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Abstract. The Modified Local Green's Function Method (MLGFM) is an integral method that can be understood as
a hybrid of the Boundary Element Method and the Finite Element Method. The paper proposes to bring enrichment
techniques based on the Generalized Finite Element Method to the MLGFM context. This enriched version of the MLGFM
is applied to static cracks. Two examples are presented and the results are compared to the Generalized Finite Element
Method ones.
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1. INTRODUCTION

The Modified Local Green's Function Method (MLGFM) is an integral method developed, firstly, by Barcellos and
Silva (1987) based on Burns (1975), Horak and Dorning (1977), and Horak (1980) ideas of obtaining discrete projections
of the Green Functions. In the original proposal, the MLGFM used the Finite Element Method (FEM) (Bathe, 1996;
Zienkiewicz et al., 2005) to obtain these discrete projections in order to use them as a fundamental solution in the Bound-
ary Element Method (BEM) formulation (Brebbia et al., 1984; Brebbia and Dominguez, 1992), so, the MLGFM can be
understood as a hybrid of the FEM and BEM.

The MLGFM does not require an explicit fundamental solution or a Green's function, since the method uses a projec-
tion of the Green's function determined by the FEM technique. Consequently, it can be applied to problems that lack a
known fundamental solution. The method demonstrates superconvergence characteristics regarding nodal values related
to tractions and displacements.

The mathematical background of the original MLGFM was formally presented in Barbieri et al. (1998), where the
formulation can be found with details. Since its proposal, the MLGFM was applied to several solid mechanics problems,
see for instance: Barbieri and Barcellos (1993a), Barbieri and Barcellos (1993b), Machado et al. (1994), Barbieri and
Muñoz (1998), Machado et al. (2008), and Barbieri and Machado (2015).

The Generalized Finite Element Method (GFEM) originated in an idea presented by Babuška et al. (1994), where the
authors proposed a "Special finite element” that generates its shape functions multiplying a function by a "hat function”.
Latter, Melenk (1995) showed that these "hat” functions can be replaced by any partition of unity function. Babuška and
Banerjee (2012) proposed slightly modifying the enrichment functions to bring more numerical stability to the method.

Over the years, the main application of GFEM has been in fracture mechanics, as can be seen in Dolbow et al. (2000),
Kim et al. (2011), Gupta et al. (2012), Rivadeneira and Duarte (2019), among several other works. In this paper, the
proposal is to bring the GFEM ideas to the MLGFM and apply them to fracture mechanics problems.

2. MODIFIED LOCAL GREEN'S FUNCTION METHOD FORMULATION

This MLGFM formulation is based on a new approach first presented by the authors in Corrêa et al. (2023). For a
general elastic problem, the following boundary value problem arises:

∇ · σ = b in Ω, (1)

where σ is the stress tensor, b are the body forces, and ∇ is the gradient operator, with the following boundary conditions:

u = ū in ΓD, (2)

and

σ · n = t̄ in ΓN, (3)
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where n is the normal vector to the boundary, t are the boundary reactions, and ΓD and ΓN are the Dirichlet and Neumann
boundaries, respectively.

Applying the weighted residual method over the domain using w as a weight function, and applying the Green's
theorem, the following equations are obtained:∫

Ω

∇swT C∇su dΩ =

∫
Ω

wT b dΩ+

∫
Γ

wT t dΓ, (4)

where C is the constitutive relationship tensor and ∇s(·) is the symmetrical part of tensor ∇(·), and can be defined as:

∇s(·) = 1

2

(
∇(·) +∇(·)T

)
. (5)

Now, using the domain, Ψ(x), and boundary, Φ(x), shape functions, the domain and boundary fields are described
as:

ũ(x) =

[
Ψ(x) 0
0 Ψ(x)

]
uD, (6)

b̃(x) =

[
Ψ(x) 0
0 Ψ(x)

]
bD, (7)

and

t̃(x) =

[
Φ(x) 0
0 Φ(x)

]
tB, (8)

where x ∈ R2, uD, tB and bD are the vector with nodal values of u, t and b, respectively.
The domain shape functions Ψ(x) are the Finite Element Method shape functions, and the boundary shape functions

Φ(x) need to respect the trace property, in other words:

Φ(x) = lim
x→Γ

Ψ(x), (9)

or as represented in Fig. 1. The enrichment shape functions are constructed as in the GFEM, as describe in next section.

0

1

Figure 1: Representation of the domain and the boundary shape functions.

The main difference between this method and the FEM is that the first one does not require that the weight functions
are null in the Dirichlet boundary, as the FEM. Since the weight functions are not null, it is necessary to define an
approximation for the tractions in all boundary by Eq. (8). Using this approximation, and the ones in Eq. (6) and (7), and
using the same basis functions as weight functions w, the Eq. (4) can be rewritten as:

KuD = DtB +AbD, (10)

where K is the same stiffness matrix as the FEM, D is the matrix of the inner dot product on the boundary shape functions,
and A is the matrix of the inner dot product on the domain shape functions.

The Green's functions are not required to be obtained in this approach, they are implicit in the formulation and can be
defined as (Corrêa et al., 2023):

KGDQ = A or GDQ = K−1 A; (11a)

KGBQ = D or GBQ = K−1 D; (11b)
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where GDQ and GBQ are the nodal values of the Green's functions projections when the source is on the domain and on
the boundary, respectively. More details about these projections can be found in Barbieri et al. (1998).

The system in Eq. (10) can be solved by imposing the boundary conditions in a similar way to the BEM, switching
columns of K and B related to the prescribed boundary conditions as:

[−D | K]

{
tB
uD

}
=
[
−K̄ | D̄

] { ūD
t̄B

}
+AbD, (12)

where ūD and t̄B are the prescribed displacements and tractions in the boundary.

3. THE GENERALIZED FINITE ELEMENT METHOD

The Generalized Finite Element Method can be described as the combination of the FEM with the Partition of Unity
Method. The stable version of the GFEM (Babuška and Banerjee, 2012) describes the approximation of the displacement
field u as follows:

ũ(k)(x) =

n∑
j=1

Nj(x)

[
u
(k)
j +

qj∑
i=1

{
Lji(x)− IΩj (Lji)(x)

}
a
(k)
ji

]
, (13)

where n is the number of nodes in mesh, Nj(x) is the partition of unity function, a(k)ji are the GFEM nodal degrees of
freedom in the k direction, Lji(x) are the enrichment functions related to node j, qj is the number of enrichment functions
related to node j, and IΩj

(Lji)(x) is the piecewise linear interpolant of Lji on path Ωj .
In this paper, the linear Lagrangian finite element shape functions are used as the partition of unity functions. The

numerical simulations present two types of enrichments, one to introduce the displacement discontinuous in the crack
path and another to represent the singularity on the crack tip.

The discontinuous is introduced using the linearized Heaviside functions and are written as:

H̄j(x) =

{
H(x),H(x)

(
x(1) − x

(1)
j

hj

)
,H(x)

(
x(2) − x

(2)
j

hj

)}
, (14)

where
(
x(1), x(2)

)
are the coordinates of x,

(
x
(1)
j , x

(2)
j

)
are the coordinates of node xj , hj is a scaling factor given by the

diameter of the largest element in the support of node xj , and H(x) is defined as:

H(x) =

{
1 ∀ ξ > 0

−1 ∀ ξ < 0
, (15)

where ξ denotes the relative position of the discontinuity assumed at ξ = 0. The crack tip enrichment functions are defined
as:

S(r, θ) =

{√
r cos

θ

2
,
√
r sin

θ

2
,
√
r cos

θ

2
sin θ,

√
r sin

θ

2
sin θ

}
, (16)

where r and θ are coordinates of the polar system centered at the crack tip.

4. NUMERICAL RESULTS

In this section, two stress plane state problems are analyzed. The two problems can be equated as follows:

∇ · σ = 0 in Ω, (17)

with the following boundary conditions:

u = ū in ΓD, (18)

σ · n = t̄ in ΓN, (19)

σ · n = 0 in Γ+
c and Γ−

c , (20)

and the models thickness are h = 0.1 m.
The manufactured solution was obtained through the first term of mode I expansion of the elasticity solution in the

neighborhood of a crack tip. The boundary conditions are applied from analytical expressions of the displacement fields
and stresses, presented as follows (Szabó and Babuška, 2021):

ux (r, θ) =
1

2µ

√
r

2π
cos

θ

2

(
κ− 1 + 2 sin2

θ

2

)
, (21)
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uy (r, θ) =
1

2µ

√
r

2π
sin

θ

2

(
κ+ 1− 2 cos2

θ

2

)
, (22)

σxx (r, θ) =
1√
2πr

cos
θ

2

(
1− sin

θ

2
sin

3θ

2

)
, (23)

σyy (r, θ) =
1√
2πr

cos
θ

2

(
1 + sin

θ

2
sin

3θ

2

)
, (24)

and

τxy (r, θ) =
1√
2πr

cos
θ

2
sin

θ

2
cos

3θ

2
, (25)

where µ =
E

2 (1 + ν)
, κ =

3− ν

1 + ν
, E is the Young's modulus and ν is the Poisson's ratio. The Young's modulus is assumed

to be 200(103) MPa, and the Poisson's ratio is assumed to be 0.3.

4.1 HORIZONTAL CRACK MODEL

The first example is a horizontal crack as the scheme in Fig. 2. The initial meshes in the analyses are presented in Fig.
3. The ratio around the crack tip with the value of 0.145 m is enriched with the crack tip functions defined in Eq. (16),
and this ratio is constant for all mesh refinements. The nodes of the elements out of this ratio and divided by the crack are
enriched with the linearized Heaviside functions presented in Eq. (14).

1 m

1 m

0.5 m

ΓD ΓD

ΓN

ΓN

Γ+
c

Γ−
c

0.5 m

Figure 2: Horizontal crack model scheme.

(a) (b)
Figure 3: Initial meshes: (a) domain and (b) boundary. Nodes with markers are enriched with crack tip functions
defined in Eq. (16) and nodes with markers are enriched with the Heaviside functions defined in Eq. (14).

The first results are presented in Fig. 4, where it is shown the convergence of the displacement for the enriched ML-
GFM and the GFEM. The results are expressed in terms of the L2-error norm. It can be seen that the GFEM displacement
results are more precise than enriched MLGFM ones. The GFEM convergence is also more stable, having a constant rate.
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Figure 4: Displacement convergence of enriched MLGFM and GFEM for horizontal crack.

The second result is the σx stress component at the right boundary (x = 1) for the initial mesh of the enriched
MLGFM and the GFEM, as presented in Fig. 5. As can be seen, the enriched MLGFM σx stress results are more similar
to the analytical results than the GFEM ones, even for a poor mesh. This result reinforces one of the main features of the
enriched MLGFM, that is the superconvergence of stress in the boundary.

0.0 0.2 0.4 0.6 0.8 1.0
y coordinate
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0.40
0.45
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x

GFEM
enriched MLGFM
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Figure 5: σx stress component obtained by enriched MLGFM and GFEM for the initial mesh, at x = 1.

The third result is the τxy stress component at the right boundary (x = 1) for the initial mesh of the enriched MLGFM
and the GFEM, as presented in Fig. 6. For this stress component, unlike what was observed in previous works, the GFEM
results are more precise than enriched MLGFM ones. This can be explained by the ill-conditioning introduced in the
enriched MLGFM formulation by the enrichment functions.
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Figure 6: τxy stress component obtained by enriched MLGFM and GFEM for the initial mesh, at x = 1.
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4.2 INCLINED CRACK MODEL

The second example is a model with a crack angle θ = 29.82o as shown in Fig. 7. The initial meshes used in this
model are presented in Fig. 8. The region enriched with the functions defined in Eq. (16) has the same ratio as the
previous example. Once again, the nodes of the elements out of this ratio and divided by the crack are enriched with the
linearized Heaviside functions presented in Eq. (14).

The displacement convergence using the L2-error norm is presented in Fig. 9. As observed in the previous model,
the displacements obtained by the GFEM are more precise than the enriched MLGFM ones. The convergence rates are
similar for both models.

1 m

1 m

(0.5, 0.5) m
ΓD ΓD

ΓN

ΓN

Γ+
c

Γ−
c

θ

Figure 7: Inclined crack model scheme.

(a) (b)
Figure 8: Initial meshes: (a) domain and (b) boundary. Nodes with markers are enriched with crack tip functions
defined in Eq. (16), and nodes with markers are enriched with the Heaviside functions defined in Eq. (14).

The σx stress component results at x = 1 for the initial meshes are presented in Fig. 10. As in example 1, the stress
results for the enriched MLGFM are more precise than GFEM ones, even for this coarse mesh. As expected, the results
obtained by the enriched MLGFM for the boundary stress are more accurate than the GFEM ones.

The τxy stress component results at x = 1 for the initial meshes are presented in Fig. 11. As in example 1, these
component stress results obtained by the GFEM are more precise than the enriched MLGFM ones. Once again, this can
be explained by the ill-conditioning introduced by the enrichment of the enriched MLGFM formulation.

5. CONCLUDING REMARKS

This paper presents an enriched version of the MLGFM applied to static cracks. In the two analyzed examples, the
GFEM presents more accurate results for displacements, as shown in Figs. 4 and 9. The σx stress components obtained
directly from the tractions are more precise in enriched MLGFM than in GFEM, even for coarse meshes, as shown in Figs.
5 and 10. The good approximation of the tractions is one of the main features of the MLGFM formulation as demonstrated
in several previous studies. The MLGFM obtains an approximation of the tractions directly from the solution of the system
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of equations, without the need for post-processing. Therefore, these results are often more accurate than those obtained
by other methods that require post-processing.
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Figure 9: Displacement convergence of enriched MLGFM and GFEM for inclined crack.
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Figure 10: σx stress component obtained by enriched MLGFM and GFEM for the initial mesh, at x = 1, for inclined
crack.
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Figure 11: τxy stress component obtained by enriched MLGFM and GFEM for the initial mesh, at x = 1, for inclined
crack.

Although in both cases the τxy stress components obtained by the GFEM were more accurate than the enriched ML-
GFM ones for the initial mesh, this can be the result of the ill-conditioning brought to the enriched MLGFM formulation
by the enrichment technique. Another benefit bring for this enriched MLGFM is to avoid the need of an explicit represen-
tation of the crack. In the regular MLGFM the boundary in the crack needs to be explicitly represented in the boundary
and domain meshes. So, although the enriched MLGFM still needs further development, the results show that the use of
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this enriched method deserves to be further studied for this type of problem, especially when the tractions are important
for the analysis.
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