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Abstract. In this work, the Constructal Design Method (CDM), based on the Constructal Law, combined NSGA-II
algorithm, is used to optimize the shape of a micromixer, with five degrees of freedom, in terms of mixing percentage
and pressure drop for a Peclet number of 500. The systems are modeled by Computational Fluid Dynamics (CFD)
solutions, using Navier-Stokes and species equations to predict the flow and mixing of water-dye mixture. The simulations
were designed via Central Composite design method, and the results were used to create second-order metamodels for
mixing percentage and pressure drop, employed in the multi-objective optimization via NSGA-11 algorithm. With the best
set of solutions (Pareto curve) defined, the multi-criteria decision-making algorithms (LINMAP, TOPSIS, and VIKOR)
were employed. The results showed that the shape with the highest mixing percentage also has the highest pressure drop.
Using the decision methods to choose an optimized solution, it was possible to find shapes that returned a mixing
percentage of 12.2%, 18.3%, and 4.9% lower than the maximum, but with 50.2%, 64.7%, and 23.7% fewer pressure
drops, respectively. The approach combining statistical, numerical, and optimization to CDM allowed the finding of the
best geometric design, which is mandatory for passive micromixers.
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1. INTRODUCTION

In recent years, the miniaturization of devices has played a crucial role in developing advanced technologies in various
fields such as chemistry, biology, engineering materials and medicine. Due to the compact size of those devices, many
application opportunities are emerging, such as pathogen detection in food (Lonchamps et al., 2022), microfluidic sensors
(Li et al., 2022), and organ-on-a-chip (Saorin et al., 2022). Among these devices, micromixers have gained prominence
as fundamental components for conducting chemical mixing on a small scale (Gopi, et al., 2022).

Many applications can be found for those devices, such as diagnosing diseases and producing pharmaceuticals and
new materials (Li et al., 2022). Also, microchips coupled with micromixers are used in many applications. One of the
most important nowadays is the lab-on-a-chip (LOC) device, which conducts laboratory functions on a miniaturized scale.
Another example is the organ-on-a-chip (OOC), which combines biological and microtechnological aspects to reproduce
aspects of human physiology via microchannels that guide and manipulate solutions (Leung et al., 2022).

Micromixers can be separated into two distinct mixing mechanisms: active and passive. The first uses external forces,
such as electromagnetic fields, sound waves, electric fields, or heat transfer, while the second uses only geometrical
features to enhance the mixing (Li et al., 2022). Thus, the efficiency of a micromixer is largely determined by its geometric
design, which directly influences the mixing rate and the quality of chemical reactions occurring within the device.
However, seeking the optimal design of a micromixer is a complex challenge as multiple design criteria must be
simultaneously considered.

Many works in the literature present micromixers optimization with many proposed designs. Works from Wang et
al. (2012), Rahmannezhad and Mirbozorgi (2019), Mainochi et al. (2022) and Antognoli et al. (2023) used Y-shaped
passive micromixers with round obstacles in the main channel to enhance the mixture and evaluated the using numerical
analysis. Also, the use of fractal-like shapes to design the micromixer can be found in the works of Zhang et al. (2019),
Chen et al. (2020) and Chen and Lv (2022), which proved to be an optimal way to enhance the mixing performance. Also,
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innovative shapes such as presented by Kouadri et al. (2021) and Santana et al (2022) bring different split and recombine
designs.

In this context, searching for design techniques becomes essential in finding efficient solutions in the design space.
One technique which is relatively new but with crescent use is Constructal Design method. This method is based on
Constructal Theory established by Bejan (1997), and further explained and explored by Bejan and Lorente (2008) and its
basis relies upon the laws of evolution found in nature, in which living systems evolve their configurations to facilitate
access to the flows that keep them alive. This method can be found applied in micromixer design in the works of Borahel
et al. (2022), Cunegatto, et al. (2023a), Cetkin and Miguel (2019) and Cunegatto et al. (2023Db).

Along with the design technique, an optimization technique must also be employed. For multi-objective optimization,
genetic algorithms are prevalent, particularly the NSGA-II. The efficiency of this algorithm is demonstrated in works
such as Liu et al. (2023), Sui et al. (2022), Deng et al. (2020), Wang et al. (2022) and Nikpour and Mohebbi (2022), the
last being applied in micromixer design. These works also employed multi-criteria decision-making algorithms (MCDMa)
such as LINMAP, TOPSIS and VIKOR, to assist in selecting the best solution based on preferences and weightings of
different criteria involved.

Therefore, this work aims to apply Constructal Design method, NSGA-I11 algorithm in conjunction with multicriteria
decision algorithms to optimize the shape of a micromixer. Criteria such as mixing efficiency and pressure drop will be
considered. Constructal Design method is used to the problem design and NSGA-II will be employed to find a set of
optimal solutions in terms of these criteria. At the same time, multicriteria decision algorithms will assist in selecting the
best solution to meet specific project requirements. It is expected that the results of this work will contribute to the
development of more efficient and customized micromixers by combining the perspectives of Constructal Design,
mixing-pressure drop multi-objective optimization and different decision-making methods.

2. METHODOLOGY
2.1 Constructal Design

The application of the Constructal Design method is based on a step-by-step scheme, first introduced by Rocha et al.
(2017) and recently improved by Cunegatto et al. (2023a). Overall, this method presupposes the definition of a finite-size
system, identifying what is flowing in the system, that is, what will cause a better performance on the system when it is
enhanced, the very performance indicator(s), the definition of constraints and degrees of freedom and methods of
experimentation/simulation and evaluation of the system’s performance.

Step 1: System Definition

The system under analysis in this work is a passive micromixer. Two distinct species enter the device via two separate
inlets and flow in the direction of the outlet, as shown in Figure 1. The micromixer can be divided into two main sections:
the Y-shaped inlets and the channel. Both species enter the device at the same speed at each inlet. The mixing process
occurs in the mixing channel, which is 10 mm long and 200 pm wide. Rectangular-like obstacles (18 in total), with a
length of 400 pum, are placed along the channel length to improve the mixing performance. While their length remains
constant, their height is varied in 5 different sections to alter their shape. The center of each obstacle is separated by 500
um.
Step 2: Identifying what is flowing

It is redundant to say that two different fluid species are flowing in the system. However, this step is related to the
Constructal Design method’s perspective considering the purpose of the flow. Thus, the system aims to promote the
mixing between species that flows through the channel, so what is being facilitated and/or enhanced is the advective-
diffuse flow of mixing species.
Step 3: Performance indicator

In this study, we have two performance indicators: mixing percentage (p) and pressure drop (4P). The mixing
percentage is measured by the concentration profile in a vertical section of the main channel, which is the outlet section
in our case. Mathematically, the mixing percentage is expressed by:
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where o represents the standard deviation and the subscript max indicates the maximum standard deviation, which is 0.5
for a mixture of two species. The expression used to calculate the standard deviation is:
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where N is the number of sample points in the vertical section, C; is one species concentration in a j point, and Cj is the
average value of the concentration of that species in that section:

C = 7:1Cj (3)

/ N

As for the pressure drop, it is the difference between the inlet and outlet pressure, which is also measured in the vertical
section of those boundaries. Mathematically, it can be expressed as:

AP = Pinlet — Doutlet (4)
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Figure 1. Schematic of the physical system.

Step 4: Constraints

Constraints can be interpreted as geometric parameters and features that are not modified and remained constant. So,
aside from the height of the obstacles, all the dimensions and parameters shown in Figure 1 are the constraints of the
system.
Step 5. Degrees of freedom

In the opposite way of the constraints, degrees of freedom are the geometric parameters and features that are changed
during the system evaluation. In this study, we propose to modify the shape of the obstacles, in five different sections, by
changing the height of each section. As shown by the detailed schematic in Figure 1, each section is represented as X,
and they have equal lengths. So, the system has five degrees of freedom, which is summarized as:
0.020 < X1, X2, X3, X4, X5 < 0.100 [um]
Step 6. Method of Experimentation/Simulation

To evaluate the mixing percentage and pressure drop, computational fluid dynamics (CFD) is used, via ANSYS Fluent
2022R2 software (ANSYS, 2022), which is based on the Finite Volume Method (Patankar, 1980). To determine which
configuration is simulated, a Central Composite Desigh (CCD) method (Montgomery, 2012), was employed, using the R
Statistic programming language. For a five-degree-of-freedom system, a CCD run takes 43 simulations, which are used
to create the database for the optimization process.

Once all the CCD simulations are done, the mixing percentage and pressure drop results are gathered to create the
dataset. With it, a second order polynomial model is created for each variable (¢ and 4P), described by Equation 5,
which can be used to predict the response inside the design space.

5 5 5 (®)
(P 8PY = o+ D pixi+ ) fuxt + ) e
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where x represents the independent variables, ¢ and 4P the response variables and g the regression coefficients.

Before proceeding to the next step, the model’s fit and precision are evaluated to verify if more data is necessary to
build a high-fidelity model. This is done by analyzing the Mean Absolute Error (MAE) and Coefficient of Determination
(R?). The first represents the absolute difference between the predicted and simulated results, while the second represents
how well the model fits the simulated results (EI Hami and Pougnet, 2020). A satisfactory model is achieved when both
MAE is less than 1% of the maximum value and R? is higher than 90% (Cunegatto et al., 2022). They are mathematically
represented by equations 6 and 7 respectively,
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where the subscripts pred and sim represent the values predicted by the model and the ones obtained in the simulations,
respectively; m represents the number of simulation data used to build the model; the bar in the denominator of Equation
7 represents the mean value of the variable.
Step 7. Evaluation of the System

As both models are adequate, the next step is the optimization process. Among the optimization tools, the Genetic
algorithm (GA) has been a popular choice, and its foundation lies in genetic principles and natural evolution found in
nature. For a multi-objective purpose, Deb et al. (2002) proposed the NSGA-I1 (Non-Sorted Genetic Algorithm), which
is still used to this day.

The overall steps of the optimization process are presented in Figure 2, which is based on the work of Wang et al.
(2022), but can be summarized in 4 key steps:

1. Arandom initial population of solutions is generated inside the design space.

2. This initial population is then evaluated, through the mathematical model, based on the objectives of the
problem, which are, in our case, the maximization of the mixing percentage and the minimization of the
pressure drop. This evaluation leads to a classification, which separates the dominant and non-dominated
solutions.

3. Non-dominated solutions are bound to selection, crossover, and mutation operations to generate a new
population of solutions.

4. The current population is combined with the new generated population and a new evaluation is performed.
Once the termination criterium is achieved, that is, the number of generations, a final set of solutions is
obtained, known as the Pareto optimal solutions.

Since the multi-objective optimization process leads to a set of solutions, and each solution offers a tradeoff between
the objective variables, decision-making algorithms play an important role to help to find the best solution for the problem.
The selected algorithms for this purpose are LINMAP (Linear Programming Technique for Multidimensional Analysis
of Preference), TOPSIS (Technique for Order Preference by Similarity to Ideal Solution), and VIKOR (Visekriterijumska
Optimizacija | Kompromisno Resenje) or Multicriteria Optimization and Compromise Solution (Opricovic and Tzeng,
2004).

Optimization Framework
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Figure 2. The framework of the optimization process.

The LINMAP method is very simple, and it considers only the ideal solution. Thus, the selected solution is the one
whose Euclidian distance (Equation 8) to the ideal solution is the shortest:

®)

where d, represents the selected solution, k represents a single solution, O represents the ideal solution and n represents
the number of Pareto optimal solutions.
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The TOPSIS method is very similar, but it also considers the non-ideal solution as well. It also requires the assignment
of weights for each objective variable. Then, the Euclidean distance between the ideal and non-ideal solutions is calculated
using equations 9 and 10:

2 9)
(dt,d7) = Z(Wj(ki,. —(04,07)) ,i=12,..,n

J

where the superscripts + and — represents ideal and non-ideal references and w represents the weight. In this work, weights
of 0.7 and 0.3 are assigned to ¢ and 4P, respectively. The final step is to calculate the closeness C of each solution to the
ideal solution, which is done using Equation 11, whose solution with the shortest distance is selected:

C; = il ,i=12,..,n
Yody+df

(10)

The VIKOR method has a more complex approach since it requires more calculations before reaching a result. For
this paper, the method is summarized in the steps shown below, but we recommend Opricovic and Tseng (2004) paper
for an in-depth analysis of the methodology. It’s important to note that this method also uses weights for each objective
variable, which, in our case, are the same as proposed in the TOPSIS method. The main steps for the VIKOR method are:

o Normalization and weighting: the values of the database are normalized to reach the same scale. Then, the
weights are assigned based to each objective variable, based on its importance.
Ideal and non-ideal solutions: this step shares the same idea as TOPSIS. From the normalized values, two
reference solutions, ideal (best solution of each criterion) and non-ideal (worst solution of each criterion).
e Calculation S and R distances: for each solution, both normalized and weighted S; and R; distances are
calculated, considering the ideal and non-ideal solutions.

=Z 1(0 xu)

w; (0 —xy) (12)
(07 -07)

(1)

R.
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e Calculate the Q metric: this metric considers the previous distances and is the final key to finding the best
solution. It is mathematically expressed by Equation 13:

0 = v(S; — min(S;)) N (1 —v)(R; — min(R;)) 13)
7 (max(s;) —min(5)) * (max(R;) — min(R)))

where v is the ‘maximum group utility weight’, which is equal to 0.5.
e Q classification: the results are classified in decreasing order by their Q value. The solution with the lowest
Q is the chosen one.

2.2 Mathematical modeling

The problem of mixing fluids, in a two-dimensional domain, is modeled by the steady-state equations of mass,
momentum, and species balance for incompressible Newtonian fluids. These equations are described, respectively, as:

ou 0
_u + _U =0 (14)
dx dy
a(u,v) a(u, v)) _ ) (15)
p (u E +v 3y )= Tty + uve(u,v)
ac ac 16
(ud—xl+v ayl):D“V C (16)



E.H.T. Cunegatto, K.N. Teléken, L.A. Cisco, F.S.F. Zinani and S.J. Rigo
Multi-Objective Shape Optimization Of A Passive Micromixer Using GA and MCDMA

where u and v are the velocity vector components in directions x and y respectively, P is the pressure, p is the mixture
density, « is the mixture viscosity, C; is the molar concentration of species 1, D1, is the mass diffusion coefficient (1e?)
and V72 is the tensorial relation.

Considering that two distinct fluids, water, and dyed water, enter the domain, with velocities equal to Vi, and
concentrations C; equal to 1 and 0O, respectively, the mixture properties, density, and viscosity are calculated by Equations
17 and 18:

1 17
PRC G
pw pdw
1= Cypy + Coigy (18)

where the subscripts w and dw refers to water and dyed water, whose density is 998.2 kg/m? and viscosity is 8.9e Pa.s,
for both fluids (Rahmannezhad and Mirbozorgi, 2019).
The Reynolds and mass Peclet numbers for this problem are given by:

wv;
Re = P (19)
u
Pe = WVin (20)
D12

where W is the main channel width, 200 um. For this problem, we are considering Pe = 500, which is a typical value
found in the literature in the works of Santana et al. (2021), Nikpour and Mohebbi (2019) and Kouadri et al. (2021) for
example.

2.3 Numerical modeling

As mentioned in the previous section, the ANSYS Fluent 2022R2 was employed to solve the equations. The pressure-
velocity scheme COUPLED was used, along with PRESTO (Pressure Staggering Option) for Pressure interpolation,
QUICK (Quadratic Upstream Interpolation for Convective Kinematics) for momentum, and Third Order MUSCL
(Monotonic Upstream-centered Scheme for Conservation Laws) for species equation. The convergence criteria for mass,
momentum, and species were 10, 10°% and 107, respectively. This configuration set was based on the results of the works
from Ortega-Casanova (2017) and Kouadri et al. (2021), which showed high fidelity using these configurations when
compared to experimental data.

For the boundary conditions, both fluids enter the domain with a prescribed velocity Vin, while the concentration C;
is 1 for the upper inlet and O for the lower. At the outlet, a gauge pressure of 0 Pa is considered, and the walls are assumed
to be no slip and impermeable. The model, as well as the mesh employed in this study, was validated by the authors in
Cunegatto et al. (2023b). Figure 3 shows the boundary conditions schematic.

Inlet 1
C;= 1 mol/m?
Vi

No slip/impermeable wall P=0Pa

Inlet 2
C;=0mol/m?
Vi

Figure 3. Schematic of the boundary conditions.
3. RESULTS

From the 43 simulations generated by the Central Composite Design, two mathematical models, one for each objective
variable (p and 4P) were created. Then, they were evaluated by the metrics R2 and MAE to see if the required criteria are
met. To help the visualization of those metrics, Figure 4 shows the fit plots for each model, as well as their values.

In the graphs shown in Figure 4, the red dots represent the values predicted by the model, while the line represents the
true (simulated) values. For both models, the dots are aligned with the line, which is a good indicator of precision, and
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the metrics confirm that. R2 means how much the model can predict the variation of the objective variable, so, in this case,
over 99% of the variation can be predicted by the models, which means that, for any given configuration inside the design
space, the model will predict with a high level of confidence.

As for MAE, it can be interpreted as the distance between the points and the line. That is, the closer the points are to
the line, the lower is MAE. So, as mentioned in the previous paragraph, along with the high variation being predicted by
the model, it also may predict values with a maximum tolerance indicated by £ MAE. Even with similar values of R?, the
MAE for Pressure drop is higher. This happens because the range of values is higher, thus, the data has more variation,
which causes the model to find the right adjustment, in trade of precision. However, since the metrics satisfy the criteria,
both models are adequate.

The evaluation of those metrics is critical because, during the application of the NSGA-II algorithm, many
configurations will be tested and used to build the final solutions. So, since the models were adequate to feed the NSGA-
I, the setup for it was defined as: a maximum number of generations of 175, a population size of 125, a crossover
probability of 0.9, and a mutation rate of 0.1. After 175 generations, the final Pareto curve shows 123 possible solutions
for the problem, which are shown in Figure 5, along with the decision-making algorithms solutions and the shapes.

Each point in the Pareto optimal solutions (Pareto front) represents a non-dominated solution, meaning that, at least,
one of the objectives is better than another. So, each solution along the curve will be better than the other in one aspect,
either maximizing ¢ or minimizing 4P. That’s when decision-making algorithms become essential.

As for the TOPSIS solution, which considers both ideal and non-ideal solutions, the chosen solution returns a value
of 60.76% for mixture percentage and around 40.13 Pa. This value is far from com the maximum mixing (74.37%) but is
not that far from the minimum pressure (around 28 Pa). Considering the weights employed in this methodology, the
expected mixture was quite low, which is closer to the minimum mixing value.

Regarding LINMAP, the chosen solution is around the middle range of the mixing percentage, with a value of
65.22%, and a pressure drop of 59.39 Pa. This solution only considers the optimal value and offers a tradeoff of increasing
the pressure drop to increase the mixture percentage, compared to the previous one.

(a) Fit Plot: Mixing Percentage (b) Fit Plot: Pressure Drop
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Figure 4. Fit plots of the models: (a) Mixing percentage and (b) Pressure drop.

Finally, for the VIKOR solution, it responds better to the weights. That is, the mixing percentage is 70.95%, the
closest to the maximum among the chosen solutions, but also has the highest pressure drop, of around 90.66 Pa. As it was
defined, the maximization of the mixing percentage has more value than the minimization of the pressure drops. Thus, it
was expected a solution that yields a high mixing, without harnessing considerably the pressure drop.

From the geometric evolution graph in Figure 5, the maximum mixing design is the original shape, with their values
at maximum height (0.1 mm), which is also the maximum area occupied by a single obstacle. So, to reduce the pressure
drop, but to keep a high mixing percentage, the VIKOR solution “sculpted” the max solution by removing a few zones
by reducing the height (points 1 and 3), and keeping points 2,4, and 5 at maximum height.

LINMAP solution cuts even more the shape, and, by analyzing the values from the table, it provided a significant
reduction in the pressure drop. Also, point 4 remained the highest for this design, being slightly smaller than the previous
one. Point 3, also has a shorter value, being a shape feature that is related to the balance between maximizing mixing
percentage and minimizing pressure drop. The TOPSIS solution, however, returned with a rectangular shape.

Comparing the three solutions, it is possible to notice a few connections between them. From VIKOR to LINMAP,
it is possible to notice that point 3 acts like a “hole” and point 4 is the highest, being a zone that might cause a high detour
on the flow. As for LINMAP and TOPSIS, not much can be related aside from the identical heights at point 5 and the flat
region between points 1 and 2.
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Figure 5. Pareto optimal solutions with the selected solutions from the decision-making algorithms.

Also, the table shows the compared values between the ones predicted by NSGA and CFD simulations. The values
are close to each other, except for the pressure drop from the TOPSIS solution, which was underestimated by the model.
Still, this difference does not compromise the model at all because it is still below 5%, which is considerable. Otherwise,
all the optimization processes would have to be repeated, which is not a good tradeoff, since the other results are adequate.
Lastly, the differences between the mixing percentage between the designs show that, from the weights used in this work,
it was possible to tradeoff above 20% of pressure drop and reduce 5% (for VIKOR solution) or a higher tradeoff of 65%
for 18% (TOPSIS solution). This emphasizes that the set of weights is a very important factor in multi-objective
optimization.

Figure 6 shows the concentration and pressure contours along the main channel of each solution. The left side of the
concentration contours represents the inlet section of the channel, near the region where the fluids enter in contact with
each other. The central “line”, in green, represents the concentration boundary layer and is very thin at the beginning, and
is covered with pure species (water and dyed water). Upon reaching the obstacles, the mixing process starts to increase,
as the boundary layers get thicker as they pass through the obstacles. At the outlet, it can be observed that there are no
pure species, only mixed ones, with different intensities, around a 70/30 ratio, based on the color bar.

(a) Concentration Contours
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Figure 6. (a) Concentration and (b) Pressure contours for VIKOR, LINMAP, and TOPSIS solutions.

Overall, all the designs provide mechanisms to enhance such as the reduction of the diffusion path with the obstacles,
meaning that the obstacle height reduces the channel width, so the boundary layer of each fluid is closer to each other.
Not only the reduction of diffusion path, but the obstacles also cause the flow to change direction, which enhances mass
diffusion as one fluid goes to the direction of the other; and the higher the obstacle, the greater those effects.

Based on the previous appointments, the VIKOR solution is the one that provides the best mixing-enhancing
performance, as previously seen by the results in Figure 5. The increased height of the shape provides a great reduction
in the mixture path. Also, one peculiar characteristic is the “V” shape in the middle of the obstacle; the sudden reduction
in the height of the obstacle also changes the flow direction. LINMAP solution also allows for the flow to change its path
as they pass through it. As for the TOPSIS solution, the flat solution does not enhance mass diffusion, making it slower
than the other solutions. However, as seen in the pressure drop contours, the VIKOR has a more significant tradeoff
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compared to the other solutions, as the pressure required for the mixture to pass each obstacle is much higher. Still, it’s
important to reiterate that this tradeoff was expected by the weights assigned to each objective variable.

4. CONCLUSION

This study performed a multi-objective shape optimization of a passive micromixer based on the principles of the
Constructal Design method and Genetic Algorithm. CDM was used as guidance to build the optimization setup, from the
initial configuration to the mathematical model. From the model, GA was applied to find a set of solutions aiming to
maximize the mixing percentage and minimize the pressure drop from the micromixer. Three multi-objective decision-
making algorithms, VIKOR, TOPSIS, and LINMAP, were employed to choose the best solution from the set.

LINMAP solution only considers the best possible solution. In contrast, the others consider the best and worst solution,
and weights for each variable. Those weights greatly influence the result and should be chosen based on the importance
of each objective variable in the problem.

Each result from the decision-making algorithms was compared with a solution that achieved the maximum mixing,
inside the design space. It was possible to obtain solutions with 23%, 50%, and 64% less pressure drops with 5%, 12%,
and 18% less mixing percentages with VIKOR, LINMAP, and TOPSIS, respectively. From this, it was seen that,
depending on the weights, this difference will change towards one objective or another, and each method will respond
differently to it. VIKOR method seemed to respond better to the weights, while TOPSIS has more impact from the ideal
and non-ideal solutions; and LINMAP offers a balance between the two, considering only the ideal solution, being a good
algorithm to be employed, specifically when comparing to other solutions. The shapes provided by each solution were
analyzed and each one provides different ways to improve mass transfer, specially VIKOR and LINMAP. Their peculiar
shape not only provided a reduction in the diffusion path, by reducing the channel width but also provided means for the
flow to change its direction while it passes through the obstacles, enhancing even more the mixing percentage.

With the advancement of Constructal Design method and multi-objective optimization techniques, the applied
methodology brings an innovative and versatile approach towards development of efficient devices, especially in
microfluidics. For future projects, it is possible to increase the degrees of freedom of the system and test the current design
under different flow conditions.
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