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Abstract. Metamaterials are artificial structures designed to achieve performance over static or dynamic conditions that
usual materials would not be able to accomplish. In mechanical structures, they are applied for noise control, vibra-
tion isolation, and wave attenuation, for example. Recently, the effect of hierarchy has been combined to the convenient
properties offered by mechanical metamaterials. Therefore, in this work, the complex dispersion diagram and the forced
response of flexural waves propagating in a 1-D hierarchical metamaterial Euler-Bernoulli beam are investigated. The
influence of graded arrays of spring-mass resonators attached to the surface of a homogeneous beam on the formation of
Bragg-type and locally resonant band gaps is studied. The plane wave expansion (PWE), extended plane wave expansion
(EPWE), and wave finite element (WFE) approaches are used to compute the complex dispersion diagram of the hierar-
chical metamaterial beam with attached resonators. The forced response is computed by the spectral element (SEM), and
WFEM approaches. The numerical results of all methods present good agreement. The hierarchy can improve both unit
cell wave attenuation and vibration reduction of the metamaterial beam.

Keywords: Mechanical metamaterials, wave propagation, hierarchical structures, dispersion diagram, band gaps.
1. INTRODUCTION

Mechanical metamaterials, also known as elastic metamaterials or locally resonant phononic crystals, are artificial
materials designed to achieve unusual apparent mechanical performance, such as unusual static behaviour (e.g., negative
thermal expansion, negative Poisson’s ratio) and extraordinary dynamic behaviour, for instance, acoustic wave transmis-
sion with expected band gaps or propagation paths, a unique combination of stiffness, strength and energy absorption
performance, full-band mechanical vibration isolation, and others (Wu et al., 2021).

An important property of mechanical metamaterials are the stop bands or band gaps in the dispersion diagram, which
are frequency ranges where there are only evanescent modes. The band gaps in mechanical metamaterials are opened due
to the local resonance phenomena and due to the Bragg scattering mechanism (whether the system is periodic). Locally
resonant band gaps arise on the vicinity of resonator natural frequency and they do not depend on periodicity, while
Bragg-type band gaps typically occur at wave lengths of the order of unit cell size.

There are many applications of mechanical metamaterials for solving engineering problems, such as vibration isolation
and wave attenuation, acoustic purposes, heat transfer, and acoustic cloaking. With the advances of additive manufacturing
and 3-D printing, the study and design of mechanical metamaterials have been a current research topic and bring promising
prospects for engineering problems.

Hierarchical materials are those in which their structural elements themselves have a specific arrangement. They can
be man-made or occur naturally. Therefore, understanding the effects of these hierarchies, it is possible to design materials
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with physical properties tailored for specific applications (Lakes, 1993). Recently, the concepts of hierarchical materials
and mechanical metamaterials have been combined and researchers found that hierarchy features in structures can modify
the dynamic performance of metamaterials.

Gatt et al. (2015), proposed a type of hierarchical auxetic metamaterial based on the rotating rigid units mechanism
capable of exhibit negative Poison’s ratio that are candidates for industrial and biomedical applications, such as stents and
skin grafts. Banerjee (2021), studied the effect of graded variation of mass and distance between successive resonators
in a metabeam. He found that the flexural band-structure is highly sensitive to the natural frequency and the distance
between the resonators, and that the low frequency band gaps are shifted or widened in this type of arrangement. Hu et al.
(2021), investigated a graded metamaterial beam for broadband vibration suppression and conducted a parametric study to
reveal the effects of the frequency spacing and damping ratio on the dynamic behaviour of the structure. The authors also
proposed a design strategy using piezoelectric metamaterial beam to tune the frequency spacing to get a wide attenuation
region. Thus, recently the concepts of hierarchical materials and mechanical metamaterials have been combined (Meza
et al., 2015), for realizing broadband vibration suppression (Xu et al., 2019; Jafari et al., 2020; Alshaqaq and Erturk,
2021). Other studies related to metamaterials with resonators have been held to investigate the dynamic performance in
the context of vibration isolation and wave attenuation in order to obtain low frequency band gaps for 1-D (Nobrega et al.,
2016; Miranda Jr. and Dos Santos, 2019; Santo et al., 2020) and 2-D (Miranda Jr. et al., 2019, 2020; Jin et al., 2022)
structures.

In this work, the complex dispersion diagrams and the forced response are computed considering the flexural wave
propagation in a 1-D hierarchical metamaterial Euler-Bernoulli beam. These results are presented in order to analyse the
influence of hierarchical parameters in the opening of band gaps in the dispersion diagram of a metamaterial beam with
attached resonators.

First, the dispersion diagrams are calculated by using the PWE, EPWE, and WFEM approaches. Next, the forced
response is obtained by the SEM and WFEM. For comparison purposes, it is simulated a the forced responses of a bare
beam, (a conventional material, not a metamaterial). So, three different hierarchical arrangements in the position of the
resonators are assessed in a multiple resonator beam, i. e., an arithmetic, a geometric, and a Fibonacci progressions.

2. MODELING

Due to limitation in the number of pages, as the formulation of the approaches are extensive, the equations presented
in this paper are those ones which are shared by all numeric methods.
Figure 1 sketches the 1-D graded metamaterial beam with multiple periodic attached resonators.
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Figure 1. 1-D hierarchical metamaterial beam with multiple periodic resonators, where k is the stiffness, m4 is the mass,
x; (j = 1,2,...,N)is the resonator’s position, and a is the lattice constant.
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In Fig. 1, there are N resonators at each unit cell with a lattice constant a. The resonators have the same stiffness k
and the same mass m4. The spatial position of the jth (j = 1,2,..., N) resonator at the unit cell is represented by ;.
The hierarchy is associated with the resonator position.

The Euler-Bernoulli beam theory (Doyle, 1997) is used to model a 1-D hierarchical metamaterial beam considering
all approaches. According to this theory, the governing equation for flexural vibration of a uniform beam system can be
written as Eq. (1):

2 2
% [Elag(;’t)} + pSu(x,t) = f(z,t), (1)

where 4(z, t) is the transversal displacement in time domain, F is the Young’s modulus, I is the second moment of area,
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p is the density, S is the cross-sectional area of the beam, and f (z,t) is an external force, in this case, related to the
spring-mass resonators with a single degree of freedom (SDOF).

Applying the temporal Fourier transform on Eq. (1), coupling the effect of the spring-mass resonators, and omitting
frequency dependence (u(z) = u(z,w) and f(x) = f(x,w)), where w = 2x f is the angular frequency, one may write
the flexural vibration of the metamaterial beam as Eq. (2):

*u(x) o
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where u(x) and f(z) are the Fourier transforms of @(x, ) and f(z,t). Also, f;(x; + na) is the resonator force applied
to the beam placed in the position z; + na and § corresponds to the Dirac delta function. For multiple periodic arrays of
attached SDOF spring-mass local resonators, the f;(z; 4+ na) can be expressed as Eqs. (3), and (4):

fi(xj +na) = —k; [u(z; + na) —w;(z; +na)], j=1,2, ..., N 3)
—wzmjwj(xj +na) = fj(zj+na), j=1,2,..., N 4

where w(x; + na) is the displacement of the mass of jth resonator.
Due to the system periodicity, one can apply the Floquet-Bloch’s theorem, decribed by Eq. (5):

u(z) = " u, (), &)

where uy () is the Bloch wave amplitude and i = \/—1 is the complex unity. As the system is periodic, u, () = u,(v+a)
and u(x + a) = u(z)e™™, where the exponential ¢ is called Floquet-Bloch’s periodic boundary condition, the wave
number k, also known as the Bloch wave vector, is restricted to the first Brillouin zone (FBZ), [—7/a, 7 /a], or first
irreducible Brillouin zone (FIBZ), [0, 7/a].

The PWE (Cao et al., 2004), w(k), and EPWE (Hsue et al., 2005), k(w), are used to compute the propagating and
complex modes of the dispersion diagram, respectively. PWE is considered as a semi-analytical approach and returns only
the propagating modes (J{k} = 0). Then, the EPWE approach overcomes this limitation, obtaining evanescent modes,
that is, imaginary and complex values of k. To obtain the results in this article. three plane waves were used for the spatial
Fourier series expansion for both PWE and EPWE.

The spectral element (SEM) method is based on the analytical solution of the displacement wave equation, written
in the frequency domain (Doyle, 1997; Lee, 2009). The element is tailored in the same concept as finite element (FE)
method, but the interpolation function is the exact (or approximated) solution of wave equation. Built-up structures with
geometrically uniform members can be modelled by a single spectral element reducing significantly the total number of
degrees of freedom (DOFs) as compared to the approximated approaches.

The WFEM (wave finite element method) is a wave propagation method applicable to periodic structures. It involves
removing a slice of the structure and then calculating the frequencies and propagation modes of the wave in that slice
using FE, from which the amplitudes of the wave are determined and the displacements are found. Nascimento (2009),
combined the SE with the FE method, resulting in a semi-analytical method called WSE. But this method was still
restricted to simple structures, since for modelling complex structures it was required cumbersome analytical formulations.
However, this problem was circumvented by (Silva, 2015), who built spectral finite elements from a finite element model
of a slice of a structural wave guide with an arbitrary cross section and, potentially, of arbitrary order.

3. NUMERICAL RESULTS

This section presents the numerical results for the complex dispersion diagram and the forced response using the
approaches mentioned. This study consider ten resonators in a unit cell (N = 10), the mass (m1) and spring stiffness (k)
are 0.54-1073 kg and 4.51-10% N/m, respectively. The resonator natural frequency (f,. = /(k/m1)/2m) is set in 460 Hz.
The hierarchy is associated with the resonator position, considering arithmetic, geometric progressions, and a Fibonacci
sequence, respectively. The metamaterial beam geometry and material properties are shown in Table 1.

3.1 Arithmetic progression

The arithmetic progression associated with the position of the resonators in the metamaterial Euler-Bernoulli beam
can be expressed by Eq. (6):

xj =x +d(j—1), (6)

where, x; = 0 is the position of the first resonator, placed at the first end of the model, z; (j = 1,2, ..., 10) is the position
of the jth resonator, and d = a/N is the ratio between the unit cell length of the beam and the number of resonators.
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Table 1. Metamaterial beam geometry and material properties (Miranda Jr. and Dos Santos, 2019).

Geometry/Property Value
Unit-cell length (a) 0.1m
Cross-sectional area (A) 4 x 107° m?
Young’s modulus (E) 7 x 100 Pa
Structural damping (77) 0.01

Mass density (p) 2700 kg/m3

Second moment of area (I) 1.33 x 10~ m*

The dispersion diagram of the metamaterial beam with attached resonators, following an arithmetic progression in
their position is shown in Figures 2 and 3. Figure 2(a) illustrates the dispersion diagram of the real part of normalized
(ka/2m) wave number versus frequency calculated by PWE (w(k)) using M = 3 harmonic terms in the Fourier series
expansion, which means 3 plane waves. At low frequency bands a small number of harmonic terms is enough to achieve
good convergence using the PWE and EPWE (Miranda Jr. and Dos Santos, 2019; Xiao et al., 2012).

Figure 2(b) shows the imaginary part of the wave number, or the evanescent modes, calculated by EPWE (k(w)). The

results show the presence of one band gap in the metamaterial beam, around 480 Hz. Due to the periodicity, a Bragg’s
type band gap is also expected and can be obtained by:

1 /m\2 |EI
=— (- — ~ 461.8 Hz. 7
/s 2m (a) pA 61.8 Hz @

As the resonator frequency is near to the first Bragg’s band gap frequency, it is obtained a coupling of the local

resonance and Bragg’s type band gaps. As a result of this combination, it is opened a wider band gap region and it is
obtained higher attenuation of propagating waves.

0.5
3 &
A\ o
®© [+
=z ° =
o &
-0.5
-0.5 : ‘ ‘ -1 ‘ ‘ ‘
0 500 1000 1500 2000 0 500 1000 1500 2000
Frequency [Hz] Frequency [Hz]
(a) (b)

Figure 2. Real (a) and imaginary (b) parts of the dispersion diagram for an arithmetic progression in resonator position
calculated by PWE and EPWE, respectively.

Figure 3 shows the dispersion diagram for the metamaterial beam calculated by WFE. The normalized results for both
real — propagating modes — characterized by the positive part the complex wave number, and imaginary, characterized by
the negative part of the complex wave number, were obtained. Through this method, it was obtained a band gap in the
same region than the one calculated by PWE and EPWE (Fig. 2) showing the coupling between Bragg’s type and local
resonance band gaps, as well as it is observed that the methods present good agreement.
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Figure 3. Complex dispersion diagram for an arithmetic progression of resonator’s position calculated by WFEM.

3.2 Geometric progression
For the geometric progression, the resonator position along the metamaterial beam can be expressed as:
x;=ayri ! ®)
g — 41 )

where x1 = a/550 is the position of the first resonator and r = 2 is the common ratio.

Figure 4 shows the dispersion diagram, that is, the reduced wave number versus frequency for a metamaterial beam
with geometric progression hierarchy in resonator’s position. The real part of wave number is obtained by PWE and it is
shown in Fig. 4(a). On the other hand, EPWE approach was used to obtain the non real part of wave number, where one
can assess the attenuation bands, and it is shown in Fig. 4(b). For this resonator’s position arrangement, it is obtained two
regions of band gaps. The first one near to 460 Hz, where occur the coupling of local resonance and Bragg’s type band
gaps. A second and tiny Bragg’s band gap is observed in the range of 1850 Hz and 1900 Hz.
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Figure 4. Real (a) and imaginary (b) parts of the dispersion diagram for a geometric progression in resonator’s position
calculated by PWE and EPWE, respectively.

Figure 5 shows the dispersion diagram for the geometric progression in resonator’s position calculated by WFEM.
The non-zero imaginary part of Bloch’s vector characterizes the frequency regions where the wave propagation is mostly
governed by evanescent modes. Comparing to the arithmetic progression of resonator’s position, while it is observed a
wider band gap, the amplitude of the non-zero imaginary part is smaller. Because of that, for this arrangement, there is
less wave attenuation than for an arithmetic progression. Finally, the results for all methods presented good agreement.
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Figure 5. Complex dispersion diagram for a geometric progression of resonator’s position calculated by WFEM.
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3.3 Fibonacci sequence

For the last type of hierarchy, the Fibonacci sequence in the resonator position is given by:

¢F — ¢k
ry =0, = ——, 9
1 k NG )
z; = {z1 zx}(a/4N), (10)
where £ = 1,2,...,9, x; is the position of the jth resonator respecting the Fibonacci sequence along the beam, ¢ =

(14+/5)/2 and ¢ = (1 — +/5)/2 are the known as the golden ratio and its conjugate, respectively.

Figure 6 shows the dispersion diagram of the real (a) and imaginary (b) part of reduced wave number versus frequency
for a Fibonacci sequence in the resonator’s position. Again, there are two band gap regions, one near to the resonator’s
natural frequency, which couples both local resonance and Bragg’s type effects. The other one is a narrow Bragg’s band
gap, opened around 1860 Hz due to the periodicity of the system.
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Figure 6. Real (a) and imaginary (b) parts of the dispersion diagram for a Fibonacci sequence in resonator’s position
calculated by PWE and EPWE, respectively.

Figure 7 shows the dispersion diagram calculated by WFEM for a metamaterial beam with attached resonators follow-
ing a Fibonacci sequence on the position. This result agrees with the PWE and EPWE approaches, and is also observed
the coupling of Bragg’s and local resonance band gaps.
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Figure 7. Complex dispersion diagram for a Fibonacci sequence of resonator’s position calculated by WFEM.
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3.4 Forced response

The forced response is useful to understand the dynamic behavior and vibration attenuation in finite structures.
Through this dynamic response, one can assess the behavior of the system over non-static conditions. Additionally,
attenuation zones can also be observed in this results.

Figure 8 exhibit the receptance in dB of a free-free metamaterial beam, excited in the first end and measured right at
the point of the excitation. In Figs. 8(a), (b), and (c), the dashed blue lines corresponds to the forced response of a bare
beam, i.e., a conventional Euler-Bernoulli beam with no resonators attached, calculated by SEM, in order to observe the
effect of attaching resonators in a beam. The solid red lines corresponds to the metamaterial beam with resonators placed
in arithmetic, geometric, and Fibonacci sequences, respectively, and were obtained by WFEM.

The results show the same band gaps regions observed in the dispersion diagrams calculated by PWE, EPWE, and
WFEM methods, thus validating the approach used to describe the dynamic behavior of the proposed structure. Figure
8(d) presents a zoom in frequency axis of the frequency response functions (FRFs) of the hierarchies studied, in order
to notice the influence of the disposition of resonator’s position in dynamic behaviour of the hierarchical metamaterial
beams. Thus, the results exhibit that geometric progression in the resonator’s position provides a wider band gap region
than the other hierarchies studied.
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Figure 8. Forced response functions (FRFs) calculated by SEM (dashed blue lines - bare beam) and WFEM (solid red
lines - hierarchical metamaterial) for arithmetic progression (a), geometric progression (b) and Fibonacci sequence (c).
The FRFs comparison (d) between all hierarchies studied.
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4. CONCLUSIONS

This work evaluated different types of hierarchy in the position of SDOF resonators along a metamaterial Euler-
Bernoulli beam in order to create locally resonance and Bragg-type band gaps. For that, it were obtained dispersion
diagrams for real and complex parts of wave number and the forced responses of a hierarchical metamaterial beam with
attached resonators in a unit cell, using PWE, EPWE, WFEM, and SEM approaches, which presented good agreement in
both dispersion diagrams and forced responses.

The simulated models and numerical calculations demonstrated a coupling between Bragg-type and locally resonance
band gaps, due to the tuned natural frequency of the resonator. Although, the results shows that the band gap location or
range is sensible to the disposition of the resonator along the unit cell.

Among the types of hierarchies studied — arithmetic, geometric and Fibonacci sequence — in the resonator position,
the arithmetic progression presented a higher unit cell wave attenuation value i. e. with respect to the imaginary part of «,
even if occurs in a smaller frequency range. Geometric an Fibonacci sequences presented similar results, with wider band
gaps and less amplitude of the imaginary part of wave number than the arithmetic progression.
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