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Abstract. In this study, we develop a method for design optimization of a discrete number of sources in fluid flow systems
using computational fluid dynamics-based adjoint method. The optimal location and magnitude of discrete sources in the
domain, to achieve a determined steady-state condition, is the focus of our research. To this end, we present the derivation
of the sensitivities with respect to the coordinates and magnitude of the sources, using the continuous adjoint method. The
comparison of the calculated sensitivities with the ones obtained from the Finite Difference Method proves the accuracy
and robustness of the proposed method, allowing the systematic evaluation of such sensitivities without the need to resort
to automatic differentiation or the expense associated with finite difference approximations. The principal motivation for
this work comes from problems in optimal design of valves and flow control. To illustrate the method, standard scalar
transport in steady-state is first presented in one dimension, followed by an extension to two dimensions. Furthermore,
a number of numerical studies are carried out for different configurations and operating conditions. The different cases
demonstrate the method’s capability by applying it to the optimal design of location and magnitude of distributed sources
with little computational effort. Finally, possible applications and limitations of the methodology are discussed.
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1. INTRODUCTION

Currently the CFD-based Adjoint method remains as a suitable approach for optimization in fluid dynamics. De-
pending on the type of design variables, the Adjoint method is used predominantly in shape (Soto et al., 2004), topology
(Othmer, 2008), flow control (Rimer, 2016) and parametric (Kouhi et al., 2016) optimization problems.

In parametric optimization, the system is described through some parameters that can be related to the geometry,
physical properties, magnitude and location of sources and inlets, among others. The value of this parameters varies until
a configuration considered optimized is reached. Particular studies of interest are related to thermal and mass transfer to
create desired enclosed environments by inverse design method as shown by Liu (2017) and Nabi et al. (2017). Kouhi et al.
(2016) presented a framework based on the discrete adjoint method for evaluating the sensitivities of a set of parameters
related to chemically reacting flows.

The optimal location, strength, size and shape of sources, which basically have its application in thermal comfort
and indoor air-quality, represents a design problem that requires additional working out. Eriksson (2017) performed
a thermal design optimization in a unit square domain with parameterized source terms corresponding to components
heated by resistive heating. Nevertheless, the maximum number of sources was only three, and the sensitivity analysis
was computed by finite difference method.

In this work we aim to optimize the location of sources that follows the Brinkman penalization approach, in order
to represent solid regions. Inspired in the Immersed boundary method (Boffi ef al., 2005), we discretize the governing
equations in an Eulerian grid on the fluid and the sources in a separate Lagrangian framework through interpolation
methods. The determination of the sensitivity of an arbitrary objective function in relation to the position of sources,
whether they are dependent or independent of the state variables, is a novel contribution from this work. Examples
are first presented in one dimension for a scalar transport equation, followed by an extension to two dimensions of
the Navier-stokes equation in steady-state and laminar regime. The issue with the continuous adjoint method is the
proper implementation of the adjoint boundary conditions and the method of solution. The implementation of boundary
conditions by FEM and FVM are fairly different. The adjoint equation is linear, so it can be solved either by a direct
method with the FEM, i.e. Ax = B where x = A~ !B, or in an iterative way by the SIMPLE method with the FVM. In
this respect, we compared the sensitivities found by both FEM and FVM. The FVM is implemented in the open-source
CFD package OpenFOAM and FEM is implemented in Matlab with isoparametric polygonal elements.
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2. RESEARCH METHOD

The flow over a backward-facing step with 1:2 sudden expansion is considered. Details of the geometry and mesh are
shown in Fig. 1.
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Figure 1. Backward-facing step domain. (a) Geometry dimensions and boundaries, with a = 0.02m. (b) Structured
mesh for FVM. (c¢) Polygonal mesh for FEM.

In the inlet, the fully developed parabolic velocity profile for laminar flow is considered as:

-]

where a is the internal spacing in the inlet, and U, is the maximum velocity.

Let € denote the flow domain, which is sketched in Fig. 1, and let I" denote its boundary. The inflow and outflow part
of the boundaries are denoted by I'; and I, respectively, and I',, is the wall boundary. The system of governing equations
in steady state form are given by:

U(y) = Unaz

V- (2wD(w)) + (- V)u + % ~fo. =0, @)

V-u=0, 3)

where u and p stand for velocity and pressure, respectively. f, ~stands for sources defined in the sub domain €2,
which could be dependent function of u, v = 11/p is the kinematic viscosity, p is the dynamic viscosity (sometimes also
called the absolute viscosity), p is the density, and the rate of strain tensor is denoted by D(u) = 1/2(Vu + VTu). For
the case of Fig. 1, we utilise the following set of boundary conditions:

ujr;, = U(y)a n- Vp|ri =0, (4)

'u,|pw = 0, n- vph“w = 0, (5)
1

v(Vu) -n — ;p n|p, =0, (6)

where n is the outward unit normal.
2.1 CFD-Based Continuous adjoint method

Let’s assume that the objective functional is defined as 7 = J(u,p, ), and the system of governing equations by
R(u,p, 0) = 0, where p represents the design variable. The adjoint equations are derived by introducing a Lagrange
function L, reformulating the cost function as:

L(u,p,o0,v,q) = J(u,p, Q)*/{Z(v,q)TR(u,p, 0) dQ, (7

where v and ¢ are Lagrange multipliers that are used to enforce the residuals R (the constraints equations). Through
the introduction of Lagrange multipliers, the constrained optimization problem is converted into an unconstrained prob-
lem. After elaborating further using integration by parts (see Othmer (2008) for details), we obtain the system of adjoint
equations:
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with the adjoint boundary conditions:

v¢|r, -1, =0, (10)
N

n|l;— = a5 5 11

Vnlr, -1, ap Ir. (11)

n-Vqlr,-r, =0, 12)

gn| _ 9Jc
vin-Vv+v(u-n)+n(v-u)— e, = ou ‘Fs’ (13)

Once we know the (v, ¢) values, we can determine the sensitivities with the optimality condition which states, that the
adjoints (v, ¢) reach their optimal values, when the Lagrange functional gradient is zero.

§oL = 0,0 — / (v,q)" §,RAQ. (14)
Q

2.2 The Brinkman penalization approach

In the Brinkman penalization approach (Khadra et al., 2000) the momentum equation is penalized by a source term
(Darcy term) i.e. a friction force proportional to the fluid velocity, in order to account for the presence of immersed solid
regions in the fluid flow domain.

fa, = —au, (15)

where « is the inverse of the local permeability, which allows to differentiate low or high permeability areas. In the
fluid region, « is equal to zero, and it signifies that no artificial friction force is added. In the solid region, « is equal to
the relatively large value of the order O(10°) to set the velocity to near zero.

2.3 The Objective Function
We employee the functional of error:

1

J= /Q(“ )’ (16)

where u,.. ¢ is a reference velocity. The power dissipation of the fluid device is also considered:
Lo
Jo = — (p—i— §|u\ )u~ndI‘. a7
r

where m is the unit vector normal to the boundary I'. Then, we compute the required derivatives needed by the adjoint
system, as:

NI

ou —(u_uref)7 (18)
0 1

(.;?f ==[(p+51ul)n— (@ nul, (19)
OFor _ o, (20)

Op
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3. PARAMETRIC OPTIMIZATION

In order to meet the optimal design of sources, we need to use parameterized functions that allow us to manipulate its
characteristic features. In this work, we use the following unitary magnitude functions:

» The delta function is used to represent point sources. We express this function as follows:
fp(@o) = 6(w — ;). 2y

where the coordinate position x, is a parameter that can be manipulated for design optimization. Notice that
successive points form line sources.

In general, both finite element and finite volume solvers provide information only at the nodal and center of ele-
ments, respectively. Discrete point sources in the model which don’t coincide with the grid need to be interpolated
to arbitrary points in the domain. In this work we adopt two interpolation approaches using shape functions, called,
iterative inverse mapping and the Moving Least Square, for FEM and FVM respectively.

* The exponential function as expressed in Eq. (22) allow us to represent square area sources.

1 1 1 1
fa = (1 =+ 67219[(179:0)4»7”2] - 14+ er[(mmo)rI]) X <1 T 672k[(y7ya)+ry] - 1+ er[(yyo)ry]> ) (22)

where z,,¥, and r;,r, are center position and radius, in the  and y coordinate directions, respectively. k is a
positive constant related to the sharpness of the function f,,.

3.1 Source Sensitivity

We aim to optimize the design of the source f, from Eq. (2). For that purpose, in the momentum equation, the
source f, is the friction force kind, by adopting the Brinkman penalization approach as stated in subsection 2.2

Let’s recall the optimality condition Eq. (14), from which we compute the sensitivity of the functional J with respect
to changes of the design parameter ¢.Then, the sensitivity regarding the design parameter o results:

DJ
Do 6QJ+/ v - Jp(au) dQ. (23)

a

4. NUMERICAL METHOD

Simulations were performed on a PC with the following specifications: CPU Intel Core3 M 370 2.40GHz, RAM DDR3
2.8GB 1066MHz. The FEM implementation was running in Matlab R2019b, adopting polygonal grids and the FVM was
implemented in OpenFOAM. For the OpenFOAM implementation, the adjointOptimisationFoam implementation was
adapted to obtain the adjoint variables.

5. RESULTS

The sensitivity of the design variable p, is intimately related to the adjoint values as presented in previous section. In
order to investigate the validity of these sensitivities, a comparison was made with the sensitivities evaluated by the FDM.

First, we consider the sensitivity of sources, for both their magnitude and position. We begin by showing the problem
layout in 1D domain Q(z) = (0,L) € R of length L = 1m. The primal equation is the second-order linear ordinary
differential equation:

0¢ 0%¢ .
L _p—L_ =0 Q 24
Yo Ox? fa. s @4)
with Dirichlet and Neumann boundary conditions respectively:
0
oo, —gp and n,02%| —o. (25)
O |

The objective function and derivatives in this case have the form:

L / (6—d0)de, 2T _0 ana 2P _ (4 _gq), (26)

B5=35 ), o6 99

where ¢gq is an scalar field computed with reference parameters values which define fq_ and gp is an specified value
for the Dirichlet boundary condition. In each case we consider u = 0.01m/s and D = 0.005m?/s.
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Figure 2. Distributed source magnitude optimization for 1D case (a) source, (b) scalar and (c) adjoint profiles. (d)
Sensitivity of each source.
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Figure 3. Two point source position optimization for 1D case (a) source, (b) scalar and (c) adjoint profiles. (d)
Sensitivity of each source at initial state. (e) Contour of objective function relative to the two parameters. (f)
Sensitivity for a range of values of parameter 1.

For 1D cases we consider the “inverse design optimization”, that is, starting from the initial state variable ¢, obtained
from fq_ and approaching as closely as possible to the reference state variable ¢ obtained from an established fq, . The
end result will be the optimized state variable ¢,,; corresponding to fo,,.

Figure 2 shows the case of a non-uniform distributed source. The sensitivity of the cost function (J3) relative to the
magnitude of each source is proportional to the value of the adjoint at each position, as shown in Fig. 2d.

In Fig. 2a we notice that fqo,_ and fq,, do not coincide completely, this is because we may have found a local
minimum or the established tolerance is not small enough. Although, there is a significant difference between fq_ and
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fa, . the difference between the scalar fields ¢, and ¢, is relatively small.

Figure 3 shows the case of two point sources and its position optimization. Looking at Figure 3d and Fig. 3f, we
confirm that the sensitivity of J3 in relation to the position of each one of sources is proportional to the value of the
adjoint gradient computed at the position of each source. In Fig. 3 we can see that there are two minimum of the objective
function relative to the position of sources. The minimum corresponding to fq,. is indicated in the Fig. 3e with the symbol
P,p¢. Since we are using the gradient method, it will depend on the choice of our initial state condition to fall into any
of the minimum. Given this, it is advisable to get a good knowledge of the physical phenomenon to set up the objective
function and the initial parameters values.

Figure 4 shows the case of two area sources, of different sizes. Here the sensitivity of the objective function relative
to the central position of each source is proportional to the integral of the adjoint spanning the entire size of each source.
Then, the case is similar to that of the point sources of the previous case.
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Figure 4. Two area source position optimization for 1D case (a) source and (b) scalar profiles. (c) Contour plot of

objective function relative to the two parameters.

Figure 5 and Fig. 6 show the cases where fq_ is dependent on ¢, for the optimization of magnitude and position of area
sources, respectively. In both cases the sensitivities calculated by the adjoint method and finite difference are practically
the same, however when using the Quasi-Newton BFGS optimization algorithm, we are not able to reach the minimum,
as fo, and fq,,, are so far, as shown in Fig. 5a and Fig. 6a. Figure 5e and Fig. 6e show the contour plot of the objective
function relative to the magnitude and position of sources, respectively, we notice that the global minimum P, is in a
very flat zone, consequently, the algorithm by the gradient method fails or have difficulties to reach the global minimum.
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Figure 5. Two area source magnitude optimization for 1D case (a) source, (b) scalar and (c) adjoint profiles. (d)
Sensitivity of each source at initial state. (e) Contour plot of objective function relative to the two parameters. (f)
Sensitivity for a range of values of parameter 1.

For 2D case, flow over a backward-facing step is considered, as shown in Fig. 7. Two rectangular solid blocks
are represented as sources using the Brinkman penalization approach. The initial coordinates and sizes of sources are
presented in Table 1.
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parameters. (f) Sensitivity for a range of values of parameter 1.

Table 1. Initial coordinates and sizes of sources.

Coordinates (m) | Sizes (m)

Ta1 0.08 Rzx,;  0.01
Ta2 0.12 Rz, 0.002
Yal 0.005 Ryq1  0.002
Ya2 -0.005 Ryq2  0.005

The sensitivity was calculated for the error objective function and total pressure loss, as can be seen in Figure 7e and
Fig. 7f. The error objective function is a line of 20 points distributed in y = 0.2 and —0.01 < x < 0.01, in analogy to a
sensor within the computational domain. We can see that there is a good agreement between the sensitivities.
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Figure 7. (a) Sketch of geometry and dimensions for two area source controls. Results using FEM: (b) primal
velocity field; (c) adjoint velocity field and (e) sensitivities for line error functional; (d) adjoint velocity field and (f)
sensitivities for total pressure loss functional.
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Source position optimization is done with the Steepest Descent Method as follows:
T, = min(maz(x, + A VT, Tmin), Tmaz)- 27)

Let us first consider the optimization of the position of the two area sources in Fig. 7. The limits that restrict the
position of the sources are, T,,;, = (0.10,—0.01) and ,,,4, = (0.12,0.01), with a step of A = 10~%. Figure 8a and
Fig. 8b show the velocity and pressure fields, for the final position of the source that minimizes the total pressure loss.
Figure 8c shows that the objective function reaches its minimum in approximately 40 cycles.
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Figure 8. Two area source position optimization for total pressure loss functional minimization. (a) Velocity and
(b) pressure fields. (c) Variation of the objective function with the number of design cycles.

Figure 9a and Fig. 9b show the optimal velocity fields where the error objective function at specific region of the
computational domain is used, whose characteristics are detailed in Table 2.

Table 2. Characteristics of line error objective function.

Case 1 Case 2
x(m) 0.2 0.15
y(m) [-0.01,0.01] [-0.015,-0.005]
No points 20 10
Upef 0.05 0.1

s 0

EQS S 6 [ ')
4t 1
0 20 40 60 80 100
2 ul (m/5) 107
2 =8
1 S
20 40 60 80 100

Number of Cycles

Figure 9. Two area source position optimization for error functional minimization. Velocity fields for cases (a) 1
and (b) 2. (c¢) Variation of the objective function with the number of design cycles for both cases.

These cases serve to exemplify how important it is to know the physical phenomenon of the problem and thus be able
to formulate objective functions that can be fulfilled. For example, in both cases it is intended that the velocity be uniform
equal to 0.05 and 0.1 in the z direction, respectively, however, this is not physically possible due to the deceleration of the
fluid near the walls and the acceleration in the central part of the duct. Thus the final result will result in an average of the
specified velocity U,y .
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The variation of the objective function in Fig. 9c shows us that in the first case there is no convergence towards a single
minimum, but rather there is an up and down variation, contrary to the second case where we can observe a convergence.
The initial and final profile for both cases shown in Figure 10a and Fig. 10b indicates that in the first case the velocity
profile does not have a significant change, unlike the second case where the fluid accelerates at the location of the sensor.
This happens because the sensitivity is greater in the second case in relation to the first one.

(a) Q)

0.02 0.02
0.01 0.01
> 0 0
-0.01 -0.01
-0.02 -0.02
0 0.05 0 0.05 0.1
[u| (m/s) [u| (m/s)

— initial profile —— final profile
Figure 10. Two area source position optimization for error functional minimization. Initial and final velocity
profiles for cases (a) 1 and (b) 2.

Practical application of source position optimization could be in valve design, in which we want to design the shape
of the inner wall boundary. Figure 11 shows the results in different design cycles of the velocity field, pressure field and
the function of interpolation shown in corresponding to sensitivities in the y directions respectively.

lu| (m/s) p/p (m?/s?)

Figure 11. Line source position optimization for total pressure loss functional minimization with movement in the
y direction. Velocity and pressure fields for (a) initial, (b) 50, (c) 100 and (d) 200 number of design cycles. (¢) Shape
field of the interpolation function.

Although the separation between points is not desirable, too much approximation between points is not either, since it
generates distortion in the velocity and pressure field.
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6. CONCLUSIONS

The optimal location and magnitude of discrete sources in the domain were studied. We presented the derivation
of the sensitivities with respect to the coordinates and magnitude of the sources, using the continuous adjoint method.
The sensitivities were compared with the sensitivities calculated by the Finite Difference Method (FDM), obtaining good
agreement in all cases. The method was first presented in one dimension for a standard scalar transport in steady-state,
followed by an extension to two dimensions.

It is necessary to formulate a restriction that allows us to represent an internal impermeable wall, paying attention
to the adequate spacing between the source points and implement a most robust optimizer i.e. the Method of Moving
Asymptotes (MMA).
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