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Abstract. The accurate prediction of lateral vibration in beams subjected to axial loads is of great practical interest due to
its wide use in describing the dynamic behavior of structures in the field of civil, mechanical, and aerospace engineering.
Analytical solutions are classical mathematical procedures. Traditionally, the path taken in analytical solutions starts by
admitting an acceptable kinematic hypothesis for a given problem, so that ultimately a closed mathematical equation can
be obtained. Sometimes the problem can be implemented and solved numerically. A practical example of its application
can be found in problems involving overhead transmission cables, for which the corresponding Euler-Bernoulli beam
model is widely used. Although the analytical formulation for calculating natural frequencies and mode shapes for beams
under tensile loading is well known and developed, it is worth noting that in certain applications, such as in the case
of overhead cables, the results obtained may exhibit numerical instabilities for some boundary conditions. In the vast
majority of studies, the mode shapes are described in terms of trigonometric and hyperbolic functions, despite the fact
that hyperbolic functions tend to grow rapidly to infinity as their argument increases, which can cause numerical errors,
especially in the vicinity of their supports. On the other hand, numerical simulations indicate that more accurate and
reliable solutions can be obtained when the analytical solution is expressed by a linear combination of trigonometric
and exponential terms. In this context, the present work aims to compare the two aforementioned ways of describing
the analytical solution for calculating natural frequencies and their respective mode shapes of vibration with respect to
overhead transmission line cables. In this effort, solutions are developed for two classical boundary conditions (fixed-
fixed and fixed-simply supported) and one non-classical boundary condition (simply supported with torsional springs).
Numerical simulations are carried out in the MATLAB environment. A significant gain is observed in the use of the
presented formulation, especially in terms of a more accurate prediction of mode shapes for the type of structure under
consideration.

Keywords: analytical solution, axial loading, Euler-Bernoulli beam, mode shapes, overhead cables

1. INTRODUCTION

Understanding the lateral vibration in beams under axial loading plays an important role in many engineering appli-
cations, including the design of overhead transmission cables, which is the focus of the present work. As a result, this
phenomenon is extensively discussed in classical vibration theory references. However, the majority of these references
consider the problem only in the context of simply supported beams, for which the natural frequencies can be computed
analytically using closed-form solutions, and the modal shapes are described by pure sine functions.

In past decades, many researchers have made considerable efforts to develop solutions for calculating natural frequen-
cies and mode shapes as design tools for the type of structure in question. Shaker (1975) studied the effect of compressive
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axial loads on mode shapes and natural frequencies. Subsequently, Bokaian (1990) developed analytical solutions for
calculating natural frequencies and mode shapes for tensile and compressed beams, under various classical boundary con-
ditions. Maurizi and Belles (1991) derived the characteristic equation for calculating natural frequencies of compressed
beams - under non-classical boundary conditions - including translational and rotational springs at the ends. Liu et al.
(1996) developed the characteristic equation and mode shapes expression for free-free tensile beams in more detail. More
recent works - such as those by Ceballos and Prato (2008), Foti et al. (2021), and Geuzaine et al. (2021) - present solutions
related to mode shapes and natural frequencies for tensile beams subjected to the effect of torsional springs at the ends,
with the aim of determining structural parameters from experimental tests.

Although the analytical formulation available in the literature on the subject is well known and developed, it has been
observed through computational simulations that in certain applications, such as overhead transmission cables, the results
can exhibit numerical instabilities for some boundary conditions of concern. That should be addressed, as pointed out
below.

In general, the mode shapes found in the literature for Euler-Bernoulli beam problems are described in terms of hy-
perbolic and trigonometric functions. However, authors such as Tang (2003), Gonçalves et al. (2007), and Mazilu (2022)
have observed that describing the vibration modes using hyperbolic functions can sometimes lead to numerically unstable
modes. The cause of numerical instability is often related to floating-point calculations, particularly when computing the
difference between two very large numbers. Floating-point calculations can result in a zero value instead of returning a
small but significant number.

Nevertheless, numerical simulations demonstrate that more accurate solutions for the mode shapes of Euler-Bernoulli
beams under axial loading are obtained when using a linear combination of trigonometric and exponential terms, as
described in works by Franklin (1989), Main and Jones (2007), and Geuzaine et al. (2021). However, further development
of this type of solution is still needed for different boundary conditions, the results of which can be used as a design tool
in applications involving overhead transmission cables and other similar structures.

In this context, the present study aims to compare the two aforementioned ways of describing the analytical solution for
calculating natural frequencies and mode shapes under classical and non-classical boundary conditions. These conditions
may be encountered in real-life and laboratory bench situations, particularly in problems involving overhead transmission
cables.

2. MATHEMATICAL DEVELOPMENT

The differential equation of motion for the free vibration of Euler-Bernoulli beam under tensile axial load is given by
(Clough and Penzien, 1975):

EI
∂4y(x, t)

∂x4
− T

∂2y(x, t)

∂x2
+ ρA

∂2y(x, t)

∂t2
= 0, (1)

where EI (Nm2) is the flexural stiffness, T (N) is the axial tension force, ρA (kg/m) is the mass per unit length, and
y(x, t) (m) is the lateral deflection of the beam in axial coordinate x (m) at time t (s).

Equation (1) can be solved using the method of separation of variables. Therefore, the lateral deflection y(x, t) can be
described as a function of two variables - a spatial variable Y (x) and a temporal variable G(t) - such that,

y(x, t) = Y (x)G(t), (2)

whose expression allows rewriting Eq. (1) as follows:

−EI

ρA

1

Y (x)

∂4Y (x)

∂x4
+

T

ρA

1

Y (x)

∂2Y (x)

∂x2
=

1

G(t)

∂2G (t)

∂t2
= −ω2. (3)

Equation (3) allows dividing the problem into two parts, namely: a temporal problem and a spatial problem, repre-
sented by Eqs. (4) and (5), respectively, as follows:

d2G (t)

dt2
+ ω2G (t) = 0; (4)

EI
d4Y (x)

dx4
− T

d2Y (x)

dx2
− ρAω2Y (x) = 0. (5)

The temporal problem has a harmonic solution of the following form:

G(t) = Gossen (ωt) +Goc cos (ωt) , (6)

where Gos and Goc are arbitrary constants to be determined by the initial conditions of the problem. On the other hand,
the spatial problem defines an eigenvalue problem from which the natural frequencies ωnj

and mode shapes Ynj
(x) are

evaluated, as discussed in the following lines.
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Introducing the dimensionless coordinate x̄ = x/L into Eq. (5), where L is the length of the beam such that 0 ≤ x̄ ≤ 1,
it yields:

d4Y (x̄)

dx̄4
− TL2

EI

d2Y (x̄)

dx̄2
− ρAω2L4

EI
Y (x̄) = 0, (7)

also assuming that the solution of Eq. (7) has the form, Y (x̄) = Cesx̄, it follows that:(
s4 − TL2

EI
s2 − ρAω2L4

EI

)
= 0. (8)

Equation 8 is quadratic in s2 and hence can be easily solved. There are four roots, two of which are pure real roots
and two of which are pure imaginary roots, in the following form:

s1 = ±M s2 = ±iN , (9)

where M and N are given by

M = L

{
(T/2EI) +

[
(T/2EI)

2
+ (ρA/EI)ω2

]1/2}1/2

=
(
U +

√
U2 +Ω4

)1/2

N = L

{
− (T/2EI) +

[
(T/2EI)

2
+ (ρA/EI)ω2

]1/2}1/2

=
(
−U +

√
U2 +Ω4

)1/2
,

(10)

and the dimensionless variables for flexural stiffness β, axial load U , and frequency Ω4 are defined, respectively, as

β =
EI

TL2
, U =

1

2β
, Ω4 =

ρAω2L4

EI
. (11)

The solution of the spatial problem - posed by (7) - is commonly provided in textbooks as,

Y (x̄ = x/L) = C1senhMx̄+ C2coshMx̄+ C3senNx̄+ C4cosNx̄, (12)

where the trigonometric terms represent propagating waves, and the hyperbolic terms represent evanescent waves. C1,
C2, C3, and C4 are integration constants that need to be determined by imposing the boundary conditions.

Bokaian (1990) provides the frequency equations and integration constants for various classical boundary conditions
based on Eq. (12). However, it is worth noting that the use of trigonometric and hyperbolic functions to express such a
solution can sometimes lead to numerical instabilities. This instability arises due to the rapid growth of hyperbolic sine
and cosine terms to infinity, while the numerical difference between them remains small. For this reason, authors such as
Franklin (1989), Main and Jones (2007), and Geuzaine et al. (2021) emphasize that it is preferable to express the solution
through a linear combination of trigonometric and exponential terms as,

Y (x̄ = x/L) = R1e
−Mx̄ +R2e

−M(1−x̄) +R3senNx̄+R4 cosNx̄. (13)

where R1, R2, R3, and R4 are the new integration constants, which must be determined by imposing the boundary
conditions, as will be shown in the next sections.

2.1 Simply Supported Beam

The simply supported condition - whose boundary conditions are expressed by Y (0) = 0, d2Y (0)/dx2 = 0, Y (L) =
0, and d2Y (L)/dx2 = 0 - is the only one that has an analytical solution in closed form. Therefore, the natural frequencies
and mode shapes can, respectively, be calculated using the following expressions:

ωnj =
π2

L2

√
EI

ρA

(
j4 +

j4TL2

π2EI

)1/2

(14)

Ynj (x) = sin

(
jπx

L

)
, (15)

where j = 1, 2, 3, ...
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2.2 Clamped – Clamped Beam

Consider now the case of a clamped-clamped beam, with boundary conditions Y (0) = 0, dY (0)/dx = 0, Y (L) = 0,
and dY (L)/dx = 0. The expression for the jth mode shape is given by (Bokaian, 1990):

Ynj
(x) = sinh

(
Mx

L

)
+

[
M sinN −N sinhM

N (coshM − cosN)

]
cosh

(
Mx

L

)
+ ...

...−
(
M

N

)
sin

(
Nx

L

)
−
[
M sinN −N sinhM

N (coshM − cosN)

]
cos

(
Nx

L

)
,

(16)

where M and N can be obtained by solving the following frequency equation:

Ω− Usinh (M) sin (N)− Ωcosh (N) cos (N) = 0, (17)

along with the use of the relationships provided by Eqs. (10) and (11).
The revised expression of the mode shapes for the clamped-clamped condition - now written in terms of exponential

and trigonometric functions - is obtained by applying the boundary conditions in the solution given by Eq. (13), whose
resulting expression is given by

Ynj
(x) =

(
N

M

)
exp

(
−Mx

L

)
+

(
N

M
cosN − senN

)
exp

[
M (L− x)

L

]
+ ...

...+ sen

(
Nx

L

)
−
(
N

M

)
cos

(
Nx

L

)
,

(18)

where M and N are now obtained by solving the following frequency equation:

(N2 −M2)sin (N) + 2MN cos (N) = 0. (19)

It is worth noting that Eqs. (17) and (19), as well as the frequency equations for the other boundary conditions, take
the form of a transcendental equation, which has an infinite number of roots. Therefore, these roots must generally be
determined numerically.

2.3 Clamped - Supported Beam

Addressing the case of a clamped-supported beam, for which the boundary conditions are Y (0) = 0, dY (0)/dx = 0,
Y (L) = 0, and d2Y (L)/dx2 = 0, the expression for the jth mode shape is given by (Bokaian, 1990):

Ynj
(x) = senh

(
Mx

L

)
− tanhM cosh

(
Mx

L

)
− M

N
sen

(
Nx

L

)
+

M

N
tanN cos

(
Nx

L

)
, (20)

where M and N can be obtained by solving the following frequency equation:

M cosh (M) sin (N)−N sinh (M) cos (N) = 0. (21)

The revised mode shape function, described now in terms of exponential and trigonometric terms, arising from the
solution provided by Eq. (13), is expressed as follows:

Ynj
(x) =

(
N

M

)
exp

(
−Mx

L

)
+

(
N

M
cosN − senN

)
exp

[
M (L− x)

L

]
+ ...

...+ sen

(
Nx

L

)
−
(
N

M

)
cos

(
Nx

L

)
,

(22)

where now M and N are obtained by solving the following frequency equation:

(M2 +N2) [N cos (N)−M sin (N)] = 0. (23)

2.4 Supported Beam with Torsional Springs

Despite the extreme importance of developing solutions for classical boundary conditions, it is known that in real
situations, end constraints are rarely infinitely rigid in rotation. Thus, it is crucial to analyze boundary conditions that
consider the effect of torsional springs at their ends, as illustrated in Fig. 1
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Figure 1. Supported beam under tensile load with torsional springs

The boundary conditions for the structural system under consideration are as follows: at x = 0,

Y (x = 0) = 0, (24)

KT1
∂Y (x = 0)

∂x
= EI

∂2Y (x = 0)

∂x2
, (25)

and at x = L,

Y (x = L) = 0, (26)

KT2
∂Y (x = L)

∂x
= −EI

∂2Y (x = L)

∂x2
, (27)

where KT1 and KT2 are torsional spring constants.
The application of these boundary conditions to Eq. (13) results in the following system of algebraic equations:

R1 + (exp(−M))R2 +R4 = 0, (exp(−M))R1 +R2 + (sinN)R3 + (cosN)R4 = 0,
−
(
RT1M

2 +M
)
R1 +

[
exp(−M)(M −RT1M

2)
]
R2 +NR3 +RT1N

2R4 = 0,[
exp(−M)(RT2M

2 −M)
]
R1 +

(
RT2M

2 +M
)
R2 +

(
N cosN −RT2N

2sinN
)
R3 + ...

...−
(
NsinN +RT2N

2 cosN
)
R4 = 0,

(28)

where RT1 = EI/KT1L and RT1 = EI/KT1L are the dimensionless constants of the torsional springs.
For the specific case of applications in overhead transmission cables, where the structural system is long, slender, and

subjected to a high axial force, it is valid to consider that β ≪ 1, which leads to the observation that e−M → 0, and
therefore its effect can be neglected. Therefore, Eq. (28) can be simplified as follows:

R1 +R4 = 0, R2 + (sinN)R3 + (cosN)R4 = 0,
−
(
RT1M

2 +M
)
R1 +NR3 +RT1N

2R4 = 0,(
RT2M

2 +M
)
R2 +

(
N cosN −RT2N

2sinN
)
R3 −

(
Nsin′N +RT2N

2 cosN
)
R4 = 0.

(29)

For the solution to be nontrivial, the determinant of the coefficient matrix in Eq. (29) must be zero, resulting in the
following frequency equation:

AC sinN +BC cosN = 0, (30)

where

AC = N2(1−RT1RT2N
2)−M2(MRT1 +MRT2 +M2RT1RT2 + 1)...

...−MN2 (RT1 +RT2)− 2RT1RT2M
2N2,

BC = N3(RT1 +RT2) +M2N (RT1 +RT2) + 2MN.
(31)

By solving the homogeneous system of algebraic equations for the unknowns R1, R2, R3, and R4, the following
expression for the modal shape is obtained:

Ynj
(x) = sin

(
Nx

L

)
− sin (N) exp

[
−M

(
L− x

x

)]
+ ...

...+ βn

{
exp (−Mx) + cos (N) exp

[
−M

(
L− x

x

)]
− cos

(
Nx

L

)}
,

(32)

where

βn =
N

RT1N2 +RT1M2 +M
. (33)

In order to adapt the above formulation to a system with classical boundary conditions, the dimensionless constants of
the torsional springs must be modified, as shown in Tab. 1.
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Table 1. Limit values of the dimensionless parameter of torsional springs

Boundary Condition RT1 RT2

Simply supported RT1 → ∞ RT2 → ∞
Clamped – clamped RT1 → 0 RT1 → 0

Clamped – supported RT1 → 0 RT2 → ∞

3. FEM SOLUTION

To validate the analytical solution presented in the previous section, a numerical simulation using FEM was carried
out. This is basically an eigenvalues problem, which can be expressed as(

K− ω2M
)
ϕ = 0 (34)

where M is the mass matrix of the structure, and K is the corresponding stiffness matrix. In Eq. (34), ω2 are the
eigenvalues and ϕ are the eigenvectors. In this case, the n solutions for ω2

i are real and positive, apart from being the
squares of the natural frequencies of the system. The known matrices for the mass and stiffness of the four-degree-of-
freedom linear planar beam finite elements are (Yang and Kuo, 1994):

Me =
ρALe

420


156 22Le 54 −13Le

22Le 4L2
e 13Le −3L2

e

54 13Le 156 −22Le

−13Le −3L2
e −22Le 4L2

e

 , (35)

and

Ke = Ke
E+Ke

T, (36)

where

Ke
E =

EI

L3
e


12 6Le −12 6Le

6Le 4L2
e −6Le 2L2

e

−12 −6Le 12 −6Le

6Le 2L2
e −6Le 4L2

e

 Ke
T =

T

30Le


36 3Le −36 3Le

3Le 4L2
e −3Le −L2

e

−36 −3Le 36 −3Le

3Le −L2
e −3Le 4L2

e

 (37)

and Le is the element length.
The FEM model is implemented in the MATLAB environment with 150 elements.

4. NUMERICAL SIMULATIONS

For the numerical simulations, an aluminum alloy conductor (CAL), used as an overhead cable in power lines, was
considered with the following parameters: flexural stiffness EI = 271.3 Nm2, mass per unit length ρA = 0.6870 kg/m,
span length L = 30.2 m, and tensile force T = 13091 N.

All the analytical solutions developed in section 2 were all implemented in the Matlab environment. In order to solve
the transcendental frequency equations, the bisection method was applied using of the existing fzeros function in Matlab.
Consequently, once the jth natural frequency ωnj is obtained, it is possible to calculate the corresponding jth mode shape
Ynj (x).

The following abbreviations are also used below: E – T denotes the solution described in exponential and trigonometric
terms, while H – T refers to the solution described in hyperbolic and trigonometric terms.

4.1 Clamped - Clamped Condition

The first eight natural frequencies obtained from the frequency equations given by Eqs. (17), (19) and by the Eq. (30)
with RT1 → 0 and RT2 → 0, as well as the natural frequencies obtained by the finite element method - for the clamped-
clamped boundary condition - are shown in Tab. 2. Figures 2 and 4 show the 7th and 8th vibration mode shapes, respec-
tively, obtained from the numerical simulations for the clamped-clamped condition.

Figures 3 and 5 provide an enlarged view of the numerical results, focusing on the regions surrounding the right and
left ends of the structure. In addition, a zoomed-in view of the numerically unstable region is presented for the 7th and
8th modal shapes, considering the clamped-clamped boundary condition.

From the Figures 2, 3, 4, and 5, it is evident that the exponential and trigonometric-based solution demonstrates
strong agreement with FEM results for the clamped-clamped condition. Moreover, this solution provides a more precise
depiction, particularly in the boundary regions, when compared to the hyperbolic and trigonometric-based solution.
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Table 2. Values of natural frequencies (fnj
) in Hz for the clamped-clamped boundary condition

Natural frequencies fnj j = 1 j = 2 j = 3 j = 4 j = 5 j = 6 j = 7 j = 8

Exponential and trigonometric terms(1) 2.3065 4.6143 6.9249 9.2397 11.560 13.8872 16.2227 18.5679

Hyperbolic and trigonometric Terms(2) 2.3065 4.6143 6.9249 9.2397 11.560 13.8872 16.2227 18.5679

Rotational springs(3) 2.3065 4.6143 6.9249 9.2397 11.560 13.8872 16.2227 18.5679

FEM 2.3065 4.6144 6.9251 9.2399 11.5603 13.8876 16.2231 18.5683
(1) Eq. (17); (2) Eq. (19); (3) Eq. (30) with RT1 → 0 and RT2 → 0.
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Figure 2. Clamped – clamped boundary condition – 7th mode shape.
(1) RT1 → 0 and RT2 → 0.
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Figure 3. Zoomed-in view of the right and left-hand side ends – Clamped – clamped boundary condition – 7th mode
shape.

(1) RT1 → 0 and RT2 → 0
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Figure 4. Clamped – clamped boundary condition – 8th mode shape.
(1) RT1 → 0 and RT2 → 0.

4.2 Clamped – Supported Condition

The first eight natural frequencies obtained from the frequency equations given by the Eqs. (21), (23) and by the
Eq. (30) with RT1 → 0 and RT2 → ∞, as well as the natural frequencies obtained by the finite element method - for the
clamped-clamped boundary condition - are shown in Tab. 3. Figures 6 and 8 show the 7th and 8th vibration mode shapes,
respectively, obtained from the numerical simulations for the clamped-supported condition.

Figures 7 and 9 show an enlarged view of the numerical results, focusing on the regions around the right and left ends
of the structure. These figures also provide a zoomed-in view of the numerically unstable region for the 7th and 8th modal
shapes under the clamped-supported boundary condition.



Ribeiro. Kevin, Amaral. Gabriel, Balthazar. José, and Wahrhaftig. Alexandre,Lopes. Eduardo
On The Evaluation of Natural Frequencies and Mode Shapes of Beams Under Tensile Axial Loading

0 0.05 0.1

x/L

-1

-0.5

0

0.5

1

Y
(x

/L
)

Right Hand Side

E-T

H - T

Rotational Springs¹

FEM

0.15 0.2 0.25

x/L

-1

-0.5

0

0.5

1

Y
(x

/L
)

Numerical Unstable Region

E-T

H - T

Rotational Springs¹

FEM

0.9 0.95 1

x/L

-1

-0.5

0

0.5

1

Y
(x

/L
)

Left Hand Side

E-T

H - T

Rotational Springs¹

FEM

Figure 5. Zoomed-in view of the right and left-hand side ends – Clamped – clamped boundary condition – 8th mode
shape.

(1) RT1 → 0 and RT2 → 0

Table 3. Values of natural frequencies (fnj
) in Hz for the clamped-supported boundary condition

Natural frequencies fnj j = 1 j = 2 j = 3 j = 4 j = 5 j = 6 j = 7 j = 8

Exponential and trigonometric terms(1) 2.2960 4.5934 6.8936 9.1979 11.5077 13.8243 16.1492 18.4837

Hyperbolic and trigonometric terms(2) 2.2960 4.5934 6.8936 9.1979 11.5077 13.8243 16.1492 18.4837

Rotational springs(3) 2.2960 4.5934 6.8936 9.1979 11.5077 13.8243 16.1492 18.4837

FEM 2.2960 4.5935 6.8937 9.1980 11.5078 13.8245 16.1494 18.4840
(1) Eq. (23); (2) Eq. (21) (3) Eq. (30) with RT1 → 0 and RT2 → ∞.
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Figure 6. Clamped – supported boundary condition – 7th mode shape.
(1) RT1 → 0 and RT2 → ∞.
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Figure 7. Zoomed-in view of the right and left-hand side ends – Clamped – supported boundary condition – 7th mode
shape.

(1) RT1 → 0 and RT2 → ∞

The Figures 6, 7, 8, 9 clearly demonstrate the strong agreement between the exponential and trigonometric-based
solution and the FEM results for the clamped-supported condition.
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Figure 8. Clamped – supported boundary condition – 7th mode shape.
(1) RT1 → 0 and RT2 → ∞.
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Figure 9. Zoomed-in view of the right and left-hand side ends – Clamped – supported boundary condition – 7th mode
shape.

(1) RT1 → 0 and RT2 → ∞

5. CONCLUSIONS

There is a strong agreement between the results obtained through Finite Element Method (FEM) and those obtained
from Eqs. (18), (22), and (32), where the solution is expressed in exponential and trigonometric terms for the correspond-
ing boundary conditions. This fact confirms that the solution expressed in exponential and trigonometric terms gives a
remarkably accurate prediction, especially near the ends of the structure. Therefore, the formulation presented here shows
a significant improvement in the prediction of mode shapes for problems involving overhead cables of power lines.

Moreover, it is essential to emphasize that achieving a more accurate representation of mode shapes and natural fre-
quencies will facilitate a more detailed characterization of Frequency Response Functions (FRFs) in future studies. These
FRFs hold significant potential for material parameter identification in overhead cables, in which there are some typi-
cally unknown dynamic parameters, such as those related to damping. This identification process can be realized through
comparative analysis with experimental data, aiming the better understanding of the cable’s mechanical properties.
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