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Abstract. Rotating machines are essential in several engineering applications. For this reason, unexpected overloads can
cause damage to their components, and the damage can cause accidents and losses of revenue. Furthermore, computa-
tional modeling and deep learning techniques are transforming industrial activities and supporting the decision-making
of manufacturing and maintenance tasks. This work presents a condition monitoring technique based on Bayesian neural
networks, which includes uncertainties quantification, to estimate crack length in a rotating shaft, then estimate the reli-
ability using First Order Reliability Method (FORM) and Second Order Reliability Method (SORM). Several simulations
of a shaft operating with different crack lengths were performed. A Bayesian Neural Network were employed to estimate
the crack length. The crack was propagated using Paris Law, and then the reliability was assessed. By examining the
constructed BNN model, we were able to observe and assess the level of uncertainty in the predictions. This provides
us with additional insights into the failure data of equipment, ultimately aiding in the monitoring of rotating machine
condition and crack propagation using the Paris Law. Furthermore, it enables us to evaluate reliability through the use
of FORM and FORM and the results were satisfatory comparing with the Monte Carlo method.

Keywords: rotating machines, condition monitoring, Bayesian neural networks, SORM and FORM, remaining useful life

1. INTRODUCTION

Rotating machines play a fundamental role in meeting the demands of modern society. They are employed in tasks
within the manufacturing industry (Iliyas Ahmad et al., 2020), in transportation (Sun et al., 2021), in wastewater treatment
(Ma et al., 2020), in power conversion and generation (Du et al., 2020), and in other applications. On the other hand,
defects in rotating machinery can generate immeasurable damage. For example, the economic losses associated with
maintenance in Brazil are approximately 4% of the gross sales of industries (Oliveira, 2013). However, the costs are
not only in finances but socio-environmental, such as accidents and waste of revenues. Moreover, the fourth industrial
revolution has been shaping up since the last decade. This new conjuncture incorporates Artificial Intelligence (AI),
the Internet of Things (IoT), cloud computing, and digital twins into traditional activities such as manufacturing and
maintenance. The impacts of this revolution are causing a significant increase in the condition monitoring routines of
rotating machines and, in this way, helping decision-making in order to reduce errors and costs.

Many works in the literature employ artificial intelligence and uncertainty quantification for rotating machinery con-
dition monitoring, and it is possible to affirm that these kinds of application of data science techniques are the scientific
vanguard employed in rotating machinery condition monitoring (Liu et al., 2018). The work of Alves et al. (2020) presents
a study involving the development of a finite element model and simulation of ovalization failure in the hydrodynamic
bearings of a rotor and performing fault diagnosis for different severity levels using convolutional neural networks (CNN).
Wang et al. (2020) elaborate on a remaining useful life (RUL) prediction technique using experimental data from accel-
erated life tests with rolling bearings, using Bayesian convolutional neural networks (BCNN) to estimate the degradation
state of the equipment. The results proved effective for machine prognosis. The paper by Wang et al. (2021) presents the
comparison between Bayesian neural networks (BNN) and Bayesian logistic regression (BLR) techniques. They tested
both techniques experimentally for performing condition monitoring of a naval internal combustion engine, and the results
were superior to often used methodologies. The academic paper by Peng et al. (2020) presented two different architectures
for Bayesian Neural Networks (BNN) aiming to estimate the RUL. The experimental data are from tests with Turbofan
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engines tested until the bearing failure. After that, the input data are complex time-frequency features in one of the net-
works and time series in the other. As a result, the RUL probability density function is presented and compared with the
lifetime in an experiment. Both network architectures show the RUL estimation with high precision and quantified levels
of uncertainty. The study by Kitai et al. (2021) proposes a new RUL estimation approach that uses CNN and hierarchical
Bayesian regression (HBR). Then, the input data preprocessing of the CNN generated spectrograms is the methodology’s
novelty. The results show a significant increment in the accuracy of the RUL prediction. They used these images as
input data in two parallel network architectures: the first with data history for different degradation states, and in the
other CNN, the input is only a spectrogram image of the last observation of the degradation state. Thus, both predictions
are compared and applied in HBR, which can estimate the uncertainties of the RUL prediction. de Moraes et al. (2021)
present the diagnosis of ball-bearing failures by transforming time signatures into vibration images. These data feed a
convolutional BNN, and during the tests, the work shows diagnoses for different types of damages and different severities
and performs the uncertainties quantification of these diagnoses. Barbosa and Rade (2022) studied the reliability analysis
of rotor-bearing systems of Kriging surrogate models and the First-Order Reliability Method (FORM). The results from
the comparison between several combinations of classical techniques show that the Kriging/FORM strategy decreases
computation costs while maintaining acceptable precision in assessing reliability.

Although all these contributions in the literature have been made so far, it is possible to note the lack of applications
of machine learning algorithms combined with the uncertainties quantification for shaft crack diagnosis and reliability.
Thus, we have pursued the answer to the following research question: can Bayesian neural networks be used to quantify
the uncertainty on the estimation of the crack length in a shaft and support an estimative of reliability? The specific
objectives of this research are: (i) a finite element model capable of simulating vibration signals in the rotating shaft
condition operating with different crack lengths; (ii) to develop and train a Bayesian Neural Network (BNN) algorithm to
quantify uncertainties on crack length predictions; (iii) to predict the crack propagation parameters using Paris Law and
estimate reliability using First Order Reliability Method (FORM) and Second Order Reliability Method (SORM).

Following this Section 1, this work is organized in Methodology (Section 2.), in which it is presented the way the
finite element model of the rotor under analysis was developed, as well as the techniques used to develop the BNN model.
Then, the main results are presented and discussed in Section 3. Finally, the main conclusions obtained from the work are
presented in Section 4..

2. METHODOLOGY

2.1 Mathematical Modeling of the rotor

The Finite Element Method (FEM) is often used to model continuous rotating elements. It allows for the coupling
between translational and rotational movements. The rotor under analysis is discretized using 11 Timoshenko beam
elements, with each element consisting of 4 degrees of freedom (DOFs) per node - two translational DOFs and two
rotational DOFs. Figure 1 illustrates a schematic diagram of the finite element model of the rotor, highlighting the 6
nodes that couple 5 Timoshenko beams, the crack in the fifth element, as well as the positions of the disc at node number
3 and the bearings at nodes 1 and 6.

Additionally, the Lagrange formulation is employed to incorporate a rigid disc element, enabling the derivation of the
equations of motion for the mechanical system, as follows:

Mq̈(t) + (C+ΩG)q̇(t) +Kq(t) = f(t), (1)

in which, M is the global mass matrix, K is the global stiffness matrix, C = αM + βK is the global stiffness is
the global damping matrix, G is the global gyroscopic, Ω is the shaft’s angular velocity (spin), f(t) is the vector of the
external forces applied to the rotor and q(t) is the vector of generalized coordinates, α e β are proportionality factors.

2.2 Modeling the crack in the shaft

The crack model is the same as presented in the literature (Garoli and de Castro, 2020), and the study of cracking
in shafts is relevant due to the fatigue phenomenon. The area moments of inertia in the directions of the centroids (ȳ
and z̄) of the shaft element are constant, even when operating in rotation, and can be described in an asymmetric shaft.
Furthermore, there is a possibility that the area moments of inertia of the inertial referential coordinates (Ȳ and Z̄) can be
developed as area moments of inertia of the rotational referential coordinates Iȳ and Iz̄ in a form:

IȲ (t) =
Iȳ+Iz̄

2 +
Iȳ+Iz̄

2 cos(2ωt) + Iȳz̄ sin(2ωt)

IȲ (t) =
Iȳ+Iz̄

2 − Iȳ+Iz̄
2 cos(2ωt)− Iȳz̄ sin(2ωt)

IZ̄Ȳ (t) = − Iȳ−Iz̄
2 sin(2ωt) + Iȳz̄ cos(2ωt),

(2)

where, Iȳ = Iy − Acee, Iz̄ = Iz , Iy e Iz are area moment of inertia in the rotational reference frame, Ace is the area
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Figure 1: Diagram of the rotor used in simulations.

of cross-section of the cracked shaft element, and e is the centroid’s position in the vertical direction z. Iȳz̄ is null once
the axis direction z has a symmetric split in the cross-section of the cracked element. The calculation of the cross-section
with the crack Ace, the centroid’s position e and the area inertia moments in the rotating frame Iy e Iz , as follows:

Ace = R2[π − cos−1(1− µ) + (1− µ)
√
µ(2−mu)]

e = 2R3

3Ace
[µ(2− µ)]

3
2 ,

(3)

Iy = πR4

4 + R4

4 [(1− µ)(2µ2 − 4µ− 1)
√
µ(2− µ) + sin−1(1− µ)]

Iz = πR4

4 + R4

12 [(1− µ)(2µ2 − 4µ− 3)
√
µ(2−mu) + 3 sin−1

√
µ(2− µ)],

(4)

in which, µ = ht

R is the adimentional crack depth, ht is the crack depth and R the radius of cross-section of the shaft
element. We have the stiffness matrix of the cracked element in the rotational reference frame, given by:

Kcr =
E

L3



12Iȳ
0 12Iz̄ sym.
0 −6LIz̄ 4L2Iz̄

6LIȳ 0 0 4L2Iȳ
−12LIȳ 0 0 −6LIȳ 12Iȳ

0 −12LIz̄ 6LIz̄ 0 0 12Iz̄
0 −6LIz̄ 2L2Iz̄ 0 0 6LIz̄ 4L2Iz̄

6LIȳ 0 0 2L2Iȳ −6LIȳ 0 0 4L2Iȳ


, (5)

where, E is the shaft’s material Young’s modulus and L is the length of the shaft element. The projection of the matrix in
the inertial reference frame is given by:

Kcf = Ka +Kb, (6)

being,
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Ka =
E

L3



12IȲ
0 12IZ̄ sym.
0 −6LIZ̄ 4L2IZ̄

6LIȲ 0 0 4L2IȲ
−12LIȲ 0 0 −6LIȲ 12IȲ

0 −12LIZ̄ 6LIZ̄ 0 0 12IZ̄
0 −6LIZ̄ 2L2IZ̄ 0 0 6LIZ̄ 4L2IZ̄

6LIȲ 0 0 2L2IȲ −6LIȲ 0 0 4L2IȲ


, (7)

and,

Kb =
E

L3



0
−12IZ̄Ȳ 0 sym.
6LIZ̄Ȳ 0 0

0 −6LIZ̄Ȳ 4L2IZ̄Ȳ 0
0 12LIZ̄Ȳ −6IZ̄Ȳ 0 0

12IZ̄Ȳ 0 0 6LIZ̄Ȳ −12IZ̄Ȳ 0
6LIZ̄Ȳ 0 0 2L2IZ̄Ȳ −6LIZ̄Ȳ 0 0

0 −6LIZ̄Ȳ 2L2IZ̄Ȳ 0 0 6LIZ̄Ȳ 4L2IZ̄Ȳ 0


, (8)

the matrix Kcf can be rewritten:

Kcf = Kc0 +Kcc cos(2ωt) +Kcs sin(2ωt), (9)

in which,

Kc0 =
E

L3



12I1
0 12I1 sym.
0 −6LI1 4L2I1

6LI1 0 0 4L2I1
−12LI1 0 0 −6LI1 12I1

0 −12LI1 6LI1 0 0 12I1
0 −6LI1 2L2I1 0 0 6LI1 4L2I1

6LI1 0 0 2L2I1 −6LI1 0 0 4L2I1


, (10)

Kcc =
E

L3



12I2
0 12I2 sym.
0 −6LI2 4L2I2

6LI2 0 0 4L2I2
−12LI2 0 0 −6LI2 12I2

0 −12LI2 6LI2 0 0 12I2
0 −6LI2 2L2I2 0 0 6LI2 4L2I2

6LI2 0 0 2L2I2 −6LI2 0 0 4L2I2


, (11)

Kb =
E

L3



0
−12I2 0 sym.
6LI2 0 0
0 −6LI2 4L2I2 0
0 12LI2 −6I2 0 0

12I2 0 0 6LI2 −12I2 0
6LI2 0 0 2L2I2 −6LI2 0 0
0 −6LI2 2L2I2 0 0 6LI2 4L2I2 0


, (12)

with I1 = 1
2 (Iȳ + Iz̄) and I2 = 1

2 (Iȳ − Iz̄).
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2.3 Equations of motion solution using harmonic balance method

The equations of motion solution and external loads are expressed as a Fourier series to an order of Ch:

q = q0 +
∑Ch

k=1 qck cos(kωt) + qsk sin(kωt)

f = f0 +
∑Ch

k=1 fck cos(kωt) + fsk sin(kωt)
, (13)

we have, the stiffness matrix rewritten:

K = K0 +

Ch∑
k=1

Kck cos(kωt) +Ksk sin(kωt). (14)

The solution are obtained through the solution of the following system

HQ = F, (15)

being,

Q = [q0 qc1 qs1 qc2 qs2 ... qcCh
qsCh

]T

F = [f0 fc1 fs1 fc2 fs2 ... fcCh
fsCh

]T

H =



K0 0 0 1
2
Kc1

1
2
Ks1 0 0 0 0 . . . 0 0

0 U1 +
1
2
Kc1 U1 +

1
2
Ks1 0 0 1

2
Kc1

1
2
Ks1 0 0 . . . 0 0

0 −U1 +
1
2
Ks1 U1 +

1
2
Kc1 0 0 − 1

2
Ks1

1
2
Kc1 0 0 . . .

...
...

Kc2 0 0 U2 2ωC 0 0 1
2
Kc2

1
2
Ks2

. . . 0 0

Ks2 0 0 −2ωC U2 0 0 − 1
2
Ks2

1
2
Kc2

. . . 1
2
KcCh

1
2
KsCh

0 1
2
Kc3

1
2
Ks3 0 0 U3 3ωC 0 0

. . . − 1
2
KsCh

1
2
KcCh

0 − 1
2
Ks3

1
2
Kc3 0 0 −3ωC U3 0 0

. . . 0 0
...

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . . 0 0
0 0 0 0 . . . 0 1

2
KcCh

1
2
KsCh

0 0 UCh −ChωC

0 0 0 0 . . . 0 − 1
2
KsCh

1
2
KcCh

0 0 −ChωC UCh



,

where, Uk = K0 − (kω)2M. Thus, the calculation of the dynamic response of the rotating system and its harmonics
solving the system Q.

2.4 Bayesian Neural Networks

Bayesian neural networks (BNN) are a supervised machine learning algorithm that takes accounts for the effects of
uncertainty. BNNs are composed of probabilistic layers with θ parameters, which differs from traditional artificial neural
networks, whose model with deterministic parameters. The main idea of BNNs is to estimate the probability density
function a posteriori of the θ parameters from a D data set and application of Bayes’ Theorem::

p(θ|D) =
p(D|θ)p(θ)∫

p(D|θ′)p(θ′)dθ′
, (16)

where, p(θ|D) is the posterior probability density function of the parameter θ, p(D|θ) is the likelihood function, p(θ) is
the prior pdf of the θ and

∫
p(D|θ′)p(θ′)dθ′ is a normalization constant.

Variational inference is the technique commonly used to approximate the posterior distribution by minimizing the
Kullback-Leibler divergence DKL among any distribution q(θ|ω) that belongs to a family of distributions Q and the
posterior distribution p(θ|D). This operation is equivalent to maximizing the Evidence Lower Bound (ELBO) function
(Blundell et al., 2015; San Martin et al., 2019; Vega and Todd, 2020):

ELBO(q(θ|ω)) = Eq(θ|ω)(log p(θ|D)−DKL(q(θ|ω)||p(θ)), (17)
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where Eq(θ|ω)(log p(θ|D)) is the expectation of the log-evidence and p(θ) is the prior pdf of the parameters set θ.
In this work, we used open-source libraries Tensorflow and Tensorflow probability (TFP) to build the BNN model.

The configuration of weights and biases of the neurons in the network layers can perform variational inference, the
variational layers. These layers allow the weights and biases to be adjusted in posterior distributions, incorporating
statistical distributions into the model architecture. The model includes uncertainty in the neural network model by
converting each weight from a point estimate (deterministic) to a probability distribution. The training step allows tuning
the model parameters to obtain the parameters of these distributions.

The backpropagation Bayesian algorithm starts with a prior distribution definition over the parameters, which means
belief about the θ parameters of the model given the lack of information of any D data set. The implementation of dense
variational layers – layers in which all neurons receive information from all neurons of the previous layer and which
admit the use of variational inference in the definition of weights and biases – consists of defining the prior and posterior
distributions over the kernel and the bias. Then it is inserted into the layers via the posterior kernel function, which has
parameters described by mean and standard deviation. The kernel matrix receives the posterior distribution. On the other
hand, the definition of the arguments of a prior kernel function by a spherical Gaussian with zero mean and unit standard
deviation. Finally, the network learns the posterior distribution of the parameters using variational inference, in other
words, by optimizing DKL.

2.5 Discretized Paris Law for crack propagation

The Paris law, formulated by Paris and Erdogan (1963), is a mathematical model used to estimate the growth of crack
size and to calculate the Remaining Useful Life (RUL) of a cracked part. This law expresses the relation between the stress
intensity factor, the crack length, and the number of cycles. In this work, we use the discretized Paris Law (Endeshaw
et al., 2017) to estimate crack growth as we account for several cycles:

ak = ak−1 +Q(γ(σmax − σmin)
√
πak−1)

n∆N (18)

where, ak is the estimated crack size after crack propagation, ak−1 is the actual crack size before propagation, Q and n
are constants that vary according to the type of material used, γ is a dimensionless geometric factor, ∆N is the number
of cycles that will occur for the crack to reach ak size, and σmax and σmin are the maximum and minimum stresses, i. e.,
the stress amplitude.

2.6 First order reliability method and second order reliability method

Assessing the structural reliability of the rotating system requires specific methods such as the Monte Carlo Method,
the First Order Reliability Method (FORM), and the Second Order Reliability Method (SORM) to solve the reliability
equation given by:

Pf = P{g(X) < 0} =

∫
g(X)<0

fx(X)dX (19)

where, g(X) is the limit state, fx(X) is the set of probability density function (pdf).
The FORM finds the probability of failure, i.e., the reliability complement. To accomplish this, FORM solves the

problem of equation 19 by approximating the limit state function by the first-order expansion of the Taylor series. In turn,
SORM similar to FORM, it also finds the probability of failure, but unlike FORM, SORM approximates the limit state
function by a second-order expansion of the Taylor series (Nannapaneni and Mahadevan, 2016; Kang et al., 2016).

3. RESULTS AND DISCUSSION

3.1 Estimation of shaft crack length using BNN

To develop the Bayesian neural network (BNN) model for predicting the shaft crack size, we conducted simulations of
the shaft operating with 2000 distinct normalized crack lengths and varying angular velocities Ω. The crack’s localization
is in the fifth element of the rotor (see Fig. 1), and it does not change for any simulation. From these simulations, we
extracted six statistical parameters of the time signature: root mean square (RMS) value, kurtosis, asymmetry, peak value,
minimum value, and the ratio between peak and RMS.

We constructed BNN with 12 layers, each containing 12 neurons, and this architecture exhibited the best performance
among the tested configurations. The simulations using the finite element model (FEM) generated a dataset of 2000
samples, of which 1500 were used for training and 500 for testing. Figure 2 presents the loss function plotted against the
number of epochs.
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Figure 2: plot of the loss function versus the number of epochs

The graph of Figure 2 shows that the training and validation curves closely align, indicating the absence of overfitting.
Furthermore, the loss function remains constant after 175 epochs, suggesting that no significant improvement in training
occurs beyond this point.

Figure 3 presents the graph of 20 independent predictions performed by the BNN model. In Figure 3 we can notice
the average prediction for 20 independent samples and the epistemic uncertainties associated with each prediction for a
95% confidence interval. We verified that the average value of the normalized crack length predictions obtained by the
BNN model are close to the normalized crack length values obtained by the simulations, and although some points are
distant, they are within the defined confidence interval, which indicates the degree of uncertainty of the presented data.

Sample

C
ra

ck
le

ng
th

Figure 3: Plot of the predictions in blue (-.-), the values of the normalized crack length predicted by BNN and the geen
dots (+) inditcate the test data. The shadowed area represents the 95% confidence interval of the predictions.

For further investigation of the prediction values, we plot histograms of 4 randomly obtained samples. Figure 4 shows
these histograms.

From observing these histograms it is possible to see that the central tendency of the distributions are very close to
the values of the tested crack lengths, and it is also possible to obtain the degree of uncertainty of the model predictions,
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(d) Sample value 0,2897, average value 0,3492.
Figure 4: Histograms of normalized crack length, the vertical dashed line indicates the value of the sample.

which is important information in condition monitoring tasks. In addition, these normalized crack length distributions can
be used to evaluate the reliability of the machine operating at a given time instant.

3.2 First order reliability method and second order reliability method.

To simulate the crack propagation using Paris law, we take the case in which the mean value of the normalized crack
size is 0.2526 of the radius, and the standard deviation is 0.1492. In Figure 5, we have the graph of the propagation of the
crack size, with its uncertainty propagation. We can notice that the uncertainty of the crack size grows with the increasing
number of cycles. This behavior is as expected once the number of cycles increases there is less information regarding
its behavior. Furthermore, according to the graph, even starting with a large crack size, which is 25% of the shaft radius,
it took 7.8 × 104 cycles for the reliability to start decreasing. We can affirm that some samples achieves the catastrophic
failure in this number of cycles.

Figure 6 shows the plot of reliability variation with increasing number of cycles for the rotating shaft. In Figure 6, we
have a decrease in reliability during the crack propagation and it is abrupt when the achieves 7.8× 104 cycles. It reaches
near-zero quickly, needing only about 3× 104 cycles.

4. CONCLUSIONS

The main conclusions of the work are:

• the implementation of a finite element model operating with a crack allowed the simulation of several different
lengths of failures in the rotating machine;

• the Bayesian neural network model construction, training with simulated data, evaluating its performance, and
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Figure 5: Plot of crack propagation with increasing number of cycles for the rotating shaft.

Figure 6: plot of reliability variation with increasing number of cycles for the rotating shaft.

making predictions at different failure levels with a high performance;

• Observation of the BNN model built allowed the evaluation of the epistemic uncertainty of the predictions, which
ensures more information about the failure data of equipment, thus assisting in the process of monitoring the rotating
machine condition and crack propagation using Paris Law and assessing Reliability with FORM and SORM;

Finally, we state that BNN is a powerful tool for assessing deep learning models. The combination of BNN with Paris
Law, and FORM and SORM develops an intuitive framework supporting data generation for failure propagation in cases
of equipment reliability assessment and remaining useful life estimation.
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