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Abstract. Motivated by some discrepancies in the comparison between the pressure drop in plug scale experiments and
continuum model simulations, we propose a model for the flow of viscoplastic material in porous media with a non-uniform
pore distribution in the pore scale. The model employed is a continuum model that involves two scales. It is solved in the
Darcy scale which requires information from the pore scale by a representative elementary volume (REV). The interaction
between solid and fluid on the smallest scale is a key aspect and must be modeled via the interaction term. Usually, a
pore geometry idealization is considered. The simplest geometry is the cylindrical pore, where an analytical solution for
the interaction term can be obtained through some simplifications and the permeability is expected to be higher when
compared to other geometries, so the pressure drop provided by this case would be the lowest possible. Despite that, in
some cases, it is observed that the pressure drop predicted by the model is higher than the one observed in experiments.
We aim to investigate this case considering a representative elementary volume composed of a non-uniform distribution
of cylindrical pores and the flow of a viscoplastic material. We apply the Mixture Theory of Continuum Mechanics, which
is able to provide a complete momentum balance for problems of flow in porous media, in contrast to Darcy’s Law which
is indicated only for low permeability regions. An analytical interaction term is developed for the Bingham viscoplastic
material. Plug scale simulations are performed and we compare pressure drop between the representative REV idealized
by a single pore and the REV idealized by a known non-uniform distribution of pores. From the results, it is clear that the
pore heterogeneity is a possible source of discrepancy between the pressure drop from experiments and simulations.
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1. INTRODUCTION

Numerous industrial applications involve the flow of non-Newtonian fluids through porous materials. One significant
application is the acidizing process used to improve the permeability of a porous rock. In this scenario, the aim is to
create channels, known as wormholes, that traverse the entire area while minimizing acid consumption (Wang et al.,
1993). Another common application in the oil industry is the elimination of residues from porous materials through fluid
injection (Siddiqui et al., 2006). Many of the fluids injected exhibit intricate rheological properties, such as shear rate
dependency (Nasr-El-Din et al., 2006). By utilizing polymer solutions, a viscoelastic behavior can be achieved (Alleman
et al., 2003). In certain applications, a fluid with complex behavior is desirable. Self-diverting fluid, a type of non-
Newtonian acid, possesses the ability to treat non-preferential regions of porous media by locally adjusting its viscosity
based on acid concentration. This adjustment can result in a temporary reduction in mobility (Chang et al., 2001). The
intricacy of the fluid has motivated the development of various models to address scenarios with and without acidification
while considering the non-Newtonian nature of the fluids.

Various models are employed to deal with the challenge of flow in porous media, including network models, two-scale
continuum models, and Lattice Boltzmann models. The two-scale continuum approach offers an alternative method that
balances between accuracy of qualitative results and computational costs. Instead of solving the problem at the pore
scale, this scale is modeled and the equations are solved at a higher scale known as the Darcy scale. As a result, the
effectiveness of such a model heavily relies on assumptions made at the pore scale. Previous studies applied two-scale
models to address the carbonate acidization problem (Liu et al., 1997), (Golfier et al., 2002). Liu et al. (1997) developed
a model that produced qualitatively accurate predictions but was only applicable to the kinetic regime of the reaction.
In contrast, Golfier et al. (2002) created a model suitable solely for cases with the mass-controlled regime. Panga et al.
(2005) proposed a continuum model capable of accommodating both reaction regimes. Subsequently, Maheshwari et al.
(2013) extended the application of the model to three-dimensional scenarios. Ratnakar et al. (2013) introduced non-
Newtonian behavior into these models, motivated by the use of self-diverting fluids. One common simplification in these
models pertains to the fluid momentum equation, often assuming pure Darcy’s Law or expanding it with the inclusion of
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the Brinkman term. Motta ef al. (2021) later employed a comprehensive momentum equation based on Mixture Theory
to investigate a plug acidification problem using a non-Newtonian fluid model.

The two-scale continuum approach employs a single representative pore to model flow at the pore scale, disregarding
the significance of heterogeneity in porous media. For instance, Fletcher et al. (1991) conducted experiments to measure
the apparent viscosity and observed that it was lower than the bulk viscosity in porous media. They attributed this
phenomenon to slip effects and introduced a "rock factor,” denoted as &, that depends on the porous matrix to compute
the apparent shear rate. The measured plugs had ¢ values ranging from 3.01 to 10.06. Furthermore, the expression for
the apparent shear rate is derived from Blaze-Kozeny theory (Willhite and Uhl, 1988). However, Cannella ez al. (1988)
discovered that the apparent shear rate predicted by capillary bundle models did not align with the corresponding flow
curve values. To address this discrepancy, they proposed an apparent shear rate function that incorporates a correction
factor based on the fluid and porous media properties, enabling a match between the two quantities. Lopez et al. (2003)
further discussed this matter, relating the apparent viscosity to the flow rate in a porous medium using a network model
and considering a power-law fluid. Later, Motta et al. (2022) considered a two-scale continuum model with intra-REV
heterogeneity to solve the problem of the flow of a power-law fluid. The apparent viscosity curves were closer to the bulk
viscosity when the heterogeneity was considered.

In this study, we present a methodology for incorporating pore heterogeneity within the representative elementary
volume (REV) of a two-scale model. This is achieved by considering a probability distribution of idealized pores with
varying pore radii. The pore-scale assumptions are then incorporated into the Darcy-scale problem through the solid-
fluid interaction term. To compare the results, simulations are conducted on a plug scale using the Bingham fluid model.
Specifically, we examine the pressure drop results at a given flow rate. Furthermore, we investigate the influence of
different distributions.

2. METHODOLOGY
2.1 Mixture-Theory

The fundamental basis of the Mixture Theory revolves around the notion that a mixture consists of multiple materials,
with each material treated as a separate continuum (Atkin and Craine, 1976). The mixture can be seen as a combination
of distinct continuum media, each possessing its own motion. At any given position and time, the mixture accommodates
multiple constituents simultaneously. This conceptual framework enables the utilization of governing equations from
Continuum Mechanics. Typically, the mixture’s momentum balance is governed by a Cauchy equation. In the momentum
equation for each constituent, a source term is incorporated to account for the internal forces between the constituents. The
properties and constitutive relations employed in the momentum balance are attributed to individual constituents rather
than the phase itself.

2.2 Darcy-Scale Model

In a porous medium, our two-scale continuum model is based on the Mixture Theory. The momentum balance for the
fluid constituent is given by (Motta et al., 2021)

d(epv)
ot

where ¢ is the porosity, p is the mass density of the fluid, v is the intrinsic velocity vector, p is the pressure, T is the
deviatoric part of the stress tensor, m; is the interaction term. The interaction term represents the force per unit of
volume that the fluid experiences due to the presence of the solid constituent. This term must be modeled with pore-scale
assumptions and will be discussed later.

We considered a stress tensor given by the following form

+V . (epvv)=—-V(ep)+ V- (eT) + my (1)

T =170+ o, 2

where 7y is the yield stress, « is the viscosity when the stress in the fluid is above the yield stress, and + is the shear
rate. The mass balance for the fluid constituent is given by:

9 (ep)
ot

+V - (epv) =0, 3)
2.3 Homogeneous pore-scale closures for Bingham material

The constitutive equation for a Bingham plastic in the scalar form is given by:
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Considering a REV made of an arrangement of passing cylinders with different radius. The interaction term is given
by the volumetric density of the drag force in the pores.
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The velocity profile in the permanent regime for a Bingham fluid in a pore, considering laminar, fully developed, and
steady flow is given by:

2
2
%%(1_%>’ 0<r<R,

dp R? 2 T
2E(-&)-2R0-5), RB<r<R

where R, is the plug radius, 7, is the wall shear stress. A force balance in the flow direction on a fluid element at a
distance 7 can be written as:

Apr
rz — T 1 & 6
T, 79 (6)
In the plug radius R, the equation (6) applies:
Ap R,
=—-——== 7
o T 5 (7
The equation also applies to the wall shear stress:
Ap R
w=—=5 8
T, 79 ®)
The ratio 7( /7, is then given by:
T0 Rp
0 _ 9
= )
The flow rate () is given by:
TR dp 4 1,
_ @y _= - 10
@ S8a dx ( 3¢ * 3(ZS > (19)
where ¢ = 70 /Ty
The average velocity is:
Q R?dp 4 14
m=—=——1_11—= - 11
U= A T Rade 30139 ()

Then, the velocity profile can be written in function of the average velocity as:

_ 41N, o (dp\ (4, 1T

v =2 (14¢+1¢4)_1{(1’"2>2¢(1T)} (13)
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Equation (13) is valid for R, <r < R.
The stress in the wall is:

Tw = 1) ;7|7»:R

The viscosity function for a Bingham (n = 7/%) fluid is given by:

n(y) =1y +a
Inserting (15) in (14):

o o eioae [ ()]

Inserting Eq. (13) in (16):

—1
Tw = To — 4avy, (1 - %cf) + ;¢4> <1]_%¢>

r=R

(14)

5)

(16)

a7

For the cylindrical case, the force in the wall can be obtained from the wall stress, relating the stress with the surface

area of contact a,. The extrapolated equation in the vector form is given by

4. 1\ 19
fi = lQWLTORi|Vmi|_1 - SQWLRiUmi (1 B §¢Z * 3¢?) (¢> Vi

R;

From Eq. (5), the interaction term is given by:

N N 4 1 4\ 1

N R, 1—246,+ 1687 (1 -
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The interaction term can also be written in the function of mobility M. So, the mobility tensor is given by:

-1
Mlzl_%%@wi(l—;@ﬁﬁ) (1-4)
&Y i €4 >y R?

2.4 Calculating the velocity in the pores

Vmi] melI

The average velocity in a given pore is:

R? (dp 4 1,
= () (1-2¢i + =9
Y= Ra <dg;>i< 3¢1+3¢‘)

The total flow rate in the REV is:

N
2
Q = UmAtotal = Um E 7TR¢

i=1

Also, the flow rate in the REV can be described as the sum of the flow rates in each pore:

N N
Q= Z%‘ = ZW%R?
i=1 =1

Comparing (22) and (23), the average velocity in the REV can be written as:
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(23)

(24)
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Inserting (21) in (24):

()0t ;
T 8a SRR =

We use the hypothesis that the pressure gradient is the same in each pore. Then, the velocity in each pore is then given
by:

4 1 S R?
2 4 1=1""
vy, = R; (1 - =¢; + qbi) ~ U, (26)
30 3 L (1 - 5¢i + 50) RY
The interaction term can be written in the scalar form as:
N 4y —1
R ]- — 3@1 i 1-— 7
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Inserting (26) in (27):
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Extrapolating equation (28) to the vector form:
N N
R _ 1—9;
my = [257()2;\,_1 5 Vi |1 —=8cax ~ ( 4¢) o (29)
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Then, the inverse of the mobility tensor is:
N N
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2.5 Numerical Formulation

The simulations were conducted utilizing OpenFOAM (Jasak, 2009), an open-source C++ library that employs the
finite volume method.

The computational domain utilized in the simulations was a two-dimensional structured mesh comprised of hexahedral
cells of uniform size. To optimize computational resources, a plug sector was considered in the flow direction. Moreover,
at the domain entrance, a narrow region was initialized without a solid phase to ensure that the uniform flow boundary
condition at the entrance does not significantly influence the preferred fluid path at the porous medium inlet.

For introducing heterogeneity representative of real plugs, the initial porosity field was randomly generated. The
generated fields were replicated in other cases, ensuring that the initial fields did not impact the subsequent analysis. The
porosity field generated for the simulated cases is illustrated in Fig. 1.

The applied boundary conditions are presented in Table [1].

Variable | Initial Condition Inlet Outlet Walls
u u=0 u= f(Re) | n-Vu=0 slip
D p=0 n-Vp=0 p=0 n-Vp=0

Table 1: Initial and boundary conditions applied to all cases.

The porosity-permeability relationship is obtained through a Carman-Kozeny relationship and the inverse of the per-
meability field is presented in Figure 2.



A. Motta, R. Thompson
Intra-REV Pore Heterogeneity Model for Flow of Viscoplastic Material in Porous Media

0.0381
0.019
0 0.0355 0.071
(a)e=0.3£0.25
porosity
0.0 0.1 0.2 0.3 04 0.5 0.6 D.‘7 Oi8 09 1.0

Figure 1: Randomly generated porosity field for plug simulated cases.
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Figure 2: Inverse of permeability field for all cases.

3. RESULTS

The results are presented in function of Reynolds number, defined as

Re = ke, G1)
Ne

where L. is the characteristic length given by L. = K/r, (Motta et al., 2021), 1. is the characteristic viscosity, p
is the fluid density and U is the inlet velocity. The Bingham viscosity model evaluated at the characteristic shear rate is
given by

Te = _T‘z;’ 2 +a. (32)

The simulations also considered a constant plasticity number Pl (Thompson and Soares, 2016) given by:

pl="2-_T (33)
Te 70 + Qe

where 4. = TQ is the characteristic shear-rate. We have considered P! = (.3 for all simulations and Re values of
1076, 1075 and 10— *.

We have evaluated three Gaussian pore size distribution cases: o9 = 0 (no standard deviation, uniform distribution),
o1 = 0.2r, and o5 = 0.97,, where the mean pore radius r, is 107° is the same for all cases. Figure 3 shows the pressure
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Figure 3: Pressure field for the case with Re = 107 and o = 0.27,,.

field for the case with Re = 107° and o1 = 0.2r,. Pressure only varies in the flow direction. This is observed in all
cases.

The pressure drop along the plug is compared for all cases in Figure 4. For cases with the same Re, the pressure drop
is higher when no distribution is considered. As the heterogeneous intra-REV hypothesis is introduced, the pressure drop
is lower for the o; case and even lower for the o5 case. This behavior is expected because when a distribution of pores
is considered, the presence of larger pores forms higher mobility regions, hence inducing a lower pressure drop. The
effect is intensified when the standard deviation is increased. This trend is observed for all evaluated Re numbers and
the pressure drop is reduced for lower e numbers, as expected. These important results indicate that the classical single
representative pore assumptions, present in many two-scale models in the literature may overestimate the pressure drop
necessary to maintain the constant flow rate, even for a pore geometry that offers a high mobility, like the cylinder.

Pressure curves for Pore Radius Distribution Cases. Bingham fluid.
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Figure 4: Influence of REV hypothesis over the pressure drop for Bingham case. Re number of 1076, 107> and 1074,
Pl =0.3.
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The pressure drop was also evaluated in a dimensionless form,

* D — De
P = (34)
K
X
R 35
v =7 (35)

where p* is the dimensionless pressure drop, p. is the pressure at the exit of the domain, z* is the dimensionless
coordinate in the flow direction and L is the plug length. Figure 5 shows the dimensionless pressure drop along the plug
for the simulated cases. From the results, it can be seen that the dimensionless pressure drop does not depend on the
Reynolds number, only on the distribution.

Dimensionless pressure curves for Pore Radius Distribution Cases. Bingham fluid.
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Figure 5: Influence of REV hypothesis over the dimensionless pressure drop for Bingham case. Re number of 1076,
10° and 10~%. Pl = 0.3.

4. CONCLUSIONS

This work has an important contribution to the study of the flow of complex fluids through porous media, especially
concerning two-scale models and Mixture Theory. We develop an analytical solid-fluid interaction term for a rigid porous
medium and Bingham viscoplastic fluid model. The analytical development is also made to cases when the smallest scale
is modeled not only by a single representative pore but also by a heterogeneous distribution of pores.

To evaluate the effectiveness of the approach, we conducted tests on viscoplastic non-Newtonian fluid flow within a
porous medium plug, maintaining a constant flow rate. We considered Bingham material with a Pl number of 0.3. It is
important to note that this form of heterogeneity differs from a heterogeneous porosity distribution. While we examined
the impact of an intra-REV pore distribution, heterogeneous porosity pertains to an inter-REV characteristic. It is possible
to achieve the same porosity value with either a uniform or non-uniform distribution of pores within a REV.

We observed that the pressure drop curves show a significant difference between homogeneous and heterogeneous
pore distribution. When the intra-REV distribution is non-uniform, the pressure drop is lower and even lower when the
standard deviation is increased, revealing a limitation of the single representative pore that may not be able to represent
the pressure drop observed in plug experiments.
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