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Abstract. Carbon fiber reinforced polymer (CFRP) laminates are widely employed in different fields due to their low 

density combined with high stiffness and strength. However, unlike usual materials, composite laminates may present 

many different failure mechanisms and the stress distribution depends on the material properties due to its anisotropy. 

Additionally, unidirectional laminae have a much more severe effect on stress concentrations than isotropic materials. 

In linear elastic fracture mechanics (LEFM), it is well known that the crack tip has a singularity, and the stress 

components related to the crack tend to zero far away from the crack tip. Alternatively, the nominal stress influence can 

be considered through the inclusion of T-stress components. The present investigation aims to analytically evaluate the 

damaged area around the crack tip, also named the processed zone, with and without the T-stress component. The 

proposed approach is validated against finite element (FE) simulations using the commercial FE software Ansys in 

conjunction with the Tsai-Wu failure criterion. The influence of fiber-to-load angle is also studied, carrying out a 

parametric multiscale analysis and applying the VSPK micromechanical model. The preliminary results indicate that 

the processed zone increases according to the fiber-to-load angle and the T-stress component becomes relevant for high 

nominal stress loads. 
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1. INTRODUCTION 

  

In engineering, standard materials can be divided into three major groups: metallic, ceramic, and polymeric (Barbero, 

2018). In recent years, composite materials, which are a combination of two or more of these materials, have become 

more significant. This concept is based on the development of new materials to obtain properties that are better than those 

of their constituents. The composite material depends not only on the constituents but also on the orientation and the 

volumetric fraction of how these phases are distributed (Vignoli & Savi, 2018). Composite materials have special 

advantages over conventional materials such as high mechanical strength, high stiffness, low density, and good corrosion 

resistance. Modeling the mechanical behavior of a composite material is a complex task because involves the material 

anisotropy, according to the fiber orientation and distribution (Vignoli et al., 2020a). 

The knowledge of material properties is an important matter to the design of a structure, but it is also necessary to 

assess whether the material will fail under a particular stress condition. For isotropic ductile materials, the criteria of 

Tresca and von Mises are generally used. For composite materials, more complex criteria have been developed, by 

extending and adapting the isotropic failure theories, to account for the existent anisotropy. For the structural analysis of 

a laminated composite, after calculating the stresses, it is necessary to evaluate the failure modes and the respective 

damages to the structure. A structural failure refers to the loss of the ability to perform its function appropriately. There 

are some different failure modes for composites. According to Agarwal et al. (2006), failure can occur because of the 

fiber, matrix, or delamination.  
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Using micromechanical arguments, Vignoli et al. (2020b) investigated fiber failure in tension and compression, while 

Vignoli et al. (2020c) carried out a study to evaluate different modes of matrix failure. To predict the stress state 

responsible for these failures, a variety of experiments and failure criteria have been proposed in the literature. 

Hill (1948) proposed a theory to describe, on a macroscopic scale, the yielding and plastic flow of anisotropic metals. 

This work served as the basis for Azzi & Tsai (1965) to develop the well-known Tsai-Hill criterion. Tsai & Wu (1971) 

also developed a criterion that is now widely used for unidirectional composites. It was derived from a scalar function of 

two strength tensors, satisfying the conditions given by the invariants to the coordinate transformation. It deals with the 

interaction terms as independent components. This criterion considers the differences between tensile and compressive 

strengths. It can be specified for different material symmetry, multidimensional space, and multiaxial loading.  

Another criterion was proposed by Hashin (1980), that can distinguish between the different failure modes, modeling 

each of them separately. Hashin also established a three-dimensional failure criterion for unidirectional composites in 

terms of quadratic polynomials. It was expressed in terms of the mean stress state invariants for transversely isotropic 

materials. Four different failure modes (fiber and matrix, tension, and compression modes) were modeled separately. 

Puck and Schurmann (1998) provided a detailed evaluation of theoretical methods for the initial failure of unidirectional 

composites.  

Hinton & Soden (1998) conducted a study involving several researchers that became known as the World-Wide 

Failure Exercise (WWFE). WWFE aimed to present a comprehensive description of most of the failure theories available 

at the time and compare its predictive capabilities with experimental data. According to WWFE results Hinton et al. 

(2004), Tsai-Wu and Puck failure criteria are the most reliable among those compared by the participants, where the Tsai-

Wu has the advantage of using one simple polynomial equation. 

Even considering these advances in the evaluation of composite damages, there are still limited studies related to the 

behavior of macromechanical notched composite plates. Concerning a circular hole, Vignoli et al. (2019) showed that 

matrix failure is dominant for damage initiation. This statement was confirmed for damage propagation by numerical 

simulations (Vignoli & Castro, 2021) and experimentally (Kenedi et al., 2022). Erkan et al. (2020) pointed out some 

issues from notched manufacturing processes, considering that these abrupt geometry variations are unavoidable for real 

structures. A discussion about different geometry variations that induce stress concentration can be found in Zavvar et al. 

(2021). Some authors, like Catalanotti et al. (2014) and Furtado et al. (2017), use LEFM concepts to estimate notched 

plate strength. However, the LEFM has some theoretical limitations concerning its applicability due to stress singularity. 

For metals, this issue was extensively discussed, for instance by Sousa et al. (2013), evaluating the plastic zone around 

the crack tip. For composites, the main contribution in this area was presented by Xin et al. (2010) using the Hill criterion 

and a stress solution developed by Sih et al. (1965). For a discussion about fracture in metal laminates, see Wang et al. 

(2022). 

This paper deals with an analytical study of the damaged area around a crack tip in a unidirectional single-layered 

CFRP laminate submitted to uniaxial loading. This damaged area is also expressed as the processed zone. Three different 

coordinate systems are defined, as shown in Fig.1: the material coordinates, where the CFRP properties are defined and 

fiber are parallel to 1x ; the global coordinates, where the load is parallel to ��
(�)

and the crack is parallel to
)(

2
g

x ; and the 

cylindrical coordinates, where r is the distance from the crack tip to a point and θ is the angle between a point of distance 

r and
)(

2
g

x . 

 

 
Figure 1. Large CFRP plate with a central crack. 

 

In Section 2, the closed-form analytical equation for the processed zone around the crack tip is derived, considering 

stress distribution based on LEFM theory and the T-stress component combined with the Tsai-Wu failure criterion. 

Despite the importance of the T-stress component on the stress field around the crack tip (Castro and Meggiolaro, 2016), 

it has not been explored in the literature to evaluate the processed zone for anisotropic materials. A numerical model is 

introduced in Section 3, using the FE method. The results of analytical and numerical approaches are presented and 

discussed in Section 4 to validate the closed-form equation derived. Final remarks are pointed out in Section 5.  
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2. CRACK TIP PROCESSED ZONE 

  

Sih et al. (1965) proposed that the stress distribution around a crack tip, in a large anisotropic plate, submitted to 

uniaxial tension, can be written by the following equation, for the plane stress state: 

  

 ���
(�) = 
�

√
�� ���
(�)

                          (1) 

 

Where ���
(�)

are the stress components with i,j = 1,2, and �� = �� √� ∙ � is the stress intensity factor in mode I. A central 

crack, with half-length a, perpendicular to the load direction, as presented in Fig. 1, is submitted to the applied nominal 

stress  �� . Additionally, 
)(g

ijg  are functions defined by:  
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Eq. (2-4), Re indicates the real part of a complex number, μ1, and μ2 are the material eigenvalues computed by roots 

of the polynomial: 
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where )��
(�)

are components of the material compliance matrix in global coordinate. The Eq. (5) roots are always complex 

numbers, so μ1 and μ2 are selected as the roots with positive imaginary parts. The global compliance matrix components 

can be calculated considering the compliance matrix components in the material coordinate system, )��  and the rotational 

operation due to the fiber orientation. The compliance matrix components in material coordinates (Barbero, 2018): 
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where E1 is the longitudinal elastic modulus, 12  is the in-plane Poisson’s ratio, E2 is the transversal elastic modulus, 

and G12 is the in-plane shear modulus. Then, 
)(g

ijS  can be computed considering the fiber inclination   (Reddy, 2003) 
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To include the T-stress component (T), Eq.(1) is rewritten as:  
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Nejati et al. (2022), propose T-stress for a large anisotropic plate with a central crack submitted to uniaxial load by: 
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Once the stress distributions in global coordinates are obtained using the equations presented, the damage around the 

crack tip can be studied. The damaged region around the crack tip, the processed zone, can be evaluated using the Tsai-

Wu failure criterion (Tsai & Wu, 1971): 
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where ij  are the stress components considering the material coordinate system and the strength parameters iF  and 

ijF  are defined by: 
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In Eq.(19-24), t
S11  is the longitudinal tensile strength, )��!  is the longitudinal compressive strength, t

S22  is the 

transversal tensile strength, c
S22  is the transversal compressive strength, and )�
#  is the in-plane shear strength.      

Note that the stress components in Eq. (16) are defined in global coordinates, while the stress components presented 

in Eq. (18), for the Tsai-Wu failure criterion, are in material coordinates. Hence, the stress tensor rotation must be carried 

out using the following operation: 
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where is the rotational operator (Sokolnikoff, 1956).  

The processed zone is the region where 1TWf . The border of this region can be obtained considering that Prr  . 

Hence,  
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where  
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Eq. (26) can be solved analytically, and the following closed-form equation can be achieved: 
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3. FINITE ELEMENT MODEL 

  

The present FE model is developed using the commercial software Ansys 2022R1. Fig. 2a presents a schematic 

representation of the boundary conditions and geometry. To obtain a uniform uniaxial load, a displacement is applied, 

and the resultant load is computed by the force reaction. The plate geometry has a square shape with a length equal to 

1200 mm and thickness equal to 1 mm, assuming the plane stress state. The crack is represented as an elliptical hole with 

major and minor semi-axes equal to 10 mm and 0.01 mm, respectively. The plate and crack geometries are defined based 

on Góes et al. (2014), where the authors suggest that an elliptical hole can be used to represent the crack to avoid 

singularities in the stress field, improving the simulation convergence.  

 

 
(a) 

 

 
(b) 

 

Figure 2. FE model: (a) applied boundary conditions; (b) convergence mesh. 

 

 To improve the mesh generation, the plate is split near the crack. First, a rectangular area is created with horizontal 

and vertical lengths equal to 26 mm and 50 mm, respectively. Two additional ellipses are added around the crack, the 

first one with a semi-axis of 13 mm and 2 mm and the second one with an axis of 11 mm and 0.5 mm. At last, these 

ellipses are split around the crack tip with lines distant 2.5 mm from the crack tip and oriented at 45º. The convergence 

FE mesh is represented in Fig. 2b. 

The quadratic element PLANE183 is used to achieve mesh convergence, resulting in 368585 elements and 1092105 

nodes. The finest element size is 0.001 mm, and it is defined in the region closest to the crack tip, while the elements far 

from the crack tip have sizes up to 10 mm. 

 

4. RESULTS AND DISCUSSIONS 

  

An IM7/8552 CFRP plate made by IM7 fiber and 8552 epoxy matrix is selected to implement the analytical and 

numerical models. The following properties are considered Tsai & Melo (2017): GPa1591 E , GPa96.82 E , 

GPa5.512 G , 32.012  , MPa250111 tS , MPa170011 cS , MPa6422 tS , MPa250122 cS , MPa12012 sS . Fig. 3 

shows the processed zones  90,45,0 .  
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(a)                                                          (b)                                                                (c) 

 

Figure 3. Comparison between processed from analytical models without (KI) and with T-stress (KI +T) and FE 

simulations, for: (a) α = 0º, (b) α = 45º, and (c) α = 90º. 

 

The results indicate a very good estimation of the proposed analytical modeling approach. The model with the T-

stress component obtained the best results, when compared with the model without considering the T-stress component, 

using the FE model as a reference. 

 

5. CONCLUSIONS  

  

This paper studies the influence of the T-stress component on the processed zone around the crack tip for a CFRP 

submitted to uniaxial loading. An analytical model is derived to obtain the closed-form equation of the processed zone 

border-radius. The estimations are compared with an FE simulation, indicating a very good agreement and, therefore, 

reassuring the importance of utilizing the T-stress approach. 
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