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Abstract. The aerodynamic behavior in vertical axis turbines is the result of the interaction of a flow over the surfaces of
its blades. The objective of this work is to analyze a two- dimensional flow over the blades of a vertical axis turbine, under
the influence of low Reynolds numbers, Re ≤ 1000, using the methodology IMERSPEC. It is a methodology resulting
from the coupling of the Fourier Pseudo-Spectral Method and the Immersed Boundary Method. For this, initially, it
is proposed the simulation of a flow over an airfoil NACA 0012 for Reynolds number equal to 1000. The influence
of the variation of the angle of attack of the airfoil was analyzed and the average coefficients of lift and drag were
obtained. It is proposed the modeling of a two-dimensional flow over a vertical axis turbine composed of one and
three blades constituted by the NACA 0015 airfoil, under a laminar regime, with a Reynolds number equal to 100. The
tangential force and normal force coefficients are obtained as a function of the azimuthal position of the blades. The
results showed good convergence in relation to those presented in the literature. Through the vorticity fields, it is possible
to observe the influence of the rotating movement, which implies the formation of a complex wake formed by swirling
structures with different characteristic sizes. In general, under low Reynolds numbers, the applicability of the IMERSPEC
methodology proved to be convergent and with good accuracy for modeling flows over turbines, in relation to other
numerical methodologies.
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1. INTRODUCTION

Airfoils are the two-dimensional sections of vertical axis turbine blades and are also present in aircraft wings, with
different geometric shapes and specific characteristics. Physically, the flow of a viscous fluid over an airfoil results in
a fluid-structure interaction that promotes the appearance of a resultant force. This force ensures the physical effect of
lift and drag in large aircraft, micro-aerial vehicles (MAVs) and of promoting torque in wind turbines (Anderson, 2017;
Clercq et al., 2009; Paraschivoiu, 2002).

Computational Fluid Dynamics (CFD) proposes the solution of mathematical models formed by partial differential
equations, like the Navier-Stokes equations, which physically model the flows of a Newtonian fluid. In airfoils and
vertical axis turbines, the solution of these models makes it possible to predict the performance and efficiency of these
structures, verify the influence of design variables and allow the detailed visualization of velocity, pressure and vorticity
fields and can be used as tools for systematic optimization procedures (Howell et al., 2010; Castelli et al., 2011; Li et al.,
2013; Marinić-Kragić et al., 2018; Hansen et al., 2021).

Using the finite volume method, Seshadri et al. (2022) presented an analysis of the influence of the pitching motion
on the formation of leading-edge vortices in an NACA 0012 airfoil subjected to flows with Re = 3000. Two-dimensional
flows over different symmetric NACA airfoils, with Re = 400–6000, were modeled by Mateescu and Abdo (2009);
Kurtulus (2021) using the finite difference method and finite volume method, respectively. Using low-order convergence
methods, Nguyen et al. (2023) studied the dynamic stall phenomenon on a NACA 0012 airfoil for Re = 1000.

The challenge for researchers is the development of computational and numerical models that are easily programmable,
accessible, highly accurate, with low computational cost and with a high order of convergence. Boundary conditions in
flows over airfoils and vertical axis wind turbines become complex as the industrial and engineering problems become
increasingly sophisticated. Thus, paths are observed that allow the application of methods of a high order of convergence
in physical models of this nature, such as the Discontinuous Galerkin method, finite volumes of high order and spectral
methods (Ferrer and Willden, 2015; Ramírez et al., 2015; Liang et al., 2011).

The hybridization of the Fourier Pseudo-Spectral Method (FPM) and the Immersed Boundary Method (IBM) resulted
in the IMERSPEC methodology (Mariano et al., 2010; Kinoshita et al., 2016; Mariano et al., 2022). This coupling added
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the advantages of both methods, with emphasis on: the modeling of flows over complex and mobile geometries using
a Cartesian mesh under non-periodic boundary conditions; the decoupling of pressure-velocity variables eliminating the
need to solve the Poisson equation; post-processing for the recovery of the pressure field, satisfying the continuity equation
with round-off errors.

Mariano (2011) applied the IMERSPEC methodology to classical flows, such as: 2D and 3D step and cylinder flows.
Furthermore, it simulated the fall of a particle in a fluid, verifying the potential of the methodology in modeling fluid
structure problems. Villela (2015) proposed a hybridization of the IMERSPEC methodology with the Front-Tracking and
Volume of Fluid methods for numerical and computational modeling of bubble rise, showing promising results for bubbles
with a cylindrical shape. Nascimento (2016) simulated two-dimensional flows using the IMERSPEC methodology in
problems related to the drilling of oils, observing physically consistent results.

The application of the IMERSPEC methodology to aerodynamic problems has proven to be discreet, since its first
numerical and computational implementations (Lima-E-Silva et al., 2003). Therefore, in this work we verify the capacity
of this methodology for solving choices of this type. Based on this approach, the present work proposes to evaluate the ap-
plicability and potentiality of the IMERSPEC methodology for the solution of two-dimensional and incompressible flows
over airfoils and blades of vertical axis turbines in rotating motion, under low Reynolds numbers (Re ≤ 103). For this,
it is presented the development of a specific subroutine capable of modeling the rotating movement of the blades. Asso-
ciated with the IMERSPEC methodology, the complete model is capable of contemplating the fluid-structure interaction
between turbine and flow and calculate the main performance parameters of airfoils and vertical axis turbines: coefficients
of lift, drag, normal and tangential forces. As it is a high-order methodology of convergence and easy implementation, its
future applicability can be seen in even more complex problems, which involve the demands of the aeronautical and wind
industry.

2. NUMERICAL AND MATHEMATICAL MODEL

2.1 Fourier Pseudo-Spectral Method (FPM)

The fluid dynamic behavior of flows over airfoils and vertical axis turbine blades is described by a differential math-
ematical model composed by the continuity equation, given by Eq. (1) and by the Navier-Stokes equations, given by
Eq. (2). This model is presented in tensorial notation, valid for t ≥ 0,

∂uj

∂xj
= 0, (1)

∂ui

∂t
+

∂(uiuj)

∂xj
= − ∂p

∂xi
+ ν

∂2ui

∂xj∂xj
+ fi, (2)

where t is the time, ui(x, t) are the components of the velocity vector at [m/s], x is the position vector of a point in the
Eulerian domain, p = p∗/ρ, where p∗ is the static pressure field in [N/m2], ρ is the specific mass of the fluid in [kg/m3]
and ν is the kinematic viscosity of the fluid at [m2/s]. In the present work, the term fi virtually models the immersed
interface of airfoils and vertical turbine blades using the Immersed Boundary Method (IBM).

The FPM is responsible for transforming the primitive variables of fluid dynamics (velocity and pressure) from phys-
ical space to spectral space using the Direct Fourier Transform (DFT). Thus, applying DFT to the Eq. (1) and Eq. (2), we
have, respectively,

ιkj ûj = 0, (3)

∂ûi

∂t
+ ιkj (̂uiuj) = −ιkip̂− νk2ûi + f̂i, (4)

where û (k, t) is the velocity field in spectral space and k2 = kjkj is the squared norm of the vector wavenumber k.
The pressure term in spectral space −ιkip̂ becomes null, projected by the tensor ℘ij (Mariano et al., 2022),

℘ij (k) = δij −
kikj
k2

, (5)

where δij is the Kronecker delta.
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This way, the pressure-velocity coupling is eliminated and, consequently, it is not necessary to solve the Poisson
equation. Furthermore, to the projection procedure, another computational procedure used in the methodology is the
elimination of the need to solve the convolution integral of the non-linear term in the spectral space. For more details on
these procedures, see the works Silveira-Neto (2020) and Mariano et al. (2022).

2.2 Immersed Boundary Method (IBM)

The IBM uses two simultaneous and independent calculation domains, the Eulerian domain (Ω), fixed and Cartesian,
and the domain that delimits the interface immersed in the flow, called the Lagrangian domain (Γ), showed in Fig. (1).

Figure 1. Representation of the Eulerian domain (Ω) and the Lagrangian domain (Γ), where x is the position vector of any
point in the Eulerian domain and X is the position vector of any point in the Lagrangian domain.

The coupling procedure between the Eulerian and Lagrangian domains is given, mathematically, by calculating the
force term fi,

fi (x, t) =
∑
Γ

Dh (x − X)Fi (X, t)∆s2, (6)

where Fi (X, t) is the Lagrangian force, ∆s is the spacing between the discretized Lagrangian points and Dh (x − X) is a
distribution function,

Dh (x − X) =
1

∆x2Wh (rx)Wh (ry) , (7)

where rx = x−X
∆x , ry = y−Y

∆y , ∆x and ∆y are the spacing between the discretized Eulerian points in the directions x and
y, respectively, and Wh is the “hat” function, calculated by,

Wh (r) =

{
1− |r|, if 0 ≤ |r| ≤ 1
0, if 1 < |r| . (8)

The IBM requires the calculation of the Lagrangian force Fi (X, t). From Eq. (2), it is isolates fi,

fi (x, t) =
ui

t+∆t − ui
∗ + ui

∗ − ui
t

∆t
+ rhsi

t, (9)

where ui
t+∆t is the velocity component of an Eulerian point at the current instant of time t + ∆t, ui

t is the velocity
component of an Eulerian point at the previous instant of time t, ui

∗ is the estimated Eulerian point velocity component,
∆t is the discretized time step and rhsi is the sum of the diffusive, advective (non-linear term) and pressure gradient
terms, which set Eq. (2).

Decomposing Eq. (9) into two parts,

ui
∗ − ui

t

∆t
+ rhsi

t = 0, (10)

fi (x, t) =
ui

t+∆t − ui
∗

∆t
. (11)
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So, the Lagrangian force Fi (X, t),

Fi (X, t) =
Ui

t+∆t − Ui
∗

∆t
, (12)

where Ui
t+∆t is the velocity component of the Lagrangian points that models the immersed boundary in the time step

t + ∆t, therefore, Ui
t+∆t = Ui

FI . For the case of flows over airfoils, Ui
FI = 0 throughout the simulated physical

time. For flows over the blades of vertical axis turbines, Ui
FI is given by a mathematical model that imposes the rotary

movement to the interface of the blades.
To determine the temporary parameter Ui

∗, the opposite process to the distribution of the Lagrangian force, called
velocity interpolation,

Ui
∗(X, t) =

∑
Ω

Dh (x − X)ui
∗(x, t)∆x2. (13)

The Lagrangian force, calculated by Eq. (12), is distributed, using the Eqs. (6), (7) and (8). Rearranging Eq. (11), the
term fi, obtained from the distribution procedure, it is corrected ui

∗ and is updated to ui
t+∆t,

ui
t+∆t = ui

∗ +∆tfi. (14)

In the present work, an interactive procedure is used to improve the accuracy of the velocity calculation ui
t+∆t. This

iterative procedure is the Multi-Direct Forcing Method, described by Wang et al. (2008) and Mariano et al. (2022).

2.3 Mathematical modeling of the vertical axis turbine

For fluid dynamic problems involving rotating boundaries, using IBM, it is necessary to impose a mathematical model
on the Lagrangian domain that allows calculating, at each time step ∆t, a new position to the Lagrangian points from their
initial positions. In the present work, this model simulates the rotational movement of vertical wind turbine blades.

To determine the positions of the Lagrangian points, imposed by the rotary motion, is to locate them by the position
vector Xt, at every instant of time t. So, the position Xt of a given point is calculated, starting from its initial position Xt0 ,

Xt = SϕXt0 , (15)

where Sϕ is the rotation matrix,

Sϕ =

 cos(ϕt) −sin(ϕt) 0
sin(ϕt) cos(ϕt) 0

0 0 1

 . (16)

The matrix accounts for the effect of turbine rotation on a given Lagrangian point, changing the direction of the initial
position vector Xt0 from the angle of rotation ϕt,

ϕt = ω(t− t0), (17)

where ω is the magnitude of the rotation speed of the turbine, positive in the counterclockwise direction.
In Fig. (2a) is observed the scheme of the rotational movement of a Lagrangian point, belonging to the domain Γ.
The calculation of the Lagrangian force, by the Eq. 12, requires the determination of the tangential velocity com-

ponents UFI of each Lagrangian point that represent the immersed boundary (turbine blade), shown by Fig. (2b) and
calculated by,

UFI
x = −ωXsin(φFI), (18)

UFI
y = ωXcos(φFI), (19)
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(a) (b)
Figure 2. (a) Rotary motion of a Lagrangian point p, imposed by a velocity of rotation ω⃗. (b) Imposition of the tangential

velocity on a Lagrangian point, belonging to the blade of a vertical axis turbine.

where X =
√
Xp

2 + Yp
2 is the magnitude of the position vector X, in which Xp is the coordinate of X in the direction x

and Yp is the coordinate of X in the direction y.
Mathematically, in the IBM, the global contributions of the tangential, normal, lift and drag forces, applied in the

turbine blades or airfoils, are obtained, in two dimensional domain, by,

Fci = −ρ

NIT∑
it=1

NL∑
p=1

Fi
p (X, t)∆x∆s, (20)

where Fci is calculate, in [N ], by the sum of a given Lagrangian force component Fi
p applied over all Lagrangian

points, along all Multi-Direct Forcing interactions and NL is the number of Lagrangian points that model the discretized
embedded interface.

The magnitudes of these force components are quantified by their respective dimensionless coefficients, calculated by,

Ci =
2Fci

ρU0
2c(1)

(21)

where U0 is the free stream velocity of the flow in [m/s] and c is the chord of the airfoil or blade of a vertical axis turbine
in [m].

3. RESULTS

3.1 Flows over airfoil NACA 0012

The simulations are performed for a NACA 0012 airfoil with a rounded trailing edge. The Reynolds number of the
flow is equal to Re = 1000. The kinematic viscosity of the fluid is calculated by ν = U0c/Re, in [m2/s]. The specific
mass of the fluid is equal to ρ = 1, 00 [kg/m3]. The airfoil is subjected to a free stream velocity U0 = 1, 00 [m/s].

Temporal discretization is performed by the fourth order Runge-Kutta method of temporal convergence, with six steps
(RK46), presented by Allampalli et al. (2009). Regarding the time increment ∆t, is defined CFL = 0, 25. The total
range of simulated physical time is tU0/c = [0 : 100].

The Fig. 3 shows the domain used for simulations. Together, the buffer zone and the forcing zone, see the work of
Mariano et al. (2022), have length LBZ = 4c. The physical domain has length LnP = 28c. The total length of the
calculation domain is Lx = 32c.

It is evaluated the influence of angle of attack variation (α) in the dimensionless coefficients of the airfoil and the fluid
dynamic phenomena of the flow by analyzing the fields of vorticity. The simulations are performed for the 2048 × 1024
mesh Eulerian domain and Lagrangian points NL = 300. The mean of the coefficients is obtained to the interval t∗ =
[70 : 100]. For this time interval, the flow is in a statistically stable state, as shown by the behavior of Cd for different
mesh Eulerian domains in Fig. (4).

The increase of Cl in function of α is shown in Fig. (5a). There is good agreement with the results presented by
Ilio et al. (2018) and Kurtulus (2016). From the curve presented, it is possible to determine the occurrence of the stall,
a phenomenon where there is a sharp drop in the lift force and a drastic increase in the drag force. Note that the stall
angle occurs for α = 28◦, in accordance with Kurtulus (2016) and Liu et al. (2012). To α < 10◦, the drag force, FD is
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Figure 3. Calculation domain for the solution of flows over an airfoil.

Figure 4. Temporal development of Cd to α = 10◦.

(a) (b)
Figure 5. (a) Lift coefficient Cl as a function of α. (b) Drag coefficient Cd as a function of α

mainly composed by the frictional effects of the boundary layer, minimally influencing the increase of Cd, as shown by
the Fig. (5b). Therefore, for α > 10◦, pressure drag due to surface flow detachment becomes dominant over the airfoil,
leading to a significant increase in Cd.

To α = 0◦ as shown in Fig. (6a) the adverse pressure gradient is zero or minimal, keeping the flow attached to
practically the entire surface of the airfoil. As a result, an aligned flow is obtained, with the absence of recirculations.
To α = 16◦, Fig. (6b), it is possible to observe the detachment of a pair of swirling structures from the trailing edge,
alternating, forming the von Kármán wake.
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(a) (b)
Figure 6. Instantaneous vorticity fields −1 ≤ wzc/U0 ≤ 1 over the NACA 0012 airfoil for (a) α = 0◦ and (b) α = 16◦.

3.2 Flows over vertical axis turbine

It is proposes the modeling of a two-dimensional and incompressible flow, using the IMERSPEC methodology, on a
vertical axis wind turbine, represented by a one and three blades rotor. The blades are constituted by the NACA 0015
airfoil. The Reynolds number of the flow is equal to Re = 100. Flows over vertical axis wind turbines are more complex
than flows over airfoils, due to the fluid dynamic interaction with the rotating blades, the formation of swirling structures
of different characteristic sizes, as well as the occurrence of dynamic stall. Due to this, it was decided to reduce the
Reynolds number in relation to flows over airfoils, initially testing the potential of the methodology for this range of Re.

Furthermore, the results of flow simulations over airfoils were compared to the works of Ilio et al. (2018) and Kurtulus
(2016), which define the Reynolds number as presented in this study. Simultaneously, the results of flow simulations over
turbines were compared to the works of Ferrer and Willden (2015) and Ouro and Stoesser (2017), which employ the same
Reynolds number definition as presented in the aforementioned section.

Therefore, the turbine is subjected to laminar flow, with free stream velocity U0 = 0, 50 [m/s]. The turbine blades
are subjected to a rotation speed ω = 0, 50 [rad/s].Thus, the tip speed ratio (TSR) of the rotor is λ = 2, 0. Regarding the
time increment ∆t, is defined CFL = 0, 1.

(a) (b)
Figure 7. Variation of tangential force coefficient Ct as a function of the azimuthal position (θ) to turbines composed of

(a) one blade and (b) three blades.

(a) (b)
Figure 8. Variation of normal force coefficient Cn as a function of the azimuthal position (θ) to turbines composed of (a)

one blade and (b) three blades.
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The results of Ct and Cn, in both turbine configurations, presented in the Figs. (7) and (8), show good agreement
with reference works. It is observed a light divergence of Ct in relation to Ferrer and Willden (2015) results is observed.
For turbines with one and three blades, the magnitude of Ct is smaller than the magnitude of Cn. Furthermore, a greater
sensitivity of Ct is visible in relation to Cn, subject to more fluctuations. The oscillations and the small amplitude of
Ct in relation to Cn, demonstrate the importance of applying numerical methods with a high order of convergence for
the solution of problems of this nature. Using the IMERSPEC methodology, it is therefore possible to capture, with a
good level of detail, the fluctuations of Ct, confirmed by the results presented by Ferrer and Willden (2015) and Ouro and
Stoesser (2017).

(a)

(b)
Figure 9. Temporal evolution of vorticity fields −2 ≤ wzc/U0 ≤ 2 for (a) one blade turbine and (b) three blades turbine.

The temporal evolution of the flow vorticity fields is shown in Figs. (9a) and (9b) on the one and three blades turbines,
respectively. It is noted that, when the number of turbine blades is increased, there is an increase in the amount of swirling
structures and in their characteristic sizes, as a result of the non-linear interactions that are intensified by the detachment
of the flow.

The swirling structures formed by the flow separation are advected towards the center of the rotor and, during turbine
rotation, interact simultaneously with the blades and other swirling structures. As observed in Fig. (9b), this phenomenon
becomes more intense in the turbine with three blades, leading to the formation of a highly non-linear and complex wake.

4. CONCLUSIONS

In the present study, the application of the IMERSPEC methodology for numerical and computational simulation of
two-dimensional flows over airfoils and vertical axis wind turbines was presented.

The relevance of this work is based on the need for a mathematical model that, associated with the IMERSPEC
methodology, simulates the rotational movement of the blades of a vertical turbine. For flows under low Reynolds num-
bers, Re = 100, the results of modeling flows over turbines with one and three blades, such as the coefficients of tangential
force and normal force, as well as the qualitative visualization of the flow by vorticity fields, are within expectations in
relation to other numerical methodologies (Ferrer and Willden, 2015).

In general, it is observed that the communication between the IMERSPEC methodology and the modeling of the
rotational movement of the blades is satisfied and the methodology is, therefore, a potential and promising technique for
solving problems of this nature.
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