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Abstract. The use of bushings in vehicle suspensions is a traditional way to reduce vibration, road noises and increase 

ride smoothness. However, the bushing design process relies heavily on experimental and historical data due to the 

complex nature of the elastomers used in it. The use of CAE software in this process is hindered by that complexity, 

given that the hyperelasticity present in elastomers can only be described using hyperelastic models such as Mooney-

Rivlin, Ogden and Yeoh, which use a set of parameters to describe the elastomer’s response. These parameters can be 

determined using curve fitting procedures that rely on test data, which is not always available and increases development 

costs. The traditional way to simulate a bushing consists of obtaining the geometry and material properties, modeling it 

in FEA software, applying boundary conditions and analyzing the results - This approach was executed during this work, 

however, during the research, a few obstacles were faced. For example, the elastomer constitutive behavior needs to be 

calibrated using experimental data given by its supplier, but this data is often difficult to obtain due to suppliers’ 

limitations as well as physical limitations such as batch-to-batch rubber stiffness variability, where elastomers with the 

same Shore A hardness present different stiffnesses. These problems can be avoided by using an inverse analysis instead 

of the traditional direct method. The present work proposes a trust region dog-leg optimization routine that uses a 

MATLAB-ABAQUS interaction to find the hyperelastic parameters for a given geometry based on experimental data. 

The methodology was applied to example models such as 3D and axisymmetric models of automotive bushings using 

different types of data. It yielded results that showed a minimization of the discrepancy and, therefore, yielded parameters 

that could describe the constitutive behavior seen in the experimental or pseudo experimental data. 
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1. INTRODUCTION  

 

Bushings are extensively used in the automotive industry due to their importance in noise and vibration reduction 

that can be achieved thanks to the presence of elastomers in the bushing structure. Elastomers, like the vulcanized rubber, 

are a highly complex material that differ from metals given that it cannot be represented using just a few mechanical 

properties like metals can (Lei et al., 2013) due to its hyperelastic nature. A hyperelastic material shows highly non-linear 

elastic isotropic behavior with incompressibility (Kaya et al., 2016). 

Since classical mechanics theories like Hooke’s Law cannot be applied to hyperelastic materials, several models 

have been developed throughout the years (Mooney, 1940; Twizell & Ogden, 1983; Yeoh, 1993) in search of a 

formulation that reliably characterizes the elastomer’s mechanical behavior. Examples of these models include Neo-

Hookean, Ogden, Yeoh, Arruda-Boyce and Mooney-Rivlin.  

 

1.1 Hyperelastic Constitutive Models and Curve Fitting  

 

Each model has a specific approach to modeling the material response based on its strain energy density function, 

which depends on the principal stretches or invariants of the strain tensor (D. Lalo & Greco, 2018). The hyperelastic 

models can then be classified as “𝐼1-based” or “Not 𝐼1-based” depending on their formulation dependency on the first 

invariant. 𝐼1-based models can be curve fitted using only one deformation mode meanwhile “Not 𝐼1-based” needs 

experimental data from two or more deformation modes. 

To use those constitutive laws, one must determine a set of coefficients, linear or non-linear, to fit a polynomial 

equation into a previously obtained set of test data, a process that is called curve fitting, as can be seen in Figure 1. This 

is the traditional way of characterizing hyperelastic models, especially in CAE software and can be done using software 
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such as Excel, MCalibration or ABAQUS/CAE, being the latter used in this work. However, it must be noted that this 

process has one major drawback: it depends on test data, which is not always available.  

 

 
 

Figure 1. Comparison between experimental data points and predictions from a curve fitted Neo-Hookean model 

(Bergstrom, 2015) 

 

1.2 Experimental data acquision 

 

The experimental data is obtained through a series of tests that are performed using elastomeric specimens for data 

about the material such as uniaxial, biaxial, planar and volumetric deformation modes, as can be seen in Figure 2, that 

yield a stress-strain curve for each deformation mode. To use hyperelastic material models in a FE model, one must 

provide at least a uniaxial test data, however, a combination of one or more deformation mode tests results in a more 

accurate material model (Dassault Systems, 2021). Bushings can also be tested for the stiffness curves extraction in a 

range of modes: axial, radial, conical, and torsional, yielding a curve similar to the one seen in Figure 3. 

 

 

 
(a) (b) 

 

Figure 2. (a) Deformation modes for specimen testing. (Dassault Systems, 2021) (b) Example of a stress-strain 

curve for a specimen test. (Javorik et al., 2018)  
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   (a)                                                                                (b) 

 

Figure 3. (a) Deformation modes for bushing testing. (b) Example of a stiffness curve for an axial test 

 

 The difference between the loading and unloading curves in the force-displacement curve represents the 

phenomenon called “hysteresis” and the area between the curves represents energy being dissipated mainly as heat (D. F. 

Lalo, 2020). One other important phenomenon in bushing testing is the Mullins effect (Mullins, 1969), most evident 

during cyclic loading, which causes a progressive softening of the elastomer in each cycle, as Figure 4 shows. However, 

(Diani et al., 2009) says that the initial force-displacement curve obtained from the first loading step is unique and cannot 

be retraced, decreasing with each cycle until the response becomes stable.  

 

 
 

Figure 4: Stress-strain responses of a 50 phr carbon-black filled SBR submitted to a simple uniaxial tension and to a 

cyclic uniaxial tension with increasing maximum stretches every 5 cycles. Source: (Diani et al., 2009) 

 

2. DIRECT METHOD  

 

The direct method consists of the conventional way that a bushing is analyzed in CAE software, being a challenging 

task due to the elastomer’s complex hyperelastic behavior. The process, described in Figure 5, needs experimental data 

in two moments in order to correlate with the simulation: first, the experimental data from the elastomer so that the 

hyperelastic model can be curve fitted then experimental data from the bushing stiffness so that the CAE model can be 

correlated. After the analysis, the bushing stiffness curve can be extracted and compared to the experimental stiffness 

curve. 

 

 
 

Figure 5. Direct Method flowchart 
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Using this approach, a finite element model of a bushing, composed of aluminum outer and inner rings and an 

elastomeric middle ring, was created using ABAQUS, as shown in Figure 6, aiming to simulate the test bench used to 

extract the experimental data.  

The bushing was meshed using HEX8 elements throughout the whole model. However, in order to simulate a 

hyperelastic material, hybrid formulation HEX (C3D8H) elements were used in the elastomer while C3D8R elements 

were used in the inner and outer aluminum rings. The boundary conditions were applied accordingly, using a rigid element 

(KINCOUP-type element) in the center of the bushing for applying the loads in the axial (B1) and radial (B2) directions 

while the outer nodes of the outer ring were fixed in all six degrees of freedom (A). Given that the bushing can sustain 

heavy radial displacement, a self-contact was configured in the elastomer outer surfaces (D). For the interaction between 

the materials (C), a “glue”-type contact was applied. Due to the Mullins effect, the model was set up with six total load-

unload cycles: five positive load-unload and one negative load-unload cycle. 

 

 
 

Figure 6: Bushing FE Model and Cross Section 

 

The model was simulated using ABAQUS solver and its stiffness curves were extracted using the RBE3 independent 

node as the reference node for calculations. As seen in Figure 7, the results obtained were stiffer than the experimental 

curve – while the experimental bushing shows a stiffness of 363 N/mm, the FE model shows a stiffness of 645-655 N/mm, 

regardless of the material model used. After some research, it was found that the elastomers’ mechanical properties vary 

significantly from batch to batch and therefore, one must guarantee that the elastomer used in the evaluated bushing is 

from the same batch as the elastomer evaluated in the first test. This was not the case with the model used in this work, 

which used different batches for the curve fitting procedure and the experimental curve.  

The experimental data is usually given by the supplier, who does not guarantee that the elastomer evaluated for the 

uniaxial, biaxial, planar and volumetric tests is from the same batch that the elastomer used in the axial, radial and conical 

bushing tests. This poses a challenge for the correlation between CAE and experimental data, so another approach was 

needed. 

 

 
 

Figure 7: FE Model Stiffness curves vs. Experimental Stiffness Curves 

 

3. INVERSE METHOD  

 

Given that, for an accurate correlation, the direct method needs information that is not available, another approach 

must be used. In Figure 8, it can be seen that, in the direct method, one uses inputs (geometry, material properties, etc.) 

to find the output (stiffness curve) while in the inverse analysis, one uses the outputs to find the required inputs for that 

output – that is, in this work’s context, with a stiffness curve, one can find the material properties that lead to that curve.  
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Figure 8: Scheme of solving direct/inverse problems. Adapted from (Buljak, 2012). 

 

For this approach to work, one must guarantee that the model accurately represents the boundary conditions that were 

in place during testing, as well as eliminate any other source of error that could make the model not representative of the 

testing i.e., checking the inner and outer rings material properties and correctly modeling the contacts.  

 

3.1 MATLAB-ABAQUS Algorithm 

 

The algorithm was proposed by (Buljak, 2012) and adapted for this work’s needs, as shown in Figure 9. It uses an 

ABAQUS-MATLAB interaction while running an optimization routine (which will be further detailed) that has the 

objective of minimizing the discrepancy between the experimental stiffness curve and the stiffness curve calculated by 

the algorithm. 

 

 

 
 

Figure 9. Flowchart of the MATLAB-ABAQUS algorithm.  

 

The code starts by loading the experimental data into MATLAB, then it runs a simulation using the initial guess 

parameters provided by the user to calculate the discrepancy. After that, it uses another script to read the generated .fil 

file and extract the force-displacement information, creating the stiffness curve used in the discrepancy calculation. For 

that, it uses another script that takes the experimental and calculated stiffness curves and interpolates it in a normalized 

range, then the discrepancy is calculated, yielding the objective function value for the first iteration. 

The optimization routine is then initiated, repeating this process, and changing the material parameters in the .inp file 

iteratively until the objective function is minimized and the optimal material parameters are found.  

 

3.2 Optimization Routine 

 

The optimization strategy used is a dogleg trust region with Cauchy point algorithm. It incorporates the advantages 

of each strategy such as the fast quadratic and global convergence provided by the dog-leg strategy as well as the 

computationally inexpensive function evaluation provided by the Cauchy point use (Buljak, 2012). Figure 10 shows the 

algorithm’s architecture – it initiates by receiving the necessary input and configurations from the user, then it calculates 

the Hessian and gradient to check if the Hessian is positive-definite and if the gradient is not zero. Then, it calculates the 

Newton direction and uses it to define if the solution will be calculated via dogleg with Cauchy point or using the direction 

itself. After the objective function is calculated, the agreement ratio – a number that quantifies the model function and 

objective function agreement. If this ratio is greater than zero, it means that there’s agreement, therefore, the step is 

accepted, and the parameters are updated and checked for convergence. If the ration is less than zero, it means there is a 
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significant disagreement and, therefore, the trust region must be reduced, and the step should be rejected so that another 

iteration might be tried. If this happens three times, the optimization is stopped since there was no improvement. 

 

 
 

Figure 10: Dog-leg trust region optimization algorithm flowchart. Adapted from (Buljak, 2012). 

 

4. RESULTS AND DISCUSSION 

 

For this optimization routine, an axisymmetric model of the bushing was used in order to reduce computational costs, 

thus, only the axial load case could be simulated. Also, a Mooney-Rivlin hyperelastic model was used due to its simplicity 

– only two parameters are used. It is worth noting that it is generally accepted that a roughly 10% error between 

experimental and simulation results is acceptable for rubber materials (Kaya et al., 2016). Even so, the model did not 

converge into the acceptable range using experimental data. After some investigation, it was assumed that the Mooney-

Rivlin model was too simple for the problem to converge and therefore, a more robust Yeoh model was used. However, 

as Figure 11 shows, the optimization did not converge within the acceptable range. Further tests were done but ended up 

with the same results. 

 

 
 

Figure 11: Yeoh model result 
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Since the model did not converge using experimental data, in order to verify if the model is capable of being solved, 

pseudo-experimental data was used. In other words, the experimental data used was extracted from a previous simulation 

where the hyperelastic material parameters are known. For this to work, one must be aware of the irrefutable inverse 

crime that, as defined by (Wirgin, 2004), “occurs when the same (or very nearly the same) theoretical ingredients are 

employed to synthesize as well as to invert data in an inverse problem”. For the model used, this means that the mesh 

used to extract the pseudo-experimental data cannot be the same mesh as the one used in the calculations – in this work, 

a coarser mesh was used for data extraction, aiming to mimic real-world condition where data acquisition points are few.  

Using this approach, more accurate results were obtained, as shown in Figure 12. The algorithm successfully yielded 

a set of material parameters that produced a curve similar to the pseudo-experimental one, but this set is different from 

the original set used for the data extraction. This shows two things: the algorithm can yield the parameters for the given 

model and the optimization problem is highly non-convex.  

 

 
 

Figure 12: Pseudo-experimental model vs. Calculated model 

 

The optimization routine is gradient-based and is subject to the limitation revolving around global and local minima. 

Given the non-convex nature of the problem, this poses a challenge: even if the routine uses several techniques to ensure 

a global convergence, it is subject to its own limitations, such as finding a local minimum and lack of bounds leading to 

infeasible sets of parameters and may not be the best approach to this kind of problem.  

It is important to note that, with each iteration, no matter how many parameters there were - or their magnitude – the 

optimization routine changed all of them using an equal step. This, in addition to the lack of bounds for the parameters, 

led to the problem cited earlier: infeasible sets being used in the simulation, which, as expected, lead to errors. This 

optimization problem could potentially benefit from a more stochastic approach to optimization that a genetic algorithm 

offers, which can find the global minimum more efficiently. 

 

5. CONCLUSION 

 

In this work, a dog-leg trust region optimization routine was proposed in order to solve an inverse analysis problem 

which aimed to identify hyperelastic material parameters of an automotive bushing using experimental and pseudo-

experimental data. By using an ABAQUS-MATLAB interaction script, the optimization routine could be executed in a 

simple and effective way. The proposed algorithm works for accurately predicting hyperelastic material parameters using 

inverse analysis based on pseudo-experimental data. However, when experimental data is used, the model does not 

converge to a solution, mostly due to the lack of bounds for the optimization problem, which leads to infeasible sets of 

parameters. For future works, this same optimization problem can be solved using a genetic algorithm, which could 

potentially increase its stability and accuracy. 
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