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Abstract. In this work, a dynamic analysis of an energy collector model is presented, based on a simple gantry structure, 

considered a non-ideal excitation system, and the coupling of an NES system as a source of energy absorption. Energy 

harvesting is performed using piezoelectric material coupled to the gantry structure. The dynamic analysis of the system 

is performed considering, time history, phase diagrams, and the 0-1 test. Numerical simulations, considering variation 

of the coupling parameters of the piezoelectric material and the NES absorber are presented. The simulation results 

demonstrate that for certain system parameters, chaotic, quasi-periodic and periodic behavior is observed. Variations 

of the average energy harvesting power for parametric variations are also observed. With the obtained results it was 

possible to demonstrate that the use of the passive absorber makes it possible to suppress the chaotic behavior of the 

system, as well as to increase the energy generation, being only necessary to adjust the mass, rigidity and damping of 

the absorber. 
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1. INTRODUCTION 
 

Recently, there has been much interest in the concepts of electro-mechanical systems that are able to scavenge, or 

harvest energy from their operating environment. As the kinetic energy is a source of energy easily found in the 

environment, devices that converts kinetic energy into electrical energy have been widely studied, and special attention 

has been devoted to devices that use piezoelectric elements as a means of energy transduction. Research about non-ideal 

problems also have been increased considerably in technical-scientific community.  

Nonlinear problems have been widely studied due to their particularities in real problems, mainly when these 

nonlinearities induce interactions between a dynamical system with its excitation source, these kinds of systems are called 

non-ideal systems. One of the excitation sources, which is of non-ideal kind, is an unbalanced DC motor with limited 

power supply.  

Energy harvesting is one of the most promising sources currently, contributing significantly to clean energy 

generation, considering the capture of wasted or unused energy in the environment. Usually captured from wind sources, 

photovoltaic steam flow, or using piezoelectric materials that transform vibration into energy. The main advantage of 

capturing energy using piezoelectric materials is that it does not depend on climatic and environmental conditions, such 

as solar, wind and thermal energy. Since the piezoelectric collectors are installed in places frequently subject to 

mechanical and vibrational efforts, such as bridges or highways (Pan et al., 2021; Aoudia et al., 2018; Selleri et al. 2023; 

Lai et al., 2019). 

Energy harvesting from vibrational sources has the advantages of its configuration, output power and 

electromechanical conversion efficiency. Since their discovery, piezoelectric materials have been applied in advanced 

technologies in several areas, such as energy harvesting, given their ability to sense and collect vibrations (Koga et al., 

2017; Shi et al., 2018; Eiras et al., 2016; Vallem et al., 2021). 

The capture of energy through piezoelectric materials has shown to be a solution to the challenges of producing clean 

energy since it allows the transforming of environmental energy sources into electrical energy, energy normally wasted 

(Shaukat et al., 2023).  

This potential for obtaining energy has attracted the attention of many researchers, seeking to obtain energy from 

different vibrational sources, such as collecting energy from the oceans (Du et al., 2022), wind (Lu et al., 2022), rain (Bao 

et al., 2021) and road vibration (Ye et al., 2023).  

Energy harvesting by piezoelectric materials has applications in areas such as health and biomedicine (Mokhtari et 

al., 2021; Wu et al., 2021), wireless data transmission (Liew et al., 2023; Panayanthatta et al., 2021; Dinesh et al., 2022), 
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aeronautics (Tommasino et al., 2023; Elahi et al., 2020; Holzmann et al., 2021), environmental monitoring and artificial 

intelligence (Cao et al., 2021), among others.  

In this context, this work investigates the application of materials with piezoelectric characteristics for micro-energy 

generation, considering a U-type gantry system coupled to a motor in continuous operation and a nonlinear energy 

dissipator (NES), acting as a passive vibration absorber. 

 

2. MATHEMATICAL MODEL 

 

Figure 1 shows the structure of the system investigated in this work, the system consisting of a U-shaped gantry 

structure base with non-linear rigidity, and a non-linear energy sink (NES), with the piezoelectric material attached to the 

side of the structure. 

 

 
 

Figure 1. U-shaped portal frame structure with non-linear energy sink and coupled piezoelectric material.  

 

Figure 2 presents the physical model of the system represented in figure 1. 

 

 
 

Figure 2. Physical model of the U-frame structure with non-linear energy sink and coupled piezoelectric material.  

 

The equation of motion of the electromechanical system represented by figure 2 is given by the following equation 

(Iliuk et al., 2014):  

 

(𝑚1 + 𝑚0)𝑋̈1 + 𝑏𝑋̇1 + 𝑏1(𝑋̇1 − 𝑋̇2) − 𝑘𝑙𝑋1 + 𝑘𝑛𝑙𝑋1
3 + 𝑘1(𝑋1 − 𝑋2)3

= 𝑚0𝑟(𝜑̈ 𝑠𝑖𝑛( 𝜑) + 𝜑̇2 𝑐𝑜𝑠( 𝜑)) +
𝑑(𝑋1)

𝐶
𝑞 

𝑚2𝑋̈2 − 𝑏1(𝑋̇1 − 𝑋̇2) − 𝑘1(𝑋1 − 𝑋2)3 = 0 
(𝐽 + 𝑟2𝑚0)𝜑̈ − 𝑟𝑚0𝑋̈1 𝑠𝑖𝑛( 𝜑) = 𝑉1 − 𝑉2𝜑̇ 

𝑅𝑞̇ −
𝑑(𝑋1)

𝐶
𝑋1 +

𝑞

𝐶
= 0 

 

 

 

(1) 
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According to Iliuk et al., (2014), the electrical charge developed in the coupled circuit is given by q, and the term 
𝑑(𝑋1)

𝐶
𝑞  represents the piezoelectric coupling to the mechanical component, with a strain-dependent coupling coefficient 

d(x). 

The system represented by equation 1 can be rewritten in dimensionless form considering the following substitutions 

(Iliuk et al., 2014):  

 

 𝜏 = 𝜔1𝑡, 𝑥 =
𝑟𝑋1

𝜔1
2 , 𝑧 =

𝑟𝑋2

𝜔1
2 ,  𝜔1 = √

𝑘𝑙

(𝑚1+𝑚0)
, 𝛼1 =

𝑏

(𝑚1+𝑚0)𝜔1
,  𝛽1 =

𝑘𝑙

(𝑚1+𝑚0)𝜔1
2, 𝛽3 =

𝑘𝑛𝑙𝑟2

(𝑚1+𝑚0)𝜔1
6, 𝛿1 =

𝑚0𝜔1
2

(𝑚1+𝑚0)
, 𝜌1 =

𝑚0𝑟2

(𝐽+𝑟2𝑚0)𝜔1
2,  𝜌2 =

𝑉1

(𝐽+𝑟2𝑚0)𝜔1
2,  𝜌3 =

𝑉2

(𝐽+𝑟2𝑚0)𝜔1
, 𝛼2 =

𝑏1

𝑚2𝜔1
,  𝛼3 =

𝑘1𝑟2

𝑚1
, 𝜀1 =

𝑚1𝑏1

𝑚2𝜔1
,  𝜀2 = 𝑘1𝑟2,   𝑣 =

𝑞

𝑞0
,  𝜌 =

𝑅𝐶

𝜔1
 and 

𝑑(𝑋1) = 𝜃(1 + 𝛩|𝑥|). 

 

Considering the substitutions above, system 1 can be represented in the following dimensionless form: 

 

𝑥̈ − 𝛽1𝑥 + 𝛼𝑥̇ + 𝛼2(𝑥̇ − 𝑧̇) + 𝛽3𝑥3 + 𝛼3(𝑥 − 𝑧)3 − 𝜃(1 + 𝛩|𝑥|)𝑣 = 𝛿1𝜑̈ 𝑠𝑖𝑛 𝜑 + 𝛿1𝜑̇2 𝑐𝑜𝑠 𝜑 
𝑧̈ − 𝜀1(𝑥̇ − 𝑧̇) − 𝜀2(𝑥 − 𝑧)3 = 0 
𝜑̈ = 𝜌1 𝑐𝑜𝑠 𝜑 𝑥̈ − 𝜌3𝜑̇ + 𝜌2 
𝜌𝑣̇ − 𝜃(1 + 𝛩|𝑥|)𝑥 + 𝑣 = 0 

 

 

(2) 

 

Using new variables defined as: 𝑥1 = 𝑥, 𝑥2 = 𝑥̇, 𝑥3 = 𝑧, 𝑥4 = 𝑧̇, 𝑥5 = 𝜑, 𝑥6 = 𝜑̇ and 𝑥7 = 𝑣, the equations may be 

rewritten in state space representation as: 

  

𝑥̇1 = 𝑥2 

𝑥̇2 =
1

𝛥
(

𝛽1𝑥1 − 𝛼1𝑥2 − 𝛼2(𝑥2 − 𝑥4) − 𝛽3𝑥1
3 − 𝛼3(𝑥1 − 𝑥3)3 +

+𝜃(1 + 𝛩|𝑥1|)𝑥7 + 𝛿1 𝑐𝑜𝑠( 𝑥5)𝑥6
2 + 𝛿1 𝑠𝑖𝑛( 𝑥5)(−𝜌3𝑥6 + 𝜌2)

) 

𝑥̇3 = 𝑥4 
𝑥̇4 = 𝜀1(𝑥2 − 𝑥4) + 𝜀2(𝑥1 − 𝑥3)3 
𝑥̇5 = 𝑥6 

𝑥̇6 =
1

𝛥
(

−𝜌3𝑥6 + 𝜌2 + 𝜌1 𝑐𝑜𝑠( 𝑥5)(𝛽1𝑥1 − 𝛼1𝑥2 − 𝛼2(𝑥2 − 𝑥4) − 𝛽3𝑥1
3 −

−𝛼3(𝑥1 − 𝑥3)3 + 𝜃(1 + 𝛩|𝑥1|)𝑥7 + 𝛿1 𝑐𝑜𝑠( 𝑥5)𝑥6
2)

) 

𝑥̇7 = (𝜃(1 + 𝛩|𝑥1|)𝑥1 − 𝑥7)/𝜌 

 

 

 

 

 

(3) 

 
where 𝛥 = 1 − 𝜌1 𝑐𝑜𝑠( 𝑥5)𝛿1 𝑠𝑖𝑛( 𝑥5). 

The average power is obtained through (Iliuk et al., 2014): 
 

𝑃𝑎𝑣𝑔 =
1

𝑇
∫ 𝑃(𝜏)𝑑𝜏

𝑇

0

 
(4) 

 

Where instantaneous power is calculated using the following: 

 

𝑃 = 𝜌𝑥̇7
2 (5) 

 

For analysis of the periodic or chaotic behavior of the system, the 0-1 test proposed by Gottwald and Melbourne 

(2004, 2005) is considered, consisting of estimating a parameter K.  

Acord to Litak et al. (2013) and Bernardini and Litak (2016) for 𝐾 value close to 0, the system is periodic, and if the 

K value is close to 1, the system is chaotic. 

 

3. NUMERICAL RESULTS 

 
For numerical simulations, Eq. (3) was considered, integrated by the 4th order Runge-Kutta method, with integration 

step (h=0.01), with fixed parameters: 𝛼1 = 0.1, 𝛼2 = 0.1, 𝛼3 = 0.5, 𝛽1 = 1,  𝛽3 = 0.2, 𝛿1 = 8.373, 𝜌1 = 0.05, 𝜌2 =
100, 𝜌3 = 200, 𝜀1 = 1, 𝜀2 = 5, 𝜃 = 0.20, 𝛩 = 0.60 and 𝜌 = 1 (Iliuk et al., 2014). And variation in parameters 𝜀1 =
[0.01: 2], 𝜀2 = [1: 10] and 𝜌 = [0.01: 2].  

The calculation of the average power will be obtained through equation 4. The behavior analysis is performed by 
analyzing the variations of K from test 0-1, according to equation 9. This paper will consider chaotic behavior for the 
system when K ≥ 0.8, undefined behavior when 0.3 ≤ K ≤ 0.79, and periodic behavior when K <0.3.  

Figure 3 presents the K variations of the 0-1 test and the variations of the average power setting the parameter 𝜌 =
1.0, and considering 𝜀1 = [0.01: 2] versus 𝜀2 = [1: 10]. 
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                                                      (a)                                                                                  (b) 

 

Figure 3. Variation in parameters 𝜀1 = [0.01: 2] versus 𝜀2 = [1: 10]. (a) Test 0-1. (b) Average Power.  
 
According to the results presented in figure 3b, the greatest potential for energy generation is obtained when 

parameters close to 𝜀1 = 0.0502 and 𝜀2 = 1.182 are considered, providing an average power estimate 𝑃𝑎𝑣𝑔 ≈ 1.198.  

It can also be observed in figure 3a that, for these parameters, the lateral displacements become chaotic with the value 
of 𝐾 ≈ 0.9. 

However, analyzing the results of figure 3, it is observed that for 𝜀1 = 0.3919 and 𝜀2 = 1 there is also a potential for 
energy generation in regions of maximums, with an estimated average power of 𝑃𝑎𝑣𝑔 ≈ 1.184. However, in this case, the 

lateral displacements have a periodic behavior, with 𝐾 ≈ 0. 
Figure 4 shows the phase diagram of the gantry and the NES as well as the time history of the electrical voltage 

generated by the piezoelectric material for the parameters: 𝜀1 = 0.0502 and 𝜀2 = 1.182. And in Figure 5 for parameters: 
𝜀1 = 0.3919 and 𝜀2 = 1. 

 

 
                                                  (a)                                                                                      (b) 

 
(c) 

 
Figure 4. Case that 𝜀1 = 0.0502 and 𝜀2 = 1.182 . (a) Phase diagram x1 versus x2. (b) Phase diagram x1 versus x2. (c) 

Variation of electrical voltage. 
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                                                  (a)                                                                                      (b) 

 
(c) 

 
Figure 5. Case that 𝜀1 = 0.3919 and 𝜀2 = 1. (a) Phase diagram x1 versus x2. (b) Phase diagram x1 versus x2. (c) 

Variation of electrical voltage. 
 
Analyzing Figure 4, the chaotic behavior of the system is proven, for 𝐾 ≈ 0.9. However, Figure 5 shows a periodic 

behavior, which was to be expected, since 𝐾 ≈ 0. 
In Figure 6, the variation of the average power of energy generation and the K parameter of test 0-1 are presented, 

considering variations of 𝜀1 = [0.01: 2] versus 𝜌 = [0.01: 2], with fixed value for 𝛼2 = 0.1. 
 

 
                                                      (a)                                                                                  (b) 

 

Figure 6. Variation in parameters 𝜀1 = [0.01: 2] versus 𝜌 = [0.01: 2]. (a) Test 0-1. (b) Average Power. 
 
Figure 6 shows that, for lower values of 𝜌, we have a more significant potential for energy generation, taking the 

system to defined regions with quasi-periodic behavior.  
Thus, in case of 𝜀1 = 0.03316 and 𝜌 = 0.01 an average power 𝑃𝑎𝑣𝑔 ≈ 1.355 is obtained, with 𝐾 ≈ 0.5, configuring 

the system with a quasi-periodic behavior, as it is neither completely periodic nor chaotic.  
We can also observe that there is a region with chaotic behavior that also provides a good level of energy generation 

for values close to 𝜀1 = 0.0904 and 𝜌 = 0.0703. For these parameters, we obtain an average power of energy 𝑃𝑎𝑣𝑔 ≈
1.253, with 𝐾 ≈ 0.9. 
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Figure 7 shows the phase diagram of the gantry and the NES as well as the time history of the electrical voltage 
generated by the piezoelectric material for the parameters: 𝜀1 = 0.03316 and 𝜌 = 0.01 . And in Figure 8 for parameters: 
𝜀1 = 0.0904 and 𝜌 = 0.0703. 

 

 
                                                  (a)                                                                                      (b) 

 
(c) 

 
Figure 7. Case that 𝜀1 = 0.03316 and 𝜌 = 0.01  . (a) Phase diagram x1 versus x2. (b) Phase diagram x1 versus x2. (c) 

Variation of electrical voltage. 
 

 
                                                  (a)                                                                                      (b) 

 
(c) 

 
Figure 8. Case that 𝜀1 = 0.0904 and 𝜌 = 0.0703 = 1. (a) Phase diagram x1 versus x2. (b) Phase diagram x1 versus x2. 

(c) Variation of electrical voltage. 
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Analyzing the results of Figure 7 we see that the chaotic behavior is not evident, and neither is the periodic behavior, 
as 𝐾 ≈ 0.5, in this work, we will consider the behavior with quasi-periodic. However, the chaotic behavior is evident in 
Figure 8. 

Figure 9 shows the dynamics of the system, and the potential for power generation, considering variations in the 
parameters 𝜀2 = [1: 10] and 𝜌 = [0.01: 2] and fixed parameter 𝜀1 = 1. 

 

 
                                                      (a)                                                                                  (b) 

 

Figure 9. Variation in parameters 𝜀2 = [1: 10] versus 𝜌 = [0.01: 2]. (a) Test 0-1. (b) Average Power.  

 
Figure 9 shows that, as the value of 𝜌 decreases, a higher energy generation value is obtained, leading the system to 

a quasi-periodic or periodic behavior. It was possible to get an average power energy of 𝑃𝑎𝑣𝑔 = 1.299, and 𝐾 ≈ 0.4, for 

the parameters: 𝜀2 = 4.909 and 𝜌 = 0.0301, and an average power of energy 𝑃𝑎𝑣𝑔 = 1.291 and 𝐾 ≈ 0, for the parameters 

𝜀2 = 6.636 and 𝜌 = 0.01.  
Figure 10 shows the phase diagram of the gantry and the NES as well as the time history of the electrical voltage 

generated by the piezoelectric material for the parameters: 𝜀2 = 4.909 and 𝜌 = 0.0301. And in Figure 11 for parameters: 
𝜀2 = 6.636 and 𝜌 = 0.01. 

 

 
                                                  (a)                                                                                      (b) 

 
(c) 

 
Figure 10. Case that 𝜀2 = 4.909 and 𝜌 = 0.0301. (a) Phase diagram x1 versus x2. (b) Phase diagram x1 versus x2. (c) 

Variation of electrical voltage. 
 



A. M. Tusset and J. M. Balthazar 
Analysis of the Dynamics and Energy Efficiency of a Nonideal Portal Frame Structural Support System Coupled to a Passive Absorber 

 
                                                  (a)                                                                                      (b) 

 
(c) 

 
Figure 11. Case that 𝜀2 = 6.636 and 𝜌 = 0.01. (a) Phase diagram x1 versus x2. (b) Phase diagram x1 versus x2. (c) 

Variation of electrical voltage. 
 
Analyzing the results of Figure 10 we see that the chaotic behavior is not evident, and neither is the periodic behavior, 

as 𝐾 ≈ 0.4, in this work, we will consider the behavior with quasi-periodic. However, the periodic behavior is evident in 
Figure 11. 
 

4.  CONCLUSIONS 

 

The presented results in the work demonstrate the significant influence of the piezoelectric material parameters on 

the system's dynamic behavior. Since the piezoelectric material can be used both as an actuator and sensor, its use as a 

source of energy is essential for green energy harvesting. The stored energy, in turn, can be used later in applying the 

piezoelectric material as an actuator.  

With the 0-1 test, it was possible to verify which parameters can lead the system into chaotic behavior, which is not 

desired in most applications. The study also confirmed that the NES system is a good alternative for controlling vibrations 

without energy consumption. 
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