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Abstract. Hydrodynamic lubrication is a subject of great mnfance in engineering, and it is essential to diperation
of bearings in large hydraulic turbines, reciprorag hermetic compressors and magnetic read heads.effects of
hydrodynamic lubrication were discovered experirayby Beauchamp Tower in 1883 and mathematidatiyulated
by Osborne Reynolds in 1886, resulting in the thewr hydrodynamic lubrication applied to cylindrlcpurnal
bearings, synthesized in a partial differential atjon: the Reynolds equation. This equation, derirem the Navier-
Stokes and continuity equations applied to theibgdituid film, describes the behavior of lubricgressure along the
axial and radial/circumferential directions of theearing, based on dimensional characteristics, apeg conditions,
and properties of the lubricating fluid, usuallyarhcterized by the Sommerfeld number, a dimensemarameter used
in hydrodynamic lubrication analysis. The analyticolution of the Reynolds equation is only possitfl some
simplifications of the differential equation areggded and resulting in the infinitely long beariagd short bearing
models. The whole Reynolds equation can be solvagdlying numerical approaches such as Finiteddd@hce Method
(FDM), Finite Volume Method (FVM) and Finite Elenhétethod (FEM), generating finite bearing model#h8ugh
limited, the simplified models results are clos¢h complete solution for some geometric configons and specific
operation conditions. Additionally, in the radidkarance divergence field, mathematical or numersmdutions result
in negative hydrodynamic pressures in the fluich fivhich does not actually occur, since there iiggture of the fluid
film often characterized as a kind of cavitatiorepbmenon. In this way, different boundary condgiorake it possible
to obtain feasible results such as Gimbel, Reyfald-Stieber and Jakobsson-Floberg-Olsson (JFOYndary
conditions. Although the literature on the subjpasented is wide, there is a gap in the direct garison between
simplified and finite models of hydrodynamic jodrbhaarings. Therefore, the main objective of thiglyg is to present
this comparative analysis, considering charactérisésults such as pressure profile in the flulthfilocus of the rotor
center position and bearing load capacity. Theeddhces and similarities between different modets evidenced
providing an understanding of the limits of uséhefresults obtained from the simplified modelsyafrodynamic journal
bearings. In general, for small rotor eccentricgtjef the bearing width/diameter ratid,AD), issmaller than 1, the short
bearing model may be used, and b is bigger than 1, the infinitely long bearing modgdy be useful. Furthermore,
journal bearings operating with eccentricity biggean half the bearing radial clearance, indeperitieaf their aspect
radio, L/D, it is recommended the use a finite bearing nucaégolution.

Keywords: hydrodynamic lubrication, Reynolds equation, bamgdcconditions, analytical solution, Finite Diffaree
Method.

1. INTRODUCTION

The hydrodynamic lubrication phenomenon occurs wiamparallel rigid bearing surfaces lubricatedabfilm-
fluid slide over each other, forming a convergingdge of fluid and forming a lifting pressure (Wélts, 1994), and
plays an important role in industry tribology, bgiessential to the operation of bearings in larngdrdulic turbines, or
small reciprocating hermetic compressors and magresd heads.

Historically, the discovery and formulation of hgdynamic lubrication mechanism are attributed tcegh
researchers: Nikolai P. Petrov (1836-1920), Beamgh@ower (1845-1904) and Osborne Reynolds (18421 Within
a few years (1883-1886) and independent of eaddr,atiey laid the foundations of this engineeriogsce branch. In
common, all three perceived that the lubricatiorcpss is due not to the mechanical interactiowofdolid surfaces but
to the dynamics of a fluid film separating themn{is, 1987).
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The main interest of Petrov was in the fluid fiictiarea and, in 1833, he proposed the hydrodynaatiare of
friction in sliding bearings but did not extend tisight into the nature of friction to the loadgéng capacity of bearings
(Pinkus, 1987). In the same year 1883, the ess&rngdrodynamic lubrication and the associate loaplacity was first
clarified experimentally by Tower in a test rig kipartial sliding bearing. Based on Tower’'s experits, Reynolds
formulated a theory of hydrodynamic lubrication1i®86 and, since then, Reynolds’ theory allows txeetbpment of
other theories like elastohydrodynamic, thermohglgnamic and turbulent hydrodynamic lubrication (H26006).

Reynolds lubrication theory considers a thin flfiich between two solid surfaces and applying theiliaStokes
and continuity equations to the fluid, the Reynb&tguation is obtained. This equation is a padiékerential equation
that describes the hydrodynamic pressure geneiratetluid film when the surfaces undergo relativetion, and its full
analytical solution is not possible. Simplified nedsl like infinitely long bearing and short beariradows obtaining
reduced analytical solutions, but the full Reynaldsation only may be solved by applying numenmocathod approaches
(Hori, 2006).

Someya (1988) edited the Journal-Bearing Databmakhich the static and dynamic characteristicsfééint types
of hydrodynamic bearings in use are established aigenized, combining results obtained by meansuwnherical
calculations and measured on different test rigs.

Most journal bearings, in the past, had width bigyan twice de diameter, but in recent years, tdbearings are
being used aiming the reduction of friction losg ¢l shaft misalignment. Hori (2006) indicates thatvadays, a typical
range of bearing width/diameter ratig,D, is 0.5 to 1. At the same time, Norton (2013) @adkes that journal bearing
range of width/diameter ratia/D, is from 0.25 to 2. Furthermore, Harnoy (2003)np®iout that most journal bearings
operate under steady conditions with eccentri@tjos froms = 0.6 to € = 0.8, in such a way that the minimum film
thickness will be higher than surface asperitieheramplitude of journal vibrations during opeuati

Although there is a wide literature on hydrodynaruirication subject, there is a gap in the diremiparison
between simplified and finite models of hydrodynanaiurnal bearings. The main objective of this gtiglto present
this comparative analysis, considering charactenissults such as pressure profile in the fldith find load capacity, as
a function of physical and operating charactergstitthe bearing.

2. HYDRODYNAMIC JOURNAL BEARING

Hydrodynamic bearings that support rotating shiayta sliding motion can be classified, accordinght direction
of load, as radial or axial type, or to the maimetric characteristics, as cylindrical, lobed tiph@arc, circular disc,
conical, spherical, fixed surface or tilting pagey(Someya, 1989). Hydrodynamic bearings with tdd&d capacity are
generally called journal bearings and a cylindrjoaknal bearing with plain and fixed surface, lasstrated in Fig. 1, is
analyzed in this study, assuming a fixed bearirgyratating shatft.

rotor surface

Figure 1. Cylindrical hydrodynamic journal bearing.

where:
» X, YandZ are inertial cartesian coordinatgsy andz are local cartesian coordinates;
e @is angular auxiliar coordinate, beingR6
« OandJare bearing and rotor centers, respectively
» dis rotor diameter anD, RandL are bearing diameter, radius and width, respdgtive
* his the fluid film thicknessh = ¢ + e cos 6)
» cis nominal radial clearance €R — )
» eandg are rotor eccentricity and attitude angle in eftilim position
» wis rotor angular velocity.
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2.1 Reynolds equation

The behavior of lubricant pressuggy, z), developed in the fluid film of the cylindricaljmnal bearing is described
by Reynolds equation, expressed in Eq. (1) as @apdifferential equation stated i andz coordinates, related to
tangential/circumferential and axial directionspectively.

9/ .0p\ 0/ .0p oh
9 (339P\ 9 (,39P) _ oh
ox (h 6x> * 3z (h az> oul == (1)

where,uis fluid absolute or dynamic viscosit¥/,is rotor tangential velocity = wR), andh = h(x) for parallel bearing
and rotor axis.

Hori (2006) points out that a general solution of. [El) cannot be obtained analytically, and that fibllowing
approximated analytical solutions are usually erygib

» Theinfinitely long approximationproposed by Sommerfeld in 1904, assumedficgntly long bearing in the
axial direction [ > D) and neglects the pressure gradient in axial timeddp/dz =~ 0) of the Reynolds
equation, resulting in the simplified Eq. (2).

9/ .0p oh
—(r3E) = _ 2
ox (h ax> ouu ox’ )

* Theshort bearing approximatigrpresented by Dubois and Ocvirk in 1988sumes a §ficiently short bearing
in the axial direction( < D) and that the pressure gradient in the axial dords much larger than that in the
circumferential directiondp/0z > dp/dx), so that, the pressure gradient in circumferédir@ction may be
neglected in Reynolds equatiaip(/dx =~ 0), resulting in Eq. (3).

9/ .dp oh
—_(p3ZE) = _ 3
0z <h az) ouu ox’ )

Furthermore, Hori (2006) indicates that faoite length bearingsthe full two-dimensional Reynolds equation may
be solved numerically, for example, by Finite Difece Method (FDM), Finite Volume Method (FVM) akéhite
Element Method (FEM). According to Gropper et a016), the FDM is most applied due to its easy @nntation,
followed by FEM and FVM. Some examples of FDM apalion are shown by Dwivedi et al. (2013) in hybrid
(hydrostatic/hydrodynamic) journal bearing analyaisd by Kango et al. (2012) in a numerical investan of
hydrodynamic journal bearing with textured surface.

2.2 Boundary conditions for the fluid film

Analytical or numerical solutions of Reynolds edoiatrequire the definition of suitable boundary ditions. In a
journal bearing the boundary condition at an aldtdfal end is simply that the fluid film presseeuals to atmospheric
pressuren,), but in the circumferential direction the fluidit is subjected to rupture in the bearing divetgegion
growing @ < 8 < 2m), where the clearance is growing, and the inflé\@iomay occur due to theoretical negative fluid
pressure in this region (Hori, 2006). The complegitthis phenomenon led to the adoption of theieeplified boundary
conditions for the fluid film pressure in circuméatial direction, illustrated in Fig. 2 for an infie length bearing
(Someya, 1988).

P h P h P h
» » P
h h h
=7, . e 7 =0 P=ry e 9=ﬂ‘ //2/” h=0 =05 e So|h=0
\ //
/
W/
@) Sommerf_e_ld boundary (b) Gumbel (HaIf-SommerfeId) (c) Reynolds/Swift-Stieber
condition boundary condition boundary conditio

Figure 2. Circumferential pressure boundary coodgifor cylindrical journal bearing.
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Sommerfeld boundary condition (Fig. 2a) assumestrbgative fluid pressure occurs in the bearingoregvith
growing clearancen(< 6 < 2r) without fluid film rupture and that fluid pressup = p, at 8 = 0 and 6 = n. This
boundary condition is seldom applied, except winenbtearing pressure is low.

For Gumbel (or Half-Sommerfeld) boundary condit{&ig. 2b), only the positive fluid pressure is cdesed, and
the negative pressure is replaced by atmosphesdsspre. Although its simplicity, this condition physically
inappropriate, because the flow and pressure agitytiare not satisfied & = .

Swift-Stieber or Reynolds boundary condition asssitiat both the fluid pressure and pressure gradienzero,
simultaneously, ab = 6*, eliminating the discontinuity problem of Gumbetendition até = m, but an interactive
procedure must be adopted to deterngirealong circumferential and axial directions.

The phenomenon of fluid film rupture in bearing efigent region, known agseous cavitatigrusually results in
finger-shaped voids and is described by JakobstareFOlsson (JFO) theory (Braun and Hannon, 20T JFO
theory considers the oil film divided into two regs: one region with complete film formation obé#ys classic Reynolds
equation; another region where the rupture of thilm occurs. In this second region, only parttbé gap is filled with
oil and the pressure is considered constant. T@ebdfeindary condition results from the applicatibmass conservation
in the full-film interface and cavitation zones @&, 1981).

2.3 Load capacity and equilibrium position

Assuming a static vertical load; actuating in the rotor shown in Fig. 3, the fldiich hydrodynamic pressure,
developed in journal bearing supports this load huedrotor equilibrium position is defined by itscentricity, e, and
attitude angleg. The fluid film pressurep, may be integrated to determine the bearing l@gmhcity, W, and its two
orthogonal component#/, andW, (Harnoy, 2003)

Figure 3. Hydrodynamic bearing load capacity.

The direction ofl#, is along bearing and rotor center lin2f, inclined from the vertical direction by, andl,
direction is normal to th#/,. Load capacity componeritg. andW, may be determined integrating the elementary force

dW resulting from fluid pressurg, actuating in an elementary aweé = RdfOdz, in all bearing surfacé(< 6 < 2w and
—L/2 <z < L/2), resulting in Eq. (4) and (5), respectively.

W, =— f021r f—LI{jZ pcosO R d6 dz, (4)
21 L/2
W, = J; nf_L/z psend R d6 dz, )

The total load capacity of the journal bearibig,and corresponding attitude angbeare obtained from load capacity
components, as shown in Eq. (6) and (7), respdgtive

W= Wz + Wz, (6)
tang = W, /W,, (7)
2.4 Infinitely long bearing

In an infinitely long bearing model (> D), the solution of simplified Reynolds equation, &), allows determining
the fluid film hydrodynamic pressure distributign,expressed in Eq. (8) for Gimbel boundary conalittdori, 2006).
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The fluid pressure varies only in circumferenti@l direction, once the pressure gradient in axiaation,dp/dz, was
neglected.

6uUR &(2 + ecosf)senb

2 (24 &2)(1 + ecosh)? 0 <b<m, (8)

p(6) =

where,e = e/c is the eccentricity ratio (0 << 1).

Considering Eq. (8) and applying in Eq. (4) to @@aring load capacityy;, and attitude angles, are determined
and expressed in Eg. (9) and (10), respectivelyi(l2606).

_ 6uUR*L e{4e® +m?(1 — €2)}'/? ©)
T2 Q+e))(1—-€2)
1— 2\1/2
tang = %’ (10)

2.5 Short bearing

In a short bearing model & D), the solution of Eq. (3) results in the fluidhfilhydrodynamic pressure distribution,
p, expressed in Eq. (11) (Hori, 2006). In this célsdd pressure varies in circumferenti#) @nd axial ) directions, and
due to Gumbel boundary condition, only positivesgtees are considered.

C] )—3MU L esend 0<o< d—-L/2<z<L/2 11
T W (1 + ecosB)3 ( Tan /2<z<L/2) (11)

Applying Eqg. (11) in Eq. (4) to (7), bearing loaapacity, W, and attitude angleg, are determined and expressed in
Eq. (9) and (10), respectively (Hori, 2006).

uulL3 € 5 ) 1172
_ 12
w = 12 -y [72(1 — €2) + 16£2]Y/7, (12)
m (1—¢e»)t/?
— 13
tang = 2 B : (13)

2.6 Finite bearing

Finite length bearings are also considered inghidy and a computational algorithm was developased on Finite
Difference Method (FDM) and Gumbel boundary cormuditfor fluid pressure. In this method, the plaimatieg surface
is discretized in a grid pattern with nodal poimtgircumferential £ and axial directionsz, as illustrated in Fig. 4.

z 7D
n
n-1
c p\.jﬂ
2
= I 4 Ba Py B
s
>
< AZ
pu,H
2 AX
1 2 m-1 m X

Circumferential direction

Figure 4. Grid pattern in plain bearing surface @@tmowski et al., 2013).

The derivatives in bidimensional Reynolds equatit, (1), a partial differential equation, are apgimated to finite
differences of pressure and fluid film thicknesstloé nodal points, based on Taylor expansion obrgicuous and
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differentiable function ati(j) neighboring points, and considering the centifé¢icince approximations, resulting in the
set of Eq. (14).

6_P ~ Pit1j —Pi1j
ox 2Ax
@ o Piv1j — 2p;j + Dio
2 = 2
] 0x Ax (14)
6_P ~ Pij+1 ~Pij-1
0z~ 2Az
@ o Pij+1— 2p;j+ Dij-1
ox% Az?
The pressure at the nodal poiip§) can be expressed by Eq. (15):
Pij = Qo t QPis1j T A2Di—1j + A3Pij41 T AaDij-1, (i=12.m-1j=12.,n-1) (15)

wherep; ; is the pressure at the nodal pointY anda,, a,, a,, a; anda, are constants defined the respective nodal
point.

Applying the boundary conditions, both in the cirdarential and axial directions, the obtained def{no x n)
algebraic equations can be solved by numerical oalsth

The computational algorithm, developed in Matlafiveare, applying the FDM and the Gimbel boundanydition
in an interactive way, allowing the determinatioihfloid film pressure, rotor center equilibrium piien and load
capacity, for different journal bearing geometnfigurations and operation conditions. The flowtloFigure 5 shows
the procedure adopted for obtaining the journatibgastatic characteristics.

Design parameters
D, L, cawu

Initial conditions
&, Po
v
Bearing grid for MDF
(mx n) points

Calculus of bearing
pressure

Application of Guimbel
boundary conditionpg<0)

Calculus of rotor
equilibrium position £, @)

Calculus of bearing
load capacityv

&9

stable?

Figure 5. Procedure for calculation of static chtgastics of journal bearing.
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3. RESULTS AND DISCUSSION

Hydrodynamic journal bearing static characteristlidee fluid film pressure, rotor equilibrium posih and load
capacity were determined for the three differermrioeg models: infinitely long, short and finite bigg, assuming in all
three cases, a bearing width/diameter rafib = 1 and a eccentricity ratio= 0.7.

Figure 6 illustrates the fluid film dimensionleseegsure * = p (c/R)?/6uw) distribution in each one of these
bearing models and assuming a Gimbel boundary ttmomdior negative pressures.

_ y_— 0 0:5 1 ItS 2 2:5 3 ) 3?5
widih [m] o050 o [rad] o [rad]
(a) Infinitely long bearing (3D and side view ping)
3.5
3
25
2
A
1.5

1

0.5

0

) 7 4 0 05 1 15 2 25 3 35
width [m] 005 0 o [rad] o [rad]

(b) Short bearing (3D and side view plotting)

. 0 1 : 2 3
i i 6= ate [rad] 0=aro [rad]

(c) Finite bearing (3D and side view plotting)
Figure 6. Fluid film dimensionless pressure in logymamic journal bearings.

As explained before, it can be noted that in amitgly long bearing (Fig. 6a), fluid pressure esrionly in
circumferential direction, once the pressure gnatdig/dz was neglected in this simplified bearing solutibar the short
bearing model (Fig. 6b), fluid pressure variesincumferential and axial direction, even with thegsure gradient in
circumferential directiodp/dx neglected, because film thickness varies alorgydinéction. The film pressure in a finite
bearing is illustrated in Fig. 6¢ and one can o fluid pressure varies in both directions, winderential and axial, in
a similar way of short bearing, but with differgmessure levels.
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The locus of rotor center under static equilibripasition, defined by the combination of eccentyicétioe and the
attitude angle of rotor-bearing system, are shown in Fig. 7airinitely long and short bearing. One can notd,tha
shown in Eq. (7) and Eq. (10), the rotor centeusofor both cases are not influencedLiFp ratio. For finite bearings
(Fig. 7b), thel./D ratio influences rotor static equilibrium positiand, for lower values df/D the locus of rotor center
approaches the short bearing locus, as well fdrdrigalues of./D the locus of rotor center approaches the infipitel
long bearing locus.

€ €
02 04 0.6 0.8 1 02 04 0.6 0.8 1
2= 90 —_—— 90
@ ®
60 60

UD=0.25
30 30 ——UD=05

0 Long 0 uUD=2

(a) Short and infinitely long bearings (b) Finitealting

Figure 7.Locus of the rotor center under Gimbel's condition.

The bearing dimensionless load capadity & W/(3uwR3L/c?) may be determined for the three bearing models
and the results are exemplified in Fig. 8 as atfonmf eccentricity ratiog, and for different aspect ratiégD.
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Figure 8. Load capacity x eccentricity ratio foffelient journal bearing models.

In a hydrodynamic journal bearing with small widtip = 0.25 (Fig. 7a), the dimensionless load capacitiesof
short and finite bearings models are practicalincident, especially for eccentricity ratio< 0.7, and both are smaller
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than the fictitious load capacity of the infinitdlyng bearing. A similar behavior occurs whetb = 0.5 (Fig. 7b), but
for eccentricity ratics < 0.5. Furthermore, far/D = 0.5 ande > 0.7, thew* of short bearing increases abruptly, over-
comingw* of infinitely long bearing model. The dimensionlésad capacitie® * of infinitely long and finite bearings
with aspect radia/D = 1 (Fig. 7c) and./D = 2 (Fig. 7d) are very close to each other, especiatly < 0.7, and both are
smaller tharw* of short bearing model, mainly fer> 0.6.

Although finite bearing results are being used asfarence, it is important to note that this isagproximate
numerical solution, but the comparison with theeotiiearing models allows highlighting the limitatoof each analytical
model.

4. CONCLUSIONS

Hydrodynamic journal bearings are widely used idustry and the suitable design of this machine etgrmay
provide a long life for industrial and domestic gument. For this purpose, commercial software aaddards with
design procedure are employed. All these procedareebased on the fluid film Reynolds equation atuand different
approaches may be adopted. Usually, a journalimpaspect ratia,/D, may varies from 0.25 to 2, but nowadays a more
typical range of./D is 0.5 to 1. Long bearings support heavy loads,the shaft misalignment may lead to scraping
problem in bearing sides. This problem may be mimgah if short bearings are adopted, but with theseguent loss of
carrying capacity.

In this study, a comparation between infinitelydoshort and finite journal bearing models was qgrenied and the
similarities, discrepancies and limitations ondlhlydrodynamic pressure and load capacity were@diout. In general,
for small eccentricity ratiog < 0.5), if the bearing aspect radig,D, issmaller than 1, the short bearing model may be
used, and if./D is bigger than 1, the infinitely long bearing modey be useful. Furthermore, journal bearings dpera
with eccentricity ratice> 0.5, usually 0.6 to 0.8, therefore it is recomdeghthe use a finite bearing numerical solution,
independently of their aspect radigD.
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