expression leads to

c2∥uε − u∥2H1(D) ≤
∫
D

σε(uε − u) · (∇(uε − u))s

≤ c1ε ∥uε − u∥H1(D,R2) . (33)

As expected, the existence of the topological derivative is guaranteed by the inequality we obtain

∥uε − u∥H1(D,R2) ≤ Cε . (34)

where C = c1/c2 is a constant independent of ε.

3.3 Formula of the Topological Derivative

To solve the minimization problem stated in Eq. (8), we need to calculate the topological derivative of the the total
potential energy and the volume constraint as following:

DTFχ(u) = −DTJχ(u) +DT (m|Ω|) . (35)

The term DT (m|Ω|) is easily obtained and its result is

DT (m|Ω|) = −κ(x)m, ∀x ∈ D , (36)

where κ(x) defined in Eq. (22).As the focus of this article is not the development of the topological derivative of the
total potential, the reader is invited to check those steps in (Xavier and Novotny, 2017). Thus, the final expression of
DTJχ(u) is stated as

DTJχ(u) = −Pγσ(u)(x̂) · (∇u(x̂))s −
α+ 1

1 + αγ
κpdiv u(x̂)− p2

2µρ(1 + αγ)
, (37)

where Pγ is the isotropic polarization tensor of fourth order for a circular inclusion, according to (Ammari and Kang,
2007), and is given by:

Pγ =
(1− γ)

2(1 + βγ)

[
(1 + β)I+

(1− γ)(α− β)

2(1 + αγ)
I⊗ I

]
. (38)

The constants α and β are defined as

α =
λ+ µ

µ
and β =

λ+ 3µ

λ+ µ
. (39)

We can take the limits when γ → 0 and γ → ∞ in Eq. (38) because we are using a very compliant material to mimic
the water.So, when γ → 0, there is a hole with the transmission condition on the inclusion boundary degenerating into a
non-homogeneous Neumann boundary condition. The topological derivative for the elastic material in this case is

DTJχ(u) = −P0 σ(u)(x̂) · (∇u(x̂))s − (α+ 1) p div u(x̂)− p2

2µ
,∀ x̂ ∈ Ω , (40)

where its polarization tensor P0 is shown below

P0 =
1 + β

2
I+

α− β

4
I⊗ I . (41)

For γ → ∞, there is an elastic inclusion turning into a rigid one. In that case, the topological derivative for the compliant
material is

DTJχ(u) = −P∞ σ(u)(x̂) · (∇u(x̂))s ,∀ x̂ ∈ ω , (42)

where the polarization tensor P∞ is given by

P∞ = −1 + β

2β
I+

α− β

4αβ
I⊗ I . (43)



27th ABCM International Congress of Mechanical Engineering (COBEM 2023)
December 4-8, 2023, Florianópolis, SC, Brazil

4. NUMERICAL EXPERIMENT

To solve the minimization problem in Eq. (8), it’s used the algorithm developed by (Amstutz and Andrä, 2006). Their
algorithm is based on the topological derivative and the domain representation method by the level-set function. See in
(Amstutz, 2011) for more explanations about it. Its application in different problems were presented in (Torii et al., 2016),
(Giusti et al., 2017), (Giusti et al., 2019), (Amigo et al., 2016), (Amstutz and Novotny, 2010), (Amstutz et al., 2012) and
(Sá et al., 2016). The general parameters used in the example are presented in Tab. 4..

Table 1. Parameters

Parameter Value

E (GPa) 47
ν 0.21
p (MPa) 1.47
ρ0 10−6

m 250

The material properties adopted are listed in the concrete report by (ACI Comittee, 1996). The hydrostatic pressure
was calculated adopting a height of 150 meters from the surface to its center of gravity.

The topology consists in the elastic material distribution (Ω) and the compliant material (ω), which represents the
water. The region ω is pressurized during the whole optimization process. The problem is discretized into linear triangular
finite elements. The representation of domain D of this numerical result is shown in the Fig. (4) and its parameters are
listed in Tab. 4.. The thicker black line in Fig. (4) represents the clamped boundary condition.

h2

b

a

h1

Figure 4. Domain D

Table 2. Parameters of the Domain D

Parameter Value (km)

h1 0.2
h2 0.05
w 0.009

When the algorithm ends the iteration process, it asks for a mesh refinement. So, in order to obtain a better resolution,
three uniform mesh refinements were made to provide the final topology in Fig. (5). Notice that this topology is similar
to results presented in (Picelli et al., 2019) and (Lu and Tong, 2021).
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Figure 5. Final Topology

Figure (6) shows the shape functional. The entire procedure consisted of 29 iterations, and at the end of these iterations,
the final volume obtained was approximately 10% of the initial volume.
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Figure 6. History of the shape functional Fχ(u) values

The divergent of u in Fig. (7) is plotted and indicates that there is only compressive stress in the arch.
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Figure 7. Divergent of u

5. CONCLUSION

In this work, the topological derivative method was used to optimize structures subjected to hydrostatic pressure in
the context of arch dams. Initially, the problem of finding the optimum shape of a horizontal section of an arch dam was
written in the form of a minimization problem. Then, the entire derivation of the associated topological derivative field
was presented. The computational algorithm proposed by (Amstutz and Andrä, 2006), which is based on the topological
derivative field and the level-set function domain representation method, was then used in combination with the topolog-
ical derivative obtained to optimize a structure subjected to hydrostatic pressure with the aim of obtaining arch-shaped
topologies. As mentioned, the strategy basically consisted of introducing a lateral load in order to induce the final topol-
ogy to a local minimum that corroborated with the expected topology. Although this primary objective was achieved, the
non-convergence of the θ angle reveals a limitation of the model.
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