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Abstract. We present a position-based finite element formulation for solving free-surface Newtonian fluid-flow problems
using a total Lagrangian description. This formulation was already applied to incompressible Newtonian flows in previous
works, and is extended to temperature-independent compressible cases in this work, allowing a comparison in terms of
implementation and results, particularly for problems with moderate values of bulk modulus. To separate the volumetric
and isochoric effects of the constitutive model, we apply the multiplicative decomposition of the deformation gradient.
The employed approach differs from traditional fluid methods by using positions as nodal parameters of the system,
instead of velocities. The compressible model has the advantage of not requiring additional pressure degrees of freedom
in the global system. However, it can lead to numerical instabilities and convergence problems for large values of bulk
modulus if no stabilization methods are applied. In order to evaluate the advantages and limitations of the model, a
representative benchmark example is simulated, using different meshes and bulk modulus values. The obtained results
are consistent, showing similarities between the compressible and incompressible models for moderate values of bulk
modulus. However, to extend the formulation to quasi-incompressible models and allow larger values of bulk modulus
without numerical instability issues, further implementations are required regarding numerical stabilization methods.
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1. INTRODUCTION

To this day, the simulation of free-surface fluid flows still presents challenges, and no computational method has
superior capabilities over the others for all kinds of problems in this context. Well-established Eulerian formulations
(Brooks and Hughes, 1982; Zienkiewicz and Taylor, 2000) are able to represent complex phenomena such as vortical
structures, but are limited in regards to free-surface problems, needing additional techniques such as interface tracking
and capturing. In this sense, strategies like the arbitrary Lagrangian-Eulerian method (Donea et al., 1982; Sanches and
Coda, 2014) are commonly applied, but still require advanced techniques for more complex situations.

Meanwhile, Lagrangian methods (Bach and Hassager, 1985; Ramaswamy and Kawahara, 1987) have the advantage of
simpler formulations and more stable numerical implementations. That is because they eliminate the need for convective
terms, since the mesh deforms together with the domain. This, however, prevents it from being used to problems with
excessively large distortions or topological changes — such as vortical structures and joining/merging of subdomains —,
unless a re-meshing technique is applied. In that sense, a method that has been widely regarded recently is the Particle
Finite Element Method (Idelsohn et al., 2004; Oiate et al., 2014; Franci, 2016; Cremonesi et al., 2020), which uses an
updated Lagrangian description and velocity-based formulation, together with a robust re-meshing algorithm.

In Avancini and Sanches (2020), a total Lagrangian position-based Finite Element Formulation was proposed to sim-
ulate incompressible fluid flows. This formulation is simple, robust, and efficient for solving free-surface problems.
Among other differences from velocity-based methods, it applies the incompressibility condition by imposing the volu-
metric strain as constant and unitary, instead of imposing the volumetric strain rate as null. Position-based formulations
are also well-established in the nonlinear solid mechanics context, being applied successfully in works such as Coda and
Paccola (2007, 2014); Carvalho et al. (2020).

In this work, we extend the formulation of Avancini and Sanches (2020) to compressible fluid flows, using a simi-
lar position-based Finite Element Framework. In this case, however, there are no incompressibility conditions, and no
pressure parameters in the global system. Therefore, the formulation is purely position-based, instead of mixed position-
pressure. While compressible or quasi-incompressible fluid models have already been applied in velocity-based formula-
tions (Ofiate et al., 2014; Franci, 2016), the present position-based method allows the constitutive model to derive from a
direct relation between pressures and volumetric strains, instead of pressure rates and volumetric strain rates. Addition-
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ally, we make use of the multiplicative decomposition of the deformation gradient to properly separate the volumetric and
isochoric effects, further improving the theoretical approach and mathematical description of the model.

As a Lagrangian method, the present formulation is applied to free-surface fluid-flows with finite domains. More
specifically, this work is focused on adiabatic problems without vortical structures (small Reynolds numbers), allowing
the use of a standard Finite Element mesh to accommodate domain distortions without the need for remeshing techniques.
For using the FEM as a basis, the present formulation dispenses the use of a grid for domain discretization, and allows for
unstructured meshes.

2. NEWTONIAN FLUID MODEL

To describe the motion of the domain, we employ the continuum hypothesis. Let y denote the current/deformed
positions of a body, and x the initial/undeformed positions. We define the deformation gradient as F = V y, where V«
is the gradient with respect to the initial configuration. Then, we can define the right Cauchy-Green stretch as

C=FTF, (1)
the Jacobian, or volumetric strain, as
J =detF, 2

and the infinitesimal strain rate as
1 ) ) 1 /0 o
D=3 (Vyy+Vyy) =5 (FF ' +FTET), 3)

where V,, is the gradient with respect to the current configuration, and () denotes the time derivative. After certain
algebraic manipulations, it is possible to show that the engineering strain rate can be related to the right Cauchy-Green
stretch rate by the following expression:

C = 2FTDF. “)

For compressible materials, where both volumetric and isochoric strains are involved, it is convenient to decompose
the deformation gradient in the form F = FF, where F represents the volumetric part of the deformation gradient, and
F the isochoric one. In order to properly separate the effects, it is necessary that F encompasses all volumetric strain,
thatis, J = det F = J and J = det F = 1. This can be achieved by making F = J/31, where I is the identity tensor.
Therefore, we have

F=JF or F = J '/3F. (5)
Consequently,

C=F"F =J**F"F = J?/°C, (6)

= . 1 .

F=J13 {F - Str(FFl)F] ., and (7

- - . 1 .

C=J%3 [C - 3tr(CCl)C} . (8)

where tr(-) denotes the trace of a tensor. Furthermore, using the previous equations, it is possible to show that
— 1 ;__1 __T;T 1__TL—_1 1
D= (FF +FTF ) = SFTCF! = D - Zu(D)I = dev(D), )

where dev(-) denotes the deviatoric part of a tensor.
From an Eulerian perspective, the newtonian fluid model applied in this work can be written as

o = pl + 2uD, (10)

where o is the Cauchy stress, p is the pressure, and p is the fluid viscosity. As can be seen, the Cauchy stress is composed
of a pressure-dependent (volumetric) part, and a viscous (isochoric) part. For incompressible materials, the viscous part
can be written simply in terms of D (Avancini and Sanches, 2020), as we have J = 1, F = F and, consequently, D = D.
However, since we also consider compressible models in this work, we write the viscous part only in terms of the isochoric
strain components, i.e. we apply D instead of D.
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From Eq. (9), we concluded that D is purely deviatoric, and, therefore, so is the viscous part of the Cauchy stress. As
such, we have tr(o) = tr(pI) = p, that is, the hydrostatic/volumetric effect of the constitutive model is solely represented
by the pressure, as it should be. This would not be true for compressible models with viscous part written in terms of D.

In order to use a total Lagrangian framework, we write the constitutive model in terms of the second Piola-Kirchhoff
stress, denoted by S. Using the well-known relation S = J FloF T, as well as Egs. (1), (5) and (9), we can write:

S =pJF'F T 4 W JF ' FTCFF7T = pJC! + puJ?/3Cc-1CC L. (11)

Then, applying Eq. (8) and performing further algebraic manipulations,
. 1 .
S =pJC !+ puJdev(C'C)C! or S=pJC !+ 52) . C, (12)

where the operator “:”” denotes a double contraction, and D is the fourth-order viscosity operator, defined as
IR 1 4
Dijrt = 2p] (ciklcﬂl - Scijlckﬁ) . (13)

To conclude the constitutive model definition, we must determine how the volumetric part is treated. For incompress-
ible flows, the pressures are calculated as unknown variables of the global system, by imposing additional incompress-
ibility conditions. For the compressible model applied in this work, we define the pressure directly by the expression

A

p= 7 In J, (14)
where A is the bulk modulus of the material. Mathematically speaking, the presented compressible model is associated
with the penalty method, while the incompressible model is associated with the Lagrange multiplier method. Therefore,
in theory, both should coincide approximately for higher values of penalty parameter (in this case, A). However, in
practice, high values of A could lead to ill conditioned systems, leading to numerical issues and inaccuracies if not treated
correctly with stabilization methods. When these methods are taken into account, one could represent the so-called quasi-
incompressible flows (Franci, 2016), which are not within the scope of this work.

3. POSITION-BASED FINITE ELEMENT METHOD

Following standard finite element procedures, we discretize the domain into a mesh of finite elements, with a given
number of nodes and order of shape functions. By making use of an auxiliary finite element defined in parametric coordi-
nates &, the current and initial positions in an element can be interpolated using the following expressions, respectively:

y(€) =val)ya and  x(§) = @a(€)Xa, (15)

where y, and x,, are the current and initial positions of each node «, respectively, and ¢,, is the shape function of «,
defined in the parametric domain of the auxiliary finite element. Then, we can calculate the deformation gradient as

oy oy [ox\ " .
xY 9% 8€ <a£> 1T (6)

where F; and F( are the deformation gradients from the parametric finite element domain to the current and initial
domains, respectively, calculated as
o ay o a@a ox a(pa

76§7ya® D€ and Foza—gzxa(@ 9€ (17

Fq

Similarly, we can obtain the rate of deformation gradient as

L . e
F=TFF;',  where Flzya®(;2.

Then, using Egs. (1) and (12), one can calculate the right Cauchy-Green stretch, as well as its rate, and the second
Piola-Kirchhoff stress, which are directly applied into the mechanical problem.

In summary, the transient mechanical problem consists in solving the following equilibrium equation, written in global
variational form, using a total Lagrangian description:

(18)

1
/ (28:50+p0y-6y—b-6y>d%:0, (19)
Qo
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where )y and Vj are the initial domain and volume, respectively, po is the initial specific mass, b is the prescribed
volume force, and & denotes a variation applied on a given variable. For simplicity, we chose to conceal the component of
boundary forces, as they are not applied in the numerical example of Sec. 4.1 Applying Galerkin method in Eq. (19), i.e.
assuming that Jy = ¢,0y., and using the arbitrariness of the nodal variations dy,, we have the following equilibrium
equation for each node «:

1 ocC ..

5 [ Sig oo [ pueapsiadio— [ pabdve =0, 0)
2 Qo ayOé Qo Qo

where the three components represent, respectively, the internal force, the kinetic force, and the volume force applied at

node «. For the numerical integration, we apply Newmark-3 method, where the current velocities (y) and accelerations

(¥) in each node are calculated using the following equations as basis:

2

Y = Vet 3B+ [(1—28)Fo + 2651 2 and 1)

2

Yy =¥s + (1= 7)Atys +yAty, (22)

in which 5 and v are the newmark parameters, and the index (-), indicates a variable taken from the previous time step.
With that, Eq. (20) is written entirely in terms of the nodal positions.

For incompressible cases, additional pressure parameters are added as unknowns of the system, together with addi-

tional equations known as incompressibility conditions. Further details are discussed in Avancini and Sanches (2020),
including the strategy used for numerical stabilization in this case.

4. NUMERICAL IMPLEMENTATION

The present formulation is implemented into an in-house software using C++ language. To solve Eq. (20) for the cur-
rent positions (y), we apply the Newton-Raphson method, with stopping criterion for convergence set at || Ay||/||Ax]|| <
1075, where Ay is the variation of positions between current and previous algorithm iterations. To solve the global system
of equations at each iteration, the PETSc library is employed.

4.1 EXAMPLE: DAM BREAK OVER A SLIP FLAT SURFACE

To showcase the proposed model, we simulate a classical benchmark example for free-surface fluid problems. We
consider a water column subject to its self weight, with geometry, boundary conditions, and parameters presented in
Fig. 1. In addition to the incompressible model, used for reference, we apply compressible models with 4 different values
of A: 10°, 10%, 10% and 103> MPa. In order to dissipate the high frequencies for this problem, we use the Newmark-/3
parameters from Hu (1997): § = 1 and v = 1.5.

L{)

Boundary conditions: 200 Q16 clements

@ @ Slip surface 231 nodes

Dirichtet condition: Ay, = 0

Slip surface éﬁ - %?;5 m

Dirichtet condition: Ay, — 0 o ”:1 kgl/l;ns

Stress free surface /10* 0.001 N-s

Neumann condition: p — 0 g=1m/s
H, @ b’ @ @ Stress free surface At — 0.005 s

Neumann condition: p = 0

Volume force:

by=-g-go=-1N/m’

ta \
®

Figure 1. Geometry and parameters for the dam break example

Quadrilateral elements with 16 nodes and cubic approximation (Q16) are used. For a first analysis, a constant mesh
with 10 x 20 elements and 231 nodes is applied, as shown in Fig. 1. The results of width variation, pressure at the bottom
left corner (point A), total volume of the current domain, and number of Newton-Raphson iterations over time are shown
in Fig. 2. The width variation is calculated as L/Lg, where Ly is the original width (0.35 m) and L is the current width
(distance between points A and B).

As can be seen, the width variation is only loosely dependent of the bulk modulus, assuming values relatively close
to the incompressible case for almost all considered cases, except A = 10° MPa. This indicates that the displacement at
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point B is more influenced by the viscous part of the constitutive model than the volumetric part. On the other hand, the
volumetric-related variables, such as pressure and total volume, are more sensible to the bulk modulus, being closer to the
incompressible case only for higher values of A. As expected from the elastic nature of the adopted compressible law, we
can observe characteristic oscillatory behaviors in both variables, with frequency varying according to A.

Naturally, the total volume is constant for the incompressible model, and tends to be more stationary for higher values
of bulk modulus, with notably good convergence (in practical terms) already for the case with A = 10? MPa. For the
pressure, however, a sufficiently good convergence can be seen only for A = 103 MPa, as the case with A = 10? MPa still
causes visible discordant oscillations at the beginning of the analysis, dissipated only after a certain time. Nonetheless, it
must be noted that the increase of A makes the system become more ill conditioned, which is translated into numerical
instabilities, such as the increase of Newton-Raphson iterations. Indeed, as noted from Fig. 2(d), the number of iterations
also highly increase with A, reaching abnormal values of almost 75 iterations for A = 103 MPa, and almost 30 iterations
for A = 102 MPa.
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Figure 2. Dam break: comparison between incompressible and compressible models with different A values, using a
10x10 mesh with Q16 elements.

The deformed configurations for each of the cases are shown in Figs. 3 to 7, with pressure displayed in color map. As
can be seen, the numerical instabilities due to increased bulk modulus values reflect not only in the number of iterations,
but also in the pressure distribution and overall deformed configuration. While the pressure specifically located at point
A presents the already discussed behavior of Fig. 2(b), the color map show some unnatural spikes (both positive and
negative) in other points. These spikes are more noticeable for greater values of bulk modulus, greatly undermining the
overall view of the pressure map. Furthermore, some inconsistencies in the deformed configuration can be seen for greater
A values, specially at the elements with pressure spikes and the one containing point B. These problems, along with the
convergence issues, indicate the need for stabilization methods when using the compressible model with high values of
bulk modulus.

Following, we perform a mesh convergence analysis with h-refinement (i.e. keeping the Q16 element type). In Fig. 8,
we present the results of width variation and pressure over time for different values of A and meshes (4x8, 6x12, 8x16
and 10x20). As noted from Fig. 8(b), highest values of A make the problem significantly more mesh dependent: for the
case with A = 10! MPa, the influence of h-refinement on the pressure is barely noticeable. On the other side, for the
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Figure 3. Dam break: deformed configurations and pressures for the incompressible model
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Figure 5. Dam break: deformed configurations and pressures for A = 10! MPa

—0.46 -03 -02 -01 00 01 02 03 0.43
‘ | | | | | \ e

(a) t=0.625s E (b) t=1.05s () t=1.675s

Figure 6. Dam break: deformed configurations and pressures for A = 10> MPa
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Figure 7. Dam break: deformed configurations and pressures for A = 103 MPa

case with A = 103 MPa, it can be seen that each mesh exhibits a distinct characteristic behavior, and a more visible
convergence can only be noticed between the two most refined meshes, 8x8 and 10x10. This behavior is likely related
to the aforementioned numerical instabilities of the compressible model with high values of A. However, this problem is
only relevant for volumetric-related variables, such as the pressure. The width variation, for example, is more affected by
the viscous part of the constitutive model, and therefore suffers minimal influence of mesh refinement, as seen in Fig. 8(a).
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Figure 8. Dam break: influence of h-refinement using Q16 elements and different A values.

5. CONCLUSIONS

The main contribution of this work is the extension of the position-based fluid formulation introduced by Avancini
and Sanches (2020) to compressible flows, with the application of a multiplicative decomposition between volumetric
and isochoric deformations. Similarly to the mentioned work, the formulation is able to solve free-surface fluid problems
using a total Lagrangian formulation. However, the proposed model has the advantage of not requiring additional pressure
degrees of freedom, narrowing greatly the size of the system, at the price of reducing the precision of the incompressibility
conditions and having additional numerical considerations to be addressed, as discussed subsequently.

The model was applied to a free-surface problem where the viscosity effect is dominant over the volumetric. The
obtained results are consistent, and show similarities between the compressible and incompressible models even for
moderate values of bulk modulus. For higher values, however, the system becomes more ill conditioned, and some
numerical instabilities arise, which causes convergence issues, pressure spikes, and overall inconsistencies.

To address this issue, future researches may consider enhancing the current model by implementing numerical stabi-
lization methods, such as the one presented in Franci (2016). These methods allow the use of larger bulk modulus values
(quasi-incompressible models) and the simulation of volumetric-dominant problems, significantly expanding the scope of
applications for the proposed formulation.
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